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Tpeancnosue k «Jlekuynsam»

Whether you think you can or whether
you think you can’t, you're right!

Henry Ford

Hnst HOPMANbHOTO M3YYeHUst JIOOOTO MaTeMaruyeckoro MpeaMera
HeoOXONMMEI, N0 KpaifHeil Mepe, 4 MHTpedueHTa:

1) oncusoii yaumens;

2) obbikrogennbiil noOpoGHbIL yuebHuK,

3) padosoii 3adaunux;

4) yuebnux, oceofioxclennsiii om pymunsl, Ho Oatouuii oGuyo Kapmuny, MOMuesl,

CEA3U, «HMO 3a4em».

Ho 4eTBepTOro MyHKTa y CUCTEMbl OOPa30BAHUS PYKU HE MOXO-
annu. KoHeuHo, nonobHas 3aaya MHOIAA CTABMAACH M pellanach,
HO B OOJNBLIMHCTBE CAyYyaeB — TMpU NApaLIENBHOM MCHOJIHEHUN
GyHKUMI OOBIKHOBEHHOIO y4eGHMKA. AKUEHTHI M3-3a Meperpysku
MEHSINCh, U HAMEPEHUsSI CO BTOPOM-TpeTbell T/IaBbl HAaYMHANM Apeii-
¢hoBath, He AOCTUrasi pesysibrata. B BHPTYalbHOM MpPOCTPAHCTBE TaK
ObiBaeT. AHAIOT OObeJMHEHMsE TAHTENN C TEHHUCHOM paKkeTKOi nepe-
CTaeT pewarb 06e 3a1a4M, XOTSH 3TO He cpady HpocaeTcs B Iiaza.

«Jlexuum» craBsT 4-ii NyHKT CBOEH MIABHOM LIe/bIO. Comnyrcrayio-
11as uaest — 3KOHOMHUs CJIoB M cpeacTs. [1pasaa, Ha done aeknapaumit
O KPaTKOCTH U SICHOCTH U3JIOXKEHUS TIPEATIONaraeMoe M3naHue OKOJI0
20 TOMOB MOXET IOKAa3aThCsl TSKENOBECHBIM, HO 3TO CBSI3aHO C 06-
IIUPHOCTBIO MATEMATHKH, a HE C NePperpy3Kol neTansMu.

Heo6xoanMo ckasarb, Ha KOro paccuuraHo. OTBET «Ha BCeX»
BBIDISIIUT HAMBHO, HO OH B KAKOH-TO Mepe OTpaxaeT cyTh Aeta. O6o-
3puUMBbIA BUA, OOHAXEHHBIE KOHCTPYKLMHU JHOKA3aTENbCTB, — TAKOTO
COpTa KHUIM ynoOHO UMETh NoA pykoil. He cekper, 4ro creuvaiucTs



8 lMpeancnosne k «/lekumam»

CaMOM BBICOKOM KaTeropuu TparsiT Maccy CWjJ M BPEMEHM HA OCBOE-
HUE MareMaTUYECKUX CEKTOPOB, JIeXAIMX 3a PAMKaMM COOCTBEHHOM
creuyaiusaumu. 34ech Xe KO MHOruM npobsieMaM npepiaraercst
KOpOTKasl [opora, NMo3sojfioniast 6bICTPO OCBOWUTb HOBHE 00jaCTH
W OCBEXUTH CTapbie. st HaunHAIOIIMUX «KOPOTKUE AOPOTHU» TeM 6o-
Jice TOJIE3HBI, MOCKONbKY O0J€ryaloT ABMXKEHUE JIOOBIMU APYTUMH
MYTSIMU.

B Bonpoce «Ha KOro paccuuMTaHo», — €CThb U APYrOil 4CIEKT.
Ha cuapneix wan cinabeix? Ha cpennuii By3 unu ¢dusrex? Onsre-
TaKU BBIXOAMT «Ha BCEX». 3BYUMT CTPAHHO, HO DeyYb HE MIET O pe-
rameHTauMu Kpyrosopa. IIpocTbiM s13bIKOM, KOPOTKO U MPO3payHO
onuchiBaercs npeaMer. M3 aTroro kaxaplii U3Bje4YeT CBOe U NBUHETCS
Jajiblie.

Haxoneu, nocnenHee. B ycnosusix MHOOPMALMOHHOIO HABOIHE-
HMsL FHCTPYMEHTHI BUEPaIlIHEro AHA NepecraloT paGorarbk. He moromy,
4T0 MU3y4aeMmble AUCLMILIMHBL YEPECYyp Pa3pociuch, a MOTOMY, YTO
HOBBIX CEKTOPOB XHM3HU CTAJIO CAULIKOM MHOTO. M B 3TUX ycloBMsIX
Majo KTO IOTOB YIeAsTh MHOIO BpeMEHM YeMy-To oaHoMmy. ITosro-
My YYUTb BCEMY — HaiO KakK-TO MHaye. «Jlekuuu» AalOT NpuMep.
ITnoxoit nu, xopownit — nokaxer speMs. Ho B ni06oM ciyyae, 310
NMPOAYKT HOBOIO NMOKOJeHHUs. Te Xe «Kojeca», TOT XKe «pyib», Ta XKe
MareMaruyeckast CyTb, — HO MO~APYTOMY.



lMpeauncrosue K NATHAAUATOMY TOMY

When my horse is running good,
1 don’t stop to give him sugar.

William Faulkner

ToM maHUpOBACSt IO HENMHEWHOMY aHannsyl), HO MaJlo 4TO MO-
mectunocs. M comepxanue B wrore ObLIO CIPYNIMPOBAHO BOKPYT
HEMOABMXHBIX TOYeK. Temaruka IIMPOKO M3BECTHA MO HA3BAHMUIO,
HO He OYE€Hb XOPOLIO — MO CylecTBY. Torma Kak B paspelliMOCTb
YpaBHEHMI W CBOMCTBa pellleHUil — Bce ynupaercs. B Kauectse npu-
JIOKEHUI paccMaTpyBAaIOTCst TMHAMUYECKHE CUCTEMBI M OUdypKayuu.

| o o .

) Knaccuyeckuii aHaiu3 B cBOgit OCHOBE JIUHEECH, N0 CKOIL3UT IO HENHUHEHHOCTIM, (1)0—
KYCUPYSICH Ha MaJjibiX OKPECTHOCTSIX. HenuHeliHblit ananus CTPCMHUTCSI BUALTL 3ajaqy USHIHKOM,
10 HC BCEraa 1noay4aeTcs.



fhaBa 1

Cumnromsel n 3aga4un

Imagination is more important than
knowledge. Knowledge is limited D,

Einstein

Jluneiinas Teopus onMpaeTcs Ha ONMH IIPOCTOH TPIOK,
npasja, seialommiics. Ha npurnun cynepnosunuu pe-
wienuit. Ho pasHooGpasie 0GCTOATENLCTE MOPOXAAET
Takoi 6yker crefcTBHif, uTO 3aBbiBAaeTCH Jaxe, OTKy-
na n3obunme. HemmHelinast Kapyceis MeHee ycHeliHa.
Hyxnbl apyrue uHeTpyMenThl. [Liroc k Tomy, aHHeiiHbie
CTCPCOTHIIS! MBILLICHUSI TO U A0 3aMaHMBAIOT B JIO-
BYLIKY, OJCTeperasi Ha pOBHOM MECTE,

1.1. Jlnxeriubiit PpoH

Jlunelinble MOaEIM BO3HMKAIOT KOIIA Kak. EC/IM cCHCTeMa ONMMChiBa-
eTCst KOHEYHBIM HaGbopOM I1apaMeTpOB

z={zy,..., T4},

TO NMOKUCK PAaBHOBECHS CBOMUTCS K PEIIEHMIO ypasHeHus Az + b = 0.
M BooG1ue, cucTeMa OKa3blBaeTCs 3aleyatnieHa b MaTpuLe A.

[Ipn u3y4yeHnn IMHAMUYECKHMX IPOLECCOB BOSHUKAIOT 00HOPOOHbLE
b0 HeoOHopoousie nuddepeHLnanbHpIe ypaBHEHUs

&=Az, &= Az+b),

" Drnurpast M pemapku jaoTes Ge3 nepesosa yMbIUUICHHO. Ha ApyroM si3bike COCTApHB-
IIHECs. HCTHHbBE HHOTLIA 3BYYAT OTKPOBEHUAMH, YeMY CYOTHTPDI TOJbKO MeLaloT. HeManoBaxHbl
1 nobouHbie 3¢heKTbI.



1.1. JluHeriHbii oH 11

U TYT Kaxercs, YTO CUTyaluusl KapAMHaIbHO japyras. OT4acTy 3To
JEHACTBUTENBHO TaK, HO AM(YpBHI MOXHO 3amuchiBath B BUge Lz = 0
¢ dughghepenyuanvrbim onepamopom

d d
L=—— L=—— A4
i A, nubo T A-b(),

U pasHyLa ¢ MPEAbIAYIIMM 3aKII04acTcsl B ToM, yto Az +b =0 —

ypastenue B R", a Lz = ( Heo6X0mIMO paccMaTpuBaTh B KAKOM-IHG0

GecKOHEYHOMEPHOM NpocTpaHcTBe. To CTh ypaBHEHMS OJUHAKOBBIE,

NPOCTPAHCTBA pa3HbIE.

B cayyae =™ + ™V + . a7+ a,z = b(l) samaya onATb-TaKH

peayuupyercst K Lz = b(t) ¢ nuneiiibiM nubdepeHIHaIbHBIM ONEPaTOPOM
Le=2" 10,2 + ...+ ap 2 +a,z.

To Xe camoe MpPOMCXOAWT B CMCTEMAX C paclpeleseHHbIMH [1apamMeTpaMu,
e TUHEHHBIE YPABHEHHS C YaCTHBIMM NPOM3BOAHBIMK ofpetator dopMy La = b
no Tomy xe peuenty [4, T. 11].

TaxuM obpazom, SApo JUHEHHON MmaTe-
MaTUK{ 0o0pasyloT JUHeUHbIe Oreparophl, Xa-
pakTepu3yeMbie CBOMCTBOM

L(az + fy) = aLz + BLy, (1.1)

KOTOpPOC Kak pa3s obecrieunBaeT NpUHUUI Cy-
Nepro3munm:

ecau T u Ty — pewerua Lx = 0, mo pewenuem ssntemes maxice
T = ax; + fr;

npu npou3soALHLIX KoHCmanmax a, [3. B ciyyae HeogHOPOLHOro ypas-
HEHUs1 NPUHLUMI CYNEepHo3uLMM MpUoGpeTaeT HUHYIO (DOPMY, XOTS
110 CYyTU Ty Xe: ecau T, = L"lbl — peuwernue ypaguenus Lr = by,
a4 Ty = L_lb[ — pewenue Lr = by, mo ax| + By — pewenue

Lz = ab, + fb,,

. -1
I CHJIy TUHEHHOCTU obpaTHoro oneparopa L.



12 Inaea 1. Cumrnromsr u 3anaum

Bnaropaps sromy, cean zy(t) — pewenue Lz = ay sin kt n

o0
b(t) = Z ay, sin kt,

[8.9)
ro x(l) - E Tr(t) — pewenune Lz = b(t), yTo MO3BOISET peLiaTh
YPaBlICHHMsI HA OCHOBE Pa3IOXeHHUs TpaBoit 4acTu B pan Dypoe.

Imo yauce okyc ¢ daneko udywumu nocnedcmeuamu, Kakosvie
poocdarom uacmommubie Memodvl U3YHEeHUR AUHELHbIX CUCTEM.
Ha coomeemcmeytowem smaxce kophu yxodam Ha 6mopoii
nAGH, U HAYUHGEm Ka3ambCsi, Yo 8ce 0e40 8 2apMOHUYECKOM
ananuse. Ilomom ewe xyxce, peromenv: muna unmepcpepenyuu,
Oupaxuyuu — HQUUHAIOM GOCAPUHUMAMbCS KaK ampuGymb
yempoticmea Beenennoil, a ne caedcmeusn cynepnosuyuu (1.1).

Crencreus (1.1), KOHEe4YHO, HaMHoro Ooraye. YacToTHBIN aHa-
/Y3 — He eNMHCTBeHHas ru1athopma, Ha KOTOPOH MOXHO pa3MellaTh
NuHeNHbIe cUcTeMbl. Baxubili cpe3 06pa3yioT pasiuyHbie MHTETPab-
Hpie ipeacrarnenud. CkaxeM, obpanieHue nuddepeHLIUATLHOTO orie-
patopa B TuHelHOM 3anaye Lz = b(t) 06bHO uMeeT B 2

z(t) = L7 'b(t) = / G(t, 5)b(s) ds, (1.2)

G(t, s) — ynxuus Ipuna 3,

B crauvonapHom cnydae G(f, s) siBnsiercst yHKIMe#l OmHOTO
napametpa 7 = ¢ — s, u (1.2) mepexomur B

z(t) = / G(1)b(t — 7) dr, (1.3)

2 Hpn ONPEACIIEHHBIX HAYATLHBIX WM KPAeBbIX YCJIOBHSIX.

B TEOPUH ABTOMATHYECKOTO peryaupoBanus G(f, ) Ha3BIBAIOT UMAYALCHOL HeEpexoOHvii
dynxyued, u ua cucremy Lz = b(t) cmOTpaT xak Ha npeoGpasosatue 6xoda b(t) B evxodnoi
cuenan z(t).



1.2. HenmHeliHpie cuctems: 13

rie G(7) onpelensieTcs Kak peaklldsi CHCTeMbl HA eIMHCTBEHHOE
UMITyJIbcHOe BoszelicTBue 0(7) u3 ypaBHenust LG(r) = §(7). Takum
o0pa3oM, 4yToObl BBIYMCIATL PEaklMIo CHCTEMbl Ha n060¢ BHeEIHee
Bosaeiictue b(t) mo dopmyne (1.3), peakuuio CUCTEMBI JOCTATOUHO
M3MEPUTh OAUH pa3 Ha Bo3jelicTBue d(7). Ha Bxon nonaetca nesisra-
byHKIMSI — ¥ 00BEKT «pacuingpoBah»,

IlepeuyncneHHOe OTHOCUTCSL K amnfmapaTHBIM CDEACTBAM, U BCSK
MOHUMAET, 4YTO 3a MpeieaMH JIMHelHON Teopuu deecrnocobHOCTh
9TUX WHCTPYMEHTOB orpaHuyeHa. Ho BOT g00biBaeMbie TUIOABI He-
PEeaKO KaxyTcs YHUBEPCAIbHBIMH 3aKOHAMM MUpo3aaHus. Co3HaHue
3aKyMOPUBAETCS, U BCE BBIXOASAIIEE 3a Mpeielibl JIMHEeMHOI 10rMaTUKU
NIPECTaBIISIeTCS €PEChIO.

1.2. HenuHeliHsle cucTemMsl

Yyer HenMHENHHBIX 3aBUCHMOCTEH, KOHEUHO, MOPOXIAeT HOBbIE (e-
HOMEHBI, ogHaKo (aHTa3us ObICTPO HUCCSIKaeT, YTo MepBbIM JEOM
NPUXOAUT B IONOBY MPU HEJUHEHHOM YCIOXKHEHUUN MOAeei?

Ecau TVuHEHbIe CUCTEMBI 061{ec0 nOAOMHCeHUs UMEIOT eMHCTREH -
HOE PaBHOBECHE, JII00asi OKPECTHOCTb KOTOPOrO NPEACTABIAET CAEMOK
$a30BOro MpoCTpaHCTBA B LIEJIOM 4), TO B HEJAUHEHHOM Cliyyae cHue
ynobcTBo Tepsietes. [Monoxenuit paBHOBECHS MOXET GbITh HECKO/b-
KO, pasHbIX 1O XapaKTepy yCTOUYNBOCTH. BO3MOXHBI TaxxKe ycToiuu-
Bble KojiebarejlbHbie pexkUMbi. Bonee-MeHee oueBUIHA MOTEHIUANb-
Hasi BO3MOXHOCTb XUTPOYMHBIX Ougyprayuii B CBSI3U C BETBJCHUEM
pelIeHuii Ipyu U3MEHEHNUY NapaMeTpoB.

TyT noTok BooGpaxeHust u nepechbixaer. OcoGeHHO, ecny He XBa-
TaeT CTPaHCTBMU IO TEPPUTOPUM COAEpXKATEIbHBIX 3a/ay, KaKOBble
B MaTeMaTUYeCKOH cpejie HE TaK MOTyJSIpHBI, HO BAXHbI C TOUYKH
3peHWsl LUMPOTH AMana3oHa BolpocoB. [lociennee cylecTBeHHD, 60

4 ~
)Hoxanbuaﬂ YCTONYUBOCTD, HAfIPUMeEp, O3HAYaeT — IIOGAIbHYIO, U T. II.
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HE MMesl BOIIPOCOB, KakHWe OTBEThl MOXHO McKath? Iloatomy x He-
JIMHEMHOMY aHaJlM3y eCTb Pe30H NOAXOAMUTb ¢ HEKOTOPHIM 3allacoM
NMPaKTUYECKUX CUTyallUil, TUTAIOIIUX OOIIHE TOCTAHOBKY 3a7a4 U MO3~
BOJIAIOWIUX TIPOUTPbIBaTh Ha ceGe abCTpakTHBIE BBIBOIBI.

Mexorpacuesoii 6ananc. ITycth 9KOHOMUYECKas CHCTEMA COCTOMT M3 7L B3a-
MMOCBSI32HHBIX OTpacield; - OTpacib BbIIYCKaeT i-il MPOAYKT B KOMMYECTBE Z;,
KOTOPbI BHYTPM CMCTeMbI 3aTPayMBAETCA B KOJIMYECTBE

pilxy, ..., 2,) = pi().
Yucmuiii gbinyck $-ro MpoayKTa NPY 3TOM paBeH
¥i = i — pi(T),
¥ BCE CBORMTCS K W3YMEHHIO BEKTOPHOTO ypaBHEHUS )
z—Plz)=y,
P(@)={pi(@),...,pu(x)}.

3aeCh BO3HMKAIOT CIEAYIOWME BOMPOCH., MOXHO U OGECHEeuMTh 3aiaHHbIA
nabop ¥y = {y, ..., Yo} NOAXOAAUIMM HABOPOM TUTAHOBHIX BBINYCKOB

(1.4)

z={x,...,2,}?

EnuHCcTBEHHBIM JIM 06pa30oM 970 MOXHO caenath? MoxHO Jii obecnieauTs 060 Ha-
Hepen 3anaHHEIA Hab0op YUCTBIX BbilycKoB? Hano Jiu yBenauBaTh OGbeMbl Z), . . . , T,
Uil yBEeJMYeHHs YUCTBIX BbINyckoB? — He Bcerna, KcTaTu.

C opmanbHOit TOYKM 3pEHMSA MEPEUMCIICHHbIE BONPOCH (M MX NOTHYECKME
NPONO/KEHKMSA) 3BYYaT NPHMEpHO TaK. CyWIECTBYET JIM pelleHMe ypaBHEHHs (1.4)
npu 3anaHHoM Y¥? EnuHCTBEHHO M 0HO? CyIecTBYIOT JIW pelleHMs (1.4) mpu Bcex
(B nanHOM ciyyae HeoTpui@renbubx) y? Ecnu aa, To ONHO3HAYHA N M HETpepbIB-
Ha 4 GyHKims z(y)?

C6anancuposannntii poct. Ilycrs B k-if mepuon B cucTeMe UMEIOTCA MPOLYKTHI
£ K N
B KONMYECTBAX T = {z\,...,Zh}, U3 KOTOPBIX B CIENYIOWMI EPUON MOXET GbiTh
MpoM3BeneH Habop NpPONyKTOB

! = F(zh).

5 .
) Ecu onepatop P(z) BHYTPUCHCTEMHBIX 3aTPAT TUHEEH, MO0eab HAZBIBACTCS ACOHMbEECKOL.
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B0O3MOXHOCTE NPONOPLMOHAIBHOIO POCTA BBIIYCKOB CBOAMTCH K BOIIPOCY O pazpe-
6
UMMOCTH [IAPAMETPHYECKOTo ypasHeH:a

F(m)=Az, A> |, (1.5)

T. €. O CYL{ECTBOBAHMM Y HEMUHEHHOTO oneparopa F cobcreeHHoro BEKTOpA.

Prinousas mMogess. JlonycTvM, Ha PbIHKE TIPOAAETCS 7t TOBAPOB, T; — LIEHA 1 -FO
toBapa, fi(Z),...,2,) — usboimounsiii cnpoc Ha i-it Topap 7 (cnpoc MuHyc npeano-
xeHue). [JuHaMuKa LeH ecTecTBeHHA. PeIHOWHas ueHa ; pacrer, ecnu fi(z) < 0,
M yObIBaeT, eciu f,(.'c) > 0. B aTOM Ccnyyae paBHOBECHBIM MOXET GbITb JHILb Ta-
KOt Habop LEH ¥, TpU KOTOPOM Bce (hYHKLMH M3BBITOUHOIO Cipoca 00pallaroTcs
B HYJb 8,

3anaya onATL-TAKM CBOAMTCS K M3YYEHMIO HEJIMHEHOrO ypaBHEHUs

f(iL‘) = {fl(x)’ :.fn(x)} =0.

CyiuecTBoBaHME M €NMHCTBEHHOCTb PELICHMS aBTOMATMYECKM MONajaloT B GoKyc
BHUMMaHMs, HO TNOABISIOTCA M cheuuduyeckue Bonpockl. B naHHoM ciyvae, Ha-
NpUMep, orMcaHue cucreMmsl (oneparopa f) ROBOJBHO pa3MbITo. Ensa MM MOXHO
DacCUMTBHIBATD, UTO (PYHKLIMM M3OBITOUHOTO Cipoca f; () U3BECTHBI CKONBKO-HUBYAb
TOYHO B WHPOKMX AMANA30HAX M3MEHEHMs LeH. B NOogoBHbIX CUTYALMAX MOHAYATY
OGbIYHO BO3HMKAET OlnylieHUe Ge3BbIXonHOCTH. Kak MOXHO roBopuTh O paBHOBE-
CMM, €CTM HHUYErO HE W3BECTHO O cucteme? KOHEYHO, €CNM COBCEM HUYEFO, — TO
HUKak. HO B Takux ciyyasx, KakK MpaBWJIo, BCe-TaAKK eCTb MHOPMALIMA KaueCTBEH-
HOrO Xapakrepa, 4ero ObIBacT HOCTaTo4HO. OQHON NMIIL eemepomoHHOCMY WHOTAA
JOCTATOYHO AJIA JAJ€KOUAYILUX BbIBOJOB.

Pasunosecue no Haury. [TycTh 3K0HOMHUYECKAs CHCTEMA COCTOMT U3 7% B3aMMOCBS -
3aHHbIX 371eMeHTOB (Aueex) A;. Kaxubiit A; pacriopsxaercst BBIGODOM NEpEMEHHO
z; € X;, a Dy(zy,...,x,) obosHavaeT pyuicyuio evwzpbima A;. B TCOpMM Urp T;
Ha3bIBAIOT CTpaterveii urpoka 4;, YTO MJIOXO YKIANBIBAETCS B CEMAHTUKY CI0Ba
«CTpaTeTMsl», HO TEPMUH OOLLEN PUHAT.

OnucadHas CHTyaLMst TMIIMYHA 115 5KoHOMMKY. Kaxnasa sueiika umeer CROio
CTENEeHb CBOOOADI %) Z;, HO BhIOOp &; He ONPEAEAeT MOJHOCThIO COOCTBEHHDBIH Bbi-
Mrpblil D; — KOe-4TO 3aBUCHT OT JEHCTBMI ApYyTMX 3IEMEHTOB CMCTEMBI. BO3HMKAET

6)
7)

TpeGosanne A > 1 npoucrekaeT U3 HEOGXOBMMOCTH POCTA, & HE 3aTYXAHUS.
Bosmoxuag 3aBUCHUMOCTb f; HE TONBKO OT COGCTBEHHOU LEHB! T; — OYeBMmHa. Poct
MACHOH LIEHBl YBEJIHYMBAET CHPOC Ha pbiOy, a yJOPOXAHME 3anyacteil YMEHbIUAET Crpoc
Ha M3zenue.

8 Tounee rOBOPS, BEKTOp LEH I CUMTAETCH PABHOBECHBIM, CCIH U1 KAXIOTO 4 BBITOMII-
ercs ogHo us gsyx: wm f;(z") = 0, wmn f;(z") < 0, 2} = 0. Ho GecruiaTHble ToBapsl THMA
BO37yXa LENeco00pa3sHO UCKIIOUATH U3 PACCMOTPEHUSI,

%) Ovemsr BBINYCKOB, 3asiBKM Ha cbIpbe, rpaduk pabot u T 4.
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BOTIPOC: KaKoi BbIOOp cTpareruii

z={x,...,T,}

Oyner paBHOBeCHHIM? B MpPUHUMIE OTBETOB MOXET Obith MHOTO. OIMH U3 ILIMpO-

KO DAaCTIpPOCTPAHEHHBIX BAPMAHTOB — pasrosecue no Hsutry, B KOTOpOM HM OOMH

M3 3JIEMEHTOB HE MOXET NOOUTHCA YBETMYEHMSI CBOETO BbIMIPHILIA M3MEHEHUEM

COOCTBEHHOM NEpeMEHHON ;. B eCTeCTBEHHBIX NPeanooXeHUAX COOTBETCTBYIONIEE
paBHoBecue &' GYAET pellleHHeM CHCTEMbI YPaBHEHMI

dDi(z)

6:1:,~ -

- bonee aKKypaTHasi ¥ MeHee 00A3bIRaoIAas (I)OpMaJ'IHSaU,I/Iﬂ OnMpacTCsa Ha Oneparop

f@) ={fi(@)...., ful2)},

ONpefensieMblii COOTHOLUEHUAMU

0, i=1,...,n.

Di(.'lll, ey, Tiy, f,‘(.’l?), iL‘,',H, ,.’Eﬂ) = it}ea)?( D,’(iL’),
] $]

B pE3yJIbTATE Yero HoIeBCKHME PEIEHMS CTAHOBATCA HEMONBWKHBIMUM TOYKAMMU OMe-
paropa f(z), T.e. MMbO pelleHMsIMK ypaBHeHust © = f(z), 1160 (B MHOTOZHAYHOM
BapMAHTE) PELIEHUSMMU BKIIOUEHUs

z € f(x).

Bbuosornueckne coobmectna. ITycts x; 0603HaYa-
€T YUCIEHHOCTh i-ii MONyNsLMU B YCJIOBUSX COCYLIE-
CTBOBAHMA 7t GMOJIOTMYECKUX BUIOB € OOLIMM apeasioM
oburanus. CKopocTs u3MeHeHUs T; (pasHOCTb MEXIy
POXIAEMOCTBIO M CMEPTHOCTHIO) B OBLIEM Clyyae 3a-
BHUCHUT He TOJIbKO OT Z;, HO M OT APYTMX YHCIEHHOCTEH
Z; B CHJTY B3aWMOOTHOLIEHWH TMNa «XMINHUK — XEepT-
Ba», KOHKYypeHUMM U Ip. TakuM oOpasoM, auHamMuKa
coobuiecTBa OMUCHIBAETCA HEKON cucteMol nubde-
PEHIMaNbHBIX YpaBHEHUI

:tiZf,-(.'I:l,...,.'E"), i:l,...,n,

WIH B BEKTOPHOM BHIE
& = f(z). (1.6)

B mpagyio yacte (1.6) MOXeT BXOIWTb HEKMii BEKTOpP ¥, CUMBOIM3MPYIOUIMIL
BHEUIHMKE BO3NEHCTBMA Ha CUCTEMY: OTCTPEN WIM MOTKOPMKA XUBOTHBIX, UCHIOJb30-
BaHMeE SAOXUMMKATOR 171t O0pBOBI ¢ BpenuTessiMu, BeIpyOKa Jleca, ocyleHue 6007,
BHEAPEHHE B COOOMIECTBO HOBBIX BMAOB U T. I. JuMHaMuKa CUCTeMbI IPH 3TOM ONM-~
CbiBaeTCs AMdepeHIIMATBHBIM YPaBHEHUEM C NIAPAMETPOM

z = f(z,y). (1.7)



1.2. HemmnetiHbie cucrems:

17

Paznoo6pasue 3a1a4 3/1€Ch JOCTATOUHO BEITUKO: CYLIECTROBAHME W YCTOMUYUBOCTD
CTALIMOHAPHBIX PEXMMOB M NIEPUOAMYECKMX KONeGaHuil, XapaKTep pocTa NONyIaLuil,
BHIDOXKACHHE BUAOB, OM(DYpPKAaLMOHHbIE M3MCHEHMA B CMCTeMe U T.I. Bce 3To,
MOMHOXEHHOE Ha MHOTOOOpasie KOHKPETUKHU, TIOpOXKAAET PA3BETBIEHHYIO [IpO0Ie-

MaTHUKY KakK 6I/IOHOFH‘JCCKOFO, TaK 1 MaTeMaTHUYECKOTO TOJIKA.

Xumuyeckune peaktopst. I1ycTh B XMMUYECKOH peakLM
YYAaCTBYIOT T BEIUECTB, M £; 0003HAYaeT NPOLIEHTHOE COfep-
>KaHHe £-T0 peareHTa B cMecu. [JIMHaMuKa CUCTEMbl OTIMChIBA-
eTca HeKuM ypaBHeHMeM Tvna (1.7), nue BeKTop y onpenensiet
BHEIIHHWE YCIOBMS: TEMIIEPATYpPY, NABIEHME, KaTaJlM3aTOPbI,
HATMOMTOPB! M T. . Ha MOmEnbHOM YpOBHE BCE CBOIMTCS
K YIIOMMHaBIIMMCA yxe 3aaa4yaM. Ho jepkaTh B none 3pe-
HUS pPasHOE COAEPXKATENbHOE HArlOMHEHUE MOAeNd NOoJAe3HO
no MHoOruM npuyunHam. C ogHOM CTOpOHBI, (PM3MKa 3a1a-
Yy HaACTPaMBaeT U OPUEHTHPYET MATEMATMYECKYIO MBIC/b.
C npyroii — HesaBMCHMMas MOIENb IOATAIKMBAET K OCTA-
HOBKE «I[IPOTMBOECTECTBEHHBIX B paccMaTpuBaeMoii obnacTu
BONPOCOB», BEAVIIMX MHOMA K HEOXMIAAHHBIM OTKPBITHSAM.
Tak MM ¥HAYe, CONPUKOCHOBEHKE aBCTPAKLMM C KOHKPETHU-
KO IIPUBOAMT KO B3aMMHOMY OGOTameHuIo CTopoH. Apkoii
WTIOCTPALIMEN 31€Ch MOXET CIYXUTbh peakuyus besoycoea—
Kabomurcroeo (BZ-reaction).

Honroe BpeMsi CYMTATOCh, YTO ABTOKOIEGAHMSI B Xu-
MMYECKUX cHcTeMax HeBO3MOXHBL. OTKpbiTME Aeroycosbim
(1951) aBrokoneCaHUil B PEAKIUM OKMCIEHUA JTUMOHHOI

KHCIOThL 6pOMaTOM Kajlusi cHayaja ObLIO BOCHIpHMHATO C HENOBEPMEM, HO B MUTOre
10
noponMao ) MHOTOYMCAEHHBIE HCCEIOBaH s, O0OTaTHBIINE KaK XMMMIO, TaK U ab-

CTPAKTHYIO TEOPMIO HEJIMHERHBIX CHCTEM.

10)

XoTs 1 He 6e3 NPOTUBOACHCTEU S, XaPAKTEPHOIO BOOBILE AN BOCIPHUSITUS HOBOrO. OTKA3bI

B NyOMUKalMH, 3aMaTd¥BAHME, 4 TO M BBICMEHBAHHE DPE3YJbTATOB, — BCE 3TO CONYTCTBYET
BCAKOMY MIPMXOJY HEOXKMZaHHOro. B 1o Xe BpeMsi HOBOE M HEOXMZAHHOE, KAK MPaBilIo,
OKA3bIBACTCS «XOPOIIO 3a0bIThIM CTAPBIM», KAK H B JAHHOM CIydae, HO 9TO yXKe APYrast UCTOPHS.
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1.3. Mapapokckl HenuHeHbIX yenei

PaccmoTpuM opueHTHpOBaHHBII rpad G(P, E), tne P — MHOXECTBO
BepnH, B — coBokymHocts ayr. Kaxoe pebpo e € E xapaxrepusy-
CTCA TpeMsl BeTMUMHAMU: Tj — HalpsDKeHMe, y; — Tok, u; — S/C.
BoibT-amiiepHble XapaKTepUCTHKY B JlyraX ONMCHIBAIOTCA (DyHKIMS-
MU y; = f(z;). TTonHbLi pacyeT 3MeKTPUYECKOl LIEIH BHIMONHAETCS

1
Ha OCHOBC 3aKOHOB Kupxeo¢a, KOMITaKTHO 3aIllMChIBAeMBbIX B BMIC 1

Ry =0, Cz = Cu, y = f(x), (1.8)

rie R — mampuya unyudenyuii tpada G, C — mampuya yurnos.

MHorna BO3HUKAET WUIIO3Us, YTO Pa3spellMMOCTh CUCTEMBI (1.8)
BBITEKaeT M3 usnueckux coobpaxeHuin. Mo, cobepem COOTBETCTBY-
IOIYIO 3IEKTPUYECKYIO CXEMY M BKJIIOUMM ee. B cucTeme ycraHosutes
HEKOTOpOe pacrpeje/ieHUe TOKOB U HaNpsDKeHUM, KOTopoe M 6yjer
VCKOMBIM DEIIEHHEM. YBbI, PAaCCYXIEHHE HE BBUIEPKUBAET KPUTUKH.
[IpocTeiiiine mpUMephbl MOKA3bIBAIOT, YTO PEIUCHUE HEJTUHEHHOMN CH-
cTeMbl ypaBHeHuit (1.8) Moxer He cymecTBoBats. HerpynHo TTOHSITD,
YTO B COOTBETCTBYIOUIEN DIEKTPUYESCKOM CXeME TPH 3TOM HUKAKOro
CTalIOHapHOro pacnpele/ieHUsl TOKOB M HaNpsKEHUH He yCTAHOBUT-
cs1, a OyneT MpoTeKaTh CIOXHBIA AMHAMMYECKMl mpouecc, onpene-
JISEMBbI MaJIbLIMU (napaamexMM) MHIYKTUBHOCTSIMH M €MKOCTSMH,
KOTOpbI® HE y4UTHIBAIOTCS Mogelbio (1.8).

CkasanHoe MOAYEPKMBACT He TOJLKO BaXHOCTh MPOGIEMbI cy-
IIECTBOBAHMSA PELICHUs, HO elle ¥ PoJib MaJlbiX MapaMeTpoB B Gosee
LUMPOKOM KoHTeKCTe. [lonyctum, pewerue (1.8) cymectsyer u equH-
CTBEHHO. ECTb /M OCHOBaHMS OXUIaTh, YTO MOBEAECHUE pealbHON
CHUCTeMBI Oy/IeT eMy COOTBETCTBOBarh? Belb NMapasuTHbie UHIYKTHUB-

2
HocTH 1 emkocTu 2 ecThb Bcerna. He OyayT 1M OHM Urpath OKasHHYIO

1 [MopoGHbIE MOLETH MOTYT UMETH HE 0BS3aTeIIbHO SNEKTPUUECKYIO NpUpony. TakoBbl MO-
A€ QUHAHCOBBIX TTOTOKOB, TOBAPHBIX, HH)OPMALUOHHbIX, TOTOKOB HETH B TpyGONpOBOsax,
NaccaXxuponoOTOKOB U T. I,

12) Cnacaloiuie ot NPOTHBOPEYNs B MPEIBIAYILEM Cilyyae.
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posib? Tlo cyTu 3T0 CTaHmapTHBIH BONPOC O CTPYKTYpHOH YCTOHuM-
BOCTU MOAC/IH, KOTOpas JO/kHa ObITh HEYYBCTBUTENbHA K MAaJIbIM
BO3MyLIeHUAM. MHaye YTo MOXHO CKa3aTh 0 CUCTEME, KOTOpasl 3aBe-
JAOMO, XOTSl U MO, ONIUYAETCsl OT MOAe u?

[TpucyTcTBUE MajibIX NapaMeTpoB 3a KaApoM MOIEJIU CIOCOBHO
Urpath TaKXKe MO3UTUBHYIO POJIb, MOMOTrasi BBIXOJHTh U3 JIOTMYECKUX
TynukoB. Bot mpoctoii npumep G6510K-CXeMBbl 13 ), rie NapagoKkc BO3HU-
KaeT Ha POBHOM MECTe.

z Ecnu B LEnU 1ojaoxuTensHoil obpart-
3%@ Y ) nu B ILe TENbHONW 06p
HOM CBsI3H (PUCYHOK CieBa) CTOMT (hyHK-

IIMOHAbHbIN IpeobpazoBaTens

F@) =yl signy,

TO PE3yBTUDYIOIIAs CBA3b MEXIY BXOAOM vt
T ¥ BBIXOJOM Y OIIpE/IeNseTCsl PABEHCTBOM
z+ f (y)=¥, 4TO NPUBOAUT K MHOTO3HAYHOM
3aBUCHMOCTH BBIXOAA OT BXOJA, M306pa-
XeHHol cripaBa. HeOXUIaHHO BHISICHSIET-
CS1, YTO BBIXOJ HE ONpEEIAeTCA OMHO3HAY- z
HO BXOJIOM, XOTsl BCE 3BEHbS CUCTEMbI Je-
TePMHHUPOBAHBI (OCYILECTBISIOT B3auM-
HO O/IHO3HAYHOE NPeodpa3oBaHUe CUTHA-
JOB) — ¥ He fICHO, KaKOB Xe BBIXOH ¥
B peaJIbHOM CUCTeMe TIpH JaHHOM BXOLE .

Hesicen 1 BbIXo# U3 MOMOXEHUS] B paMKax CTaTUYECKO MOJesu.
3aTpynHeHHe NUKBUIUPYET y4eT OUHAMMKH. 3anepXKU B MPOXOXKAL-
HUM CUTHajla IO LIeM BCE CTaBsAT Ha CBOM Mecrta. Pasymeercs;, HeT
He00XOIMMOCTH BBOJUTH YUCTOE 3alla3fblBaHue. AJEKBaTHOCTH OMU-
CaHHsl MOXHO [OCTHYb ¥ C TOMOHIbIO OGBIKHOBEHHBIX AM(YPOB,
MOJEJIUPYIOUIUX «HUUTOXHbIE» WHEPLUUOHHBIE CBOMCTBA CUCTEMBI.

13),lem Lenei BbIIE XapaKTepU3OBATHCH JBYMSI NEPEMEHHBIMM (TOK ¥ HANPSIKEHME),
KaKOBbIX B OOIIEM Cilyyae MOXET GbiThb GOMbile MAM MeHblie (MHOrONPOAYKTOBbIE 1MGO
OZHOTPORYKTOBbIE NOTOKH, HANPUMED), & 3aKOHb! «CTBIKOBKH» — MOTYT GbiTh HE 0GA3aTebHO
KHUPXTOQOBCKUMH.
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[IpuMep B HEKOTOPOM pOAE SIBISETCSA MPOCTENLINM HIEOJIOTHYE-
CKUM 3TAIOHOM, [0OYXIAIOIUM K OCTOPOXHOCTH TTpH abeTparupopa-
Huu. B Gosiee TpOMO3AKUX MOLEIAX HETTPUSITHOCTY MEHEE OYEBHUIHBI,
HO MX MpUPOAa TaK Xe NMPUMUTHBHA, XOTS 3aMacKUpoBaHa U TIPU-
ykpaunieHa. [ToaToMy TpUBH@ILHBIMU C BUAY MpUMepaMH HeE CTOHT
npeHebperatb. HaoGopoT, uMX CTOUT KyJabTUBUpoBarb. ITotoMy 4Tto
B MUHHUATIOPE OHU HIPAIOT POJIb CTOPOXKEBBIX MYHKTOB, AEMOHCTPH-
pysi KoBapcTBO BeesieHHOI U yA3BUMOCTb HayKH.

JBrokeHue IapuKa Macchl M B BA3KOU Cpefe ecTh peureHue sadaui Kousw
mi + pz =0, z(0)=z,, #(0)=uv,

Ho kak Gynet npoucxonuth aABuxeHue npu m = 0? CreneHeit cBoGOgbI i YAOBJE-
TBOPEHUS HadaJlbHbIX YCIIOBU NepecTaeT XBaTarh.

[Tpumep caM mo cebe HE CTOUT BBICAEHHOTO SARIA, HO TO XE CAMOE MOXET
NPOMCXONMTh B 32BYaJIMpOBaHHOIt GopMe B 3adayax o OUPypKaLWaX, rae NPHUYUHBI
MeHee OOHAaXEHBI,

BepHemces x uensiv tuna (1.8). @UKCUpYeM B 37IeKTPUYECKOM CXe-
M€ JiBa y3JIa U 3aMEHUM BCIO CUCTEMY OJTHUM MACCUBHbBIM HETUHEHHBIM
COMPOTUBJICHUEM C NMOAXOASIIEH BOMBT-aMIIEpHOI XapaKTepUCTUKOM.
BTO cTaHIApTHAas B 2JIEKTPOTEXHUKE OIepallusi, KaKkopasi, BooOle ro-
BOpSI, HE BCErAa PaBOMOYHA, HO B ONPEAEASHHBIX NPEATIONOXEHHU SIX
Takol nepexon Bo3MOXeH. IIpu 3ToM BO3HUKaeT cepusi BONPOCOB
O BIUSAHUU U3MEHEHHH B 3NEKTPUYECKON CXeMe Ha BOJIBT-aMIIEpHYIO
XapaKTePUCTUKY IKBUBAIEHTHOTO COTIPOTUBICHUSI. 31€Ch MOXHO yKa-
3aTh psl UHTYUTUBHO HEOXHUAAHHBIX 2 (HEKTOB.

Hanpumep, xopoluo u3BECTHO, YTO SKBUBAJICHTHOE CONMPOTHUBICHUE JTMHEHRHOM
uer (ece fi(x;) = @;/r;) yBeAMMMBAETCS ¢ POCTOM JIIOGOTO OHOTO MITH HECKOMbKUX
COMpPOTHBICHUH 7;. MHTYMTUBHO Takoe MOJIOXEeHUE Bellel mpencraBisaercs BOOIHE
eCcTeCTBEHHBIM. Eciu B HeKoTOpoM 3BeHE co3naercs MpeNsTCTBUE st IPOXOXKACHUSA
TOKa, TO CYMMAapHbIil TOK uepe3 Helb NOJUKeH YMEHBIIUThCA. B HENMHENHBIX HensxX
KapTHHa MOXeT ObITh MHOM, YTO Ha MPaKTUKE MOXET 03HAYaTh YMEHbHLIEHHME MpO-
MYCKHOI CAOCOOHOCTH TPAaHCHIOPTHOM CETH B IIENOM NP YBEIMYEHUU MPOIYCKHBIX
CIOCOOHOCTEH OTAENbHBIX MaructTpaiei ”), yBEIMYEHME NMPONYCKHON CHOCOOHOCTU

14 o
) U paxe CTPOUTENBCTBE HOBBIX MArucTpajicu.
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CETU BOJOKAHAIOB MpPY MOJHOM MNEPEKPBITUM €€ OTHES/ABHBIX YYacTKOB U T. 1. Bor
NpocTas WUTIOCTpalysl.

PaccMOTpUM 3JIEKTPUYECKYIO CXEMY,
M300paKeHHYIO CripaBa, Iie HelrHelHbie co-
NpOTHBIEHUs] R| WMEIOT BOJLT-aMIIEPHYIO
XaPaKTEPUCTUKY

2 .
T =y signy,
a R; Xapaktepu3yercsi CBA3bIO

z = +/|ylsigny.

PesynsTrpyolsas BoJBT-aMriepHas xa-
PaKTEpHCTHKA LEHM MexXay ToukamMu A n B
B ciydae Ry = 0o (Ttoukm C u D He coenu-
HEHb) JIETKO BBUUCISAETCS:

X = [(%)Z-I- l—?] signY’,

roe X — HanpskeHue Ha zaxumax 4 w B, a Y — cymMapHbiii ToK. B ciyuae
R; =0 (Toukn C' u D coeIuneHn HAKOPOTKO) MMeEEM

= [(2) 2 s

Jlerko npoBepuTh, yTo npu mobom Hanpsxenun X € (0,2) ypeanuenue R
¢ HyJd 10 OeCKOHEYHOCTH BjleyeT 3a COBOU yBelnyeHue Toka Y, T.e. yMEHbUIEHUE
SKBUBIEHTHOTO conporusnenuss R = X/Y. [ipyrumu cioBamu, 3aKpbiTHE KaHala
R; yBEeJIMYUBACT NPONYCKHYIO CIOCOOHOCTD CUCTEMBI.

DTO ele OAMH TPUMEP, He MMEIOIMIT CaMOCTOATENLHOIO TIpH-
KJIAJHOIO 3HaueHMs, HO OJIarOTBOPHO ITOANM/IMBAIOIIMI JIMHEHOE
MUPOBO33peHME, KAKOBOE 3aMeyaTe/lbHO B CBOEM ceKTope, HO YOUM-
CTBEHHO KaK YHUBepcaibHas mapaiyrMa.

1.4. BeckoHeyHOMEpHbIE 3aga4u

beckoHeuynbie pasMEpPHOCTM BO3HMKAIOT BCAKMIA pa3 IMPU NiEPEBOAE
CaMBIX TIPOCTHIX 3aa4 B (hYHKIUMOHANEHLIE MTPOCTPAHCTBA.
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Nsyyenne ycToluMBOCTM YIPYIMX KOHCTPYKLMIA
ONMUpPaEeTCsT Ha mpocTeiiuve 3TanoHel. OIMH M3 HUX —
3aaya 06 ycTOuMBLIX GOpMax LAPHUPHO-3aKPETUIEH-
HOIO CTEPXKHHA €IMHUYHON IIMHBI M NEePEMEHHOM XKeCT-
KOCTH p(S) B cilyyae TpOAONBLHOM HArpy3Ku A.

S

“‘*‘w\

A

3aech HE MECTO BHMKATh B MéXaHU4YecKMe NMoapobHocTH. UTo Xe
KacaeTcst BHEUIHe i KapTUHBI, TO NPOrud Z($), KaK U3BECTHO, SIBJIAETCH
peLeHHUEM O8yxmoueyHoil 3a0auu

d’z dz

2
Zgz—m6>1~(g)a z0)=2() =0,  (L9)

KaKOBasl «3KBHMBaJICHTHa» 15) UHTETPAIbHOMY YPABHEHUIO

y(s) =Ap(s) |1- [/G’ (s,t dt]2 /ng y(t)dt, (1.10)
0

Gt ts—1), t<s<1, . ;

e ,8) = — ¢hyuryusa Ipuna oneparopa
s(t—-1), 0<s <,

Lz = —z" nipu HyneBBIX IPaHUYHbIX YCIOBUAX [4,1.2], a y(s) cBasano

¢ z(s) nocpeacTeom

SE =Y, a0 =) =0, (1.1)

15) .
5) DKBUBATEHTHA B KABBIUKAX B CMBICJIC 3aBUCUMOCTH IIOHUMaHUSL 33la4H OT BEIGOpa PyHK-
LHOHATBHOTO NPOCTPAHCTBA.
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T.e. noce pewenns (1.10) wis BbruMcneHNst £(s) HaaoO PeLinTh ele
nuHeitHylo 3amaqy (1.11).

3afaya Bcerga MMeeT Hynesoe pewieHue z(s) = 0, a npu Maibix
A — Tonbko Hyhesoe. IIpu A, GONBLIMX KPUTHMYECKOTO 3HAYEHUS,
TIOSABNIAIOTCA CMEXKHbIE (POPMBI PABHOBECHS 1) Taknm 0o6pa3om, peyb
H/IET O TIapaMeTPUUecKoM ypaBHeHuH F(z, A) = 0, pelueHue KoToporo
z()) BeTBUTCS, NMpeTeprieas GudYPKALIMOHHbIE M3MEHEHYS.

Cnncok 3ajay nofoOGHOro CopTa JErko MPUyMHOXNUTL. DakTuye-
CKM 3TO H00bIE 3aa41 U3 «IU(PYPOB» WIN «yPMATOB», 1€ PeLIeHNAMH
cllyXkat He ymcia, a dyHkuun. [puyem dopma npencraBreHus — uH-
terpanbHoe ypasHenme (1.10) mnm kpaesasi 3azada (1.9) — ¢ Touku
3pEHMA UCTIONb30BaHMsA QYHKIIMOHANBHBIX MPOCTPAHCTB 0COB0i poin
ne urpaer ). Bo BCeX TAKKX 3a1auax OBHIYHO UIYPHPYIOT napaMert-
pbl — CHJIbI, CKOPOCTH, TEMIEPATYPhl, — KOTOPbIE Yallle BCEro MOTyT
NPUHUMATh KPUTHYECKUE 3HAUYEHUS, MOPOXKIas BETBJIEHHE M CMEHY
XapaKTepUCTUK peleHus Z(A).

16) JIJIs OUEHKH YCTOHYUBOCTH KOTOPBIX TpeSyeTcsi, BOOGUIE TOBOPS, MOMOJHHTENbHbIA U=
CTPYMEHTAPUI.

" ha npoussoanbie B (1.9) MOXHO CMOTPETh MO Pa3HbIMKU YrilaMu 3peHus, Hanpumep, Kak
Ha 0600mweHHble GyHKkuuu U T. 1. Popma npeacrasienus 3a0a4u GbIBAET BAXHA ¢ TEXHUYECKOI

TOYKH 3PEHMUS.
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Merpudeckme UHCTPYMEHTbI

The fox has many tricks. The hedgehog
has but one. But that is the best of all.

Erasmus Roterodamus

. Peub, rmaBHBEIM O0pa3oM, WACT O HPUHUUNE CHCUMAIOUILX
omobpaxcenuif, KOTOPBII MPOCT, MOTYY M CHUIIKOM XO-
pOLUO M3BECTEH, YTOOBI Ha HEM JOJrO 33JepXKHBaThCs,
HO ¥ 000HTH ero He o0oMAeLIb — Ha IMYTH K HEIIOABUX-~
HBIM TOYKaM omeparopa f,

£ = f(6).

2.1. MpuHuMN cxMMaoWUX 0ToBpaxeHui

2.1.1. Omobpaxcenue f, Oelicmeyioujee 6 Mempuueckom npocmpan-
cmee ") (X, p), Haszeieaemca cocumarowum (cocamuem), ecau cyuje-
cmgyem maxoe A < 1, umo

p(f(@), F(v)) < Ap(z,y) omsmobox zyeX. (21)

2.1.2. Teopema. Bcakoe cucumaiowjee omobpaxcenue [, Oeticméyio-
uee 6 NOAHOM MEmPU4ecKom npocmpaHcmee 2) (X, p), umeem neno-
0suxdcHYI0 mouKy £, Komopas eOuHCMEeHHA, NpUYem NOCAed08amesbHbie

") PctounmxoM mempuku OBBINHO CIIyXHT nopma, p(z,y) = ||z -yl

2 Mapa (X, p), rae X — MHOXECTBO, p(T, ¥) — METPUKA, SIBISIETCS HOAHbIM MEMPUYECKUM
npocmparcmeom, ecu mioGas nocsenosarensHocTs Kown cxoaurest. Jpyrumu crosamu, (X, p)
TIOJIHO, €U U3 P(ZTy, Tn) — 0 BHITEKAET CYIECTBOBAHUE NPEAESA Y NOC/IEAOBATENLHOCTU Ly,
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npubauICceHUs
k+1 k
z' " = f(z")

0
exooames Kk & npu mobom nawansiom 3navenuu T € X.

k 1 k
< Jliobas mocenoBaTenbHOCTb £ , onpeneisemasn urepauuamu - = f(z'),
aBsieTces nocnenosatebHocThio Koy, JeicTBuTe/NIBHO,

p(a", 5" < p(a", FG@") + (@), F@™) + p(Fa"). "),

p(", ") < p(a") + Ap(a", ") + p(2"),
roe p(z) = p(x, F(z)) . CrenosatensHo,

@)+

(", 2™) < .4 ) (n. m — 00),

160 p(z) Ha J060I rOCIen0BaATENbHOCTH gt = f(:z:k) yOBiBaeT [0 HyJisl, TTOCKOJIbKY
w3 (2.1) Berrexaer p(zF') < Ap(z®).

TaxitM 06pasoM, MOCIENOBATENBHOCTb &° QyHIAMEHTATbHA, U B CHULY TOTHOTHL
(X,p) cxomures, =¥ — €. A Tak Kak omepatop f HENpEPHIBEH, YTO BBITEKALT
u3 (2.1), to £ = f(£). JByx HernoABMXHBIX TOYEK ObITb He MOXET, Gaaropaps

TOMy Xe nepaseHcTy (2.1). »

Bot kak Teopema 2.1.2 pabotaet nnpu 0O0CHOBAHWH pa3peliviMo-
¢ty 3adaqu Koutu
& = f(z, 1), z(s) = zo, (2.2)

B NMPEANOA0KESHUN AUNUUYEBOCINY 3) f(z,t).

< 3amava (2.2) Ha npomexyTke [ty, 8y + At] 3amenseTci 9KBUBANCHTHBIM
MHTETPalbHbIM YPABHEHUEM

¢
z(t) = z(fo) + / f(z(r),7) dr, (2.3)
to

i
KOTOpOE [10JIYYaeTCsl UHTETPUPOBAHUEM el f(z,7) no 7 or t no .
T

3 Dynkuus f(2,!) HasbiBaeTCs TMMUMLEROH 1O T, €CJIM CYILECTBYET Takai komcranta L,
410

If(z.¢) — £y, DIl < Lilz — gl

Ui Lo0biX X, ¥, § B paccMarpuBaeMoi 00GJIacTH.
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TMpagas uacts (2.3) npu At < L™ (L — koscranta JlunuMua) Mpencrapiser
coGoli cxmumaiowmit onepatop F, mockonsky wist ¢ € [t, ¢ - At]

t
| [ 1@, m) - (7). 7)) ar| < £tz - 1.
ty

rae ||| — nopma B C[ty, to+ At] — re. ||z(t)]] = max |z(t)]. Mo Toit xe mpuunne F

riepeBoauT B ceds wapuk us Cltg, ¢y + At] poctatouso manoro pammyca ¢ ueHTPOM
B Touke z(t) = z(ty). Hanee peuraer cchiika Ha 1. 2.1.2 »

Tor xe unctpyment 2.1.2 npu Gosee UCKYCHOM 0BpaleHnn faeT Gofblie:

2.1.3. Tlyemo f(z,t) npu t € [0, T)] ydoesemeopsem ycaoeuio Junwuya ¢ xoncman-
moi L. Toeda uepes nwobyio mouxy paccmampueaemoi obaacmu npoxodum eduncmeennoe
pewenue 3udaqu Kowu (2.2), onpedesennoe na [0, T).

< Bmecto 06bluHOi HOpMBL ||Z(E)|| = max I:l:(t)| B C[0, T Bo3bMem KBUBa-
NeHTHYI0 HOpMy ¥

llzlle = max, e Mz(t)]. (2:4)

HeobxonuMoe 3aKknodeHue ciiegyeT U3 TOTO, YTO oleparop B npasoit yacry (2.3)
-LT
CXHMMaeT 1o HopMe || - ||, ¢ Kosdpdunuenrom 1 — e ™ uro Burrexaer us HEpaBEeHCTBa

max
tel0,7]

e_Lt/[ (), 7) = f(y(r), 7)) dr| < ]/eL e M Liz(r) — y(r)|dr <

t
<llz -yl €l / " Ldr=(1-e)llz—yll. »
4]

2.1.4. Ecau X xomnaxm, mo 0as coxpanenus 6160006 2.1.2 emecmo
(2.1) docmamouno nompetosams

p(f(@), f(¥)) < p(z,y) Mamobox z,y€X, zHy (2.5

< Henpepoisubiit dynkuuonan ¢(z) = ||z ~ f(x)|| na xoMmmakte X nocruraer
MHHUMYMa B HEKOTOO# TOUKe Z', M 9TOT MMHHUMYM OGSI3aH GRITH PaBeH HYJTIO,
MHAY€e BO3HMKaeT NpoTuBopeyne ¢ (2.5):

o(f@") = ||f=") - F(F@))]| <lle” = F@) = p(z’). »

%) DxsuBarentHyo B cuTy e“LT“m(t)H < lz@®)l« < ||2(@)]l, otkyna cneayer, uto u Hopma
LT
lle(@)ll saxara s Tuckm, [l2(2)]lx < 2@ < e [l2(?)ll..
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2.2. Mpumepbl n Bapuauumn

Hicnonp3oBanue SKBHBAJEHTHBIX HOPM. [10KA3aTeILCTBO Teopembl 2.1.3
B CBSI3U C TpIoKoM (2.4) WLTIOCTPHUPYET TUITOBOI nepexon K Ipyroi
METPUKE, MO KOTOPOH M3y4YaeMbIil OMepaTop CXKUMAET CO BCEMM Bbi-
TEKAOIUMHU TIOCTIeICTBUAMM.

[Tepexon K mpyroit METpPHKE MOXET IIPOUCXOOUThL U IO APYTUM (DRaroM, umes
LIeJIBIO YJIOXHTh CUTYALlMIO B PaMKM KaKoro-nubo cranpgapra. [Ipu 3Tom oKBuBa-
JEHTHOCTb METPUK (HOPM) OcTaBisieT 3ajauy B u30panHoM npocrpatcrse. B R” Bee
HOPMBbI 3KBUBAIEHTHb!, M TaM TOANTCA J1100as1, Haubosee yaodHas. B pyHKuuoHanb-
HBIX [IPOCTPAHCTBAX TPeOyiOTCs MpegoctopoxHocty [4, T. 5].

B kauecTse pasBuTHs npumepa (2.3} paccMOTPUM MHTEIPANBHOE yPaBHEHHE
¢
z(t) = / G(t, s)f [s, z(s)] ds + p(t). (2.6)
to

Ecim f(z,t) aunumuesa no ¢ ¢ Kodcranroii L' u

0 =max {|G(t, s)| : s,t € [0,T]},
TO oriepaTop 4, onpeneeHHbi paBoit YacTeio (2.6) 1 ynosnersopsionwit 8 C[0, T
HepaBeHCTBY

or' -
142~ Ayll, < Z-(1 =)o - gL,

OKa3BIBAETCA CKMMalomuM no Hopme (2.4). [pu xejanuu obecnevuTb YCIOBUS
cyuiectBopanus peutenus (2.6) 8 C[0, T| mocratouno s (2.4) nogoxute L > L.

Bri6op pynxuuesansnore npocrpancrsa. O6paTUM BHUMAHME, YTO
3anuch oneparopa (2.6) He mpeanonaraer anpuopy (GYHKIHMOHAIb-
HOI'O NPOCTPAHCTBA, B KOTOPOM JOJUKHBI Pa3sBOPAYMBATLCA COOLITHS.
OTO XapakKTepHO Uil MHOTHMX 3aday. B3aMMOOTHOLUEHMSI nepeMeH-
HBbIX POXAAIOTCA TEXHMYECKUM ONyXAaHHMEM MbICJAHM, a YX <«[oje
OMUTBbI» BHIOMpACTCs 3aHUM YMCIIOM, IABHbIM 00pa3oMm, U3 coobpa-
XKenui ynoocersa. ConepaTenbHasi CTOPOHA Jiesia TOXE UIPAET poJib,
0e3yCclIOBHO, HO 3afayy Bce Ke IMPUXOANUTCS CTABUTbL TAK, YTOOLI OHA
peLanach.

IMToatomy L, BMecto C BhIGMpaeTcss MHOTAA JaXe B YILepO CMbic-
JIOBOM TOAOIUIEKE, eClIM M3ydyaeMbiil onepatop B € HENogaTIus,
a B L) oka3sbiBaeTcs, HANPUMED, CKUMAIOILMM. 3aKa3uMK HACTaMBaeT,
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YTO CUTHAIB! JOMXKHBI ObITh OJIM3KHM NOTOYEYHO, a UCIIOJIHUTENDL BME-
cTo max |z(¢) — y(t)| M30upaeT ABHO «IPOTMBOECTECTBEHHYIO» MEPY

6MM30CTH / [z(t) — y(t)]2 dt, v TeM He MeHee HOOHMBaeTCs ycrexa

(ecnm noGuBaeTcst), MOTOMY YTO HEMOABMXKHAS TOYKA IIOJIy4aeTCsl
(ecnu monyyaercs) Bce-Taku HENPEPHIBHON (GyHKLMEIH.
AHasiorn4Hbie MOTHBBI BO3HUKAIOT B 3afaye Kouin (6.1), kakoBast
MOAMEHSIETCA SKBUBATEHTHBIM (C HEKOTOPOU HATSKKON) ypaBHEHHEM
(2.3), n zanaua gpeiidyer u3 ecrectBeHHoro mist (6.1) mpocTpaH-
crea C'[0,T] B «iporusoecrectsentoe» C|[0, T]. Hdpyroe aeno, uto
HEMOJABMXHAsA TOYKa MHTErpamrbHOro omneparopa (2.3) oxasbiBaercs

HenpepblBHO anddepeHumpyeMoi GyHKuueit 3,

Brifop hyHKIMOHANBHOTO IPOCTPAHCTBA, PA3YMEETCS, CIIOCOOEH BAUATh Ha caM
(bakT HATHYHS WM OTCYTCTBUS HEIOABHXHON TOYKM. YpaBHEHME

z(t) = / G(t, s)z(s) ds

¢ HenpepbiBHLIM Ha kBazpare [0, 1] x [0, 1] sapom

/-1

1/2-1
se , econm 0<s<te s

Gt s) = 1£2-1
t, ecan te <s<1
HEe HUMEET HEHYJEBbIX CYMMHDYEMbIX PELIEHMH, HO Y HEro €CTh HECYMMHpPYEMOE

peutetue z(t) = 7 t € (0, 1] (npumep Ypeicona).

HHorpa cobaka 3apbita He B 10400pe MIPOBOTO OIS, a B HCXOAHOI ITOCTAHOBKE
3afla4M. M Torna npUXoaUTCs MATH Ha KpaHHUE MEPBI, MEHSIS, CKAXKEM, MUHIMH3aLII0
2
monynsa |f(z)| va MuHuMHU3auMio KBagpara f°(z).

2.2.1. O xommyTupyowmx oneparopax. Fciu AB = BA u odun u3
onepamopos, ckaxcem, B — cocumarowuii, mo A moore umeem neno-
OBUMCHYIO MOUKY 6,

5 [TockonbKy MHTErpans GIaroTBOpHO AeHCTBYeT Ha MHTErpupyemsle (hyHKLHM, IPOU3BOAS

nudepeHIUpyeMble Ha BBIXO/E U3 HENPEPLIBHBIX HA BXOIE.
6) Ty xe camyio, yTo U B.
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<« Ecit B = €, 1o 1 A{ — HenomBuxXHas Toyka oneparopa B, ubo
BA{ = AB¢ = At

Ho B, kaK CXUMaioIuii orepaTop, MOXeT MMETh TOJIbKO Of[HY HEMOABMKHYIO TOUKY.
[osromy A =&. »

IMynxr 2.2.1 He BHIMIAAUT MHOTroOGeIaOWIE, MO0 IIe 3a fpejena-
MU BUPTYaJILHOIO MyMpa HaiTM KoMMmyrupyouue onepatopu? e,
TeM HE MEHee, HaXOANT TPUMEHEHHME B AOCTATOYHO PACTIPOCTPaHEH-
HOM cuTyalMW, KOTAa HeKOTopas CTeleHb onepatopa A sBasercd
cxaruem, B = AF. B smom cnydae w3 2.2.1 cmepyer, uto £ = Akf
ABNAETCA HENOABMXXHOI TOUKOH caMord oneparopa 4.

2.3. Hopmel U nuHeiiHbIe NPUBAKEHUS

B R" HayubombIneit M3BeCTHOCTHIO MOJIb3YETCH e6KAUd08a HOPpMA
| —
llzll = 4/ (=, 2),

Hapsay ¢ Kybuueckoil,

@l = max jai, 7)

W 0Kmaddpudeckoll Hopmol

el =" lail. (2.8)

1=1
sl HacTPOMKM B TeMaTU4eCKM pe3oHaHC TYT HEILIOXO BCIIOM-
HUTh OCHOBOTONaramolune ¢Gaxrbl. XapaKTepUCTHYECKME CBOWCTBA,
JABOWUCTBEHHbIE M NpeoOpa3OBaHHBIE HOPMbI, — BCE 3TO €CTh, Ha-
npumep, B [4, 7.3]. B R" npuHuMnmmanbHa sKBUBAIEHTHOCTh BCEX
HOPM '7), B CHUJIy KOTOPO#H CXOAMMOCTD 110 OJHONH HOPME 3KBMBAJIEHTHA

CXOAMMOCTH NO JIH000H APYroM — IO3TOMY ISl peliaeMON 3a7a4M
7 Hopmbt [Il1, W+]l2 cuTatoTCS 9KBUBANEHTHBIME, €CIIM MOXHO YKA3aTh TAKUE KOHCTAHTHI (¥
u f3, 4ro
llzih <ellzll,  lizll: < Bl

Boibop HOpMBE «130A 3azauy», Kak MPaBHIIO, CYIECTBEHHO 06JIeraeT pelcHie.
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MOXXHO BBIOMpaTh HamboJee NOAXOAAIIYIO HOPMY 6e3 BCIKHX npezlo—
8
CTOpOXHOCTel. [TpnunHa 3akmouaercs B caeayiomem ).

Pynxuna o(z) =||z||, Ha chepe ||z, =1 nocruraer MUHEMATE-
HOTO M MakKCUMalbHOTO 3HaYeHui, ¥ > 0 u § > 0, Onaronapsi uemy

Ve e R qliells < llzll) < dl|z]).

B ofiuem cnyyae Ganaxosa NMPOCTPAHCTBA TaKoil pokyc He mpoxoauT.

Hopma mampuyp: 0661980 onpenensercs Kax >

IMH=mgHM% (2.9)

Hopmam |} - |l 1 || - |l; nogunsens;, COOTBETCTBEHHO,

n
{|Allm = max Z laij|  (cmpounas nopmay,
1
j=1

I|All; = max Z lai;|  (cmoabyosasn nopma).
i=]
EBK/INIOBOI HOpMe NONYMHEHA TAaK Ha3biBaemast CHEKMPanbHAS HOPMG MaAmpuybl,
paBHas KBaZpaTHOMY KOPHIO M3 MaKCHMAIBHOTO MOJIy/Il COBCTBEHHOTO YHMCIa MaT-
puist AT 4.

Ana HenmHeHHOTO IafKkoro orobpaxenus f B R" umeem

1@ +9) - F@)l = “ j 7o+ ryyy dr
0

1
< / IF' @ + Tyl Iyl dr = 1"z + 8w)|] 1y,
0

npu Hexoropom 8 € (0, 1). Mostomy, eciu

VzilfIl< A<, (2.10)

%) Hanomnum, HopMa 0aHO3HauHO onpesesercs YK4A33HHEM eAMHMYHOTO 1UAPa, B KauecTBe
KOTOPOTO MOXET GhiTh «HA3HAYEHO» MK060€ BHNMYKIOE LEHTPATBHO- CHMMETPUYHOE TEIO.

9 Cootnowenue (2.9) sanaer rax Ha3bIBAEMYIO HOOUUHEHHYIO HOPMY MATPULIBL, U coxpaHsier
dbopmy npu onpenenennu wopms: auneiinozo onepamopa B 6aHAXOBOM MPOCTPAHCTBE,
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T0 f cxumaer B Metpuke p(z,y) = ||z — y||, u HepasencTso (2.10),
TaKUM 06pasoM, MOXET CIYXMTb YAOGHBIM JOCTATOYHBIM YCJIOBUEM
T0rO0, yTo f — CXathe. B 4aCTHOCTH, NpH YCIOBUK

n
max 3 | 211
7 ]:l

7
(9:17]'
J cxumaer no Hopme (2.7), a B ciyyae

df;

(93}]'

£l-g, e >0,

<l-g €>0,

n
1=

maxg
i

!

o HopMe (2.8).

Kputepuit (2.10) numHuii pas noguepkupaeT 0coGyio posb Jiu-
HEWHBIX OIIEPaTOPOB B HEJIMHEHHON Teopun.

2.8.1. Ecau cnexmpaavubii paduyc p(A) < 1, mo cywecmeyem nopma
Il - lls, 6 xomopoii ||Alls < 1, m.e. auneiineiii onepamop seasemcs
CHCUMAIOUUM.

< B xauectse || - ||, MOXHO B3siTh, HarpuMep,
[l AF||
L= lialiialy 211
el = max =57 1)
rae p(A) < A < 1, || - || npoussonsHas nopma'”, — notomy uto
[| A* Az]] [l 4% ||
|4z}, = (A e = A max 5 S Allzl..
Orctona cpasy cieyer, uto ecezda cywecmeyem nopma || - ||, € xomopoii npu mobom
>0
14l < p(4) + ¢, (2.12)

TIOCKONbKY OTEpaTop
(p(4) + 5)_|A,

KaxoBo Gbl HY GbI0 A, MMEET CIIeKTpabHbIN paguyc < 1. »

% Makcumym (2.11) cywecrsyer, uéo p(4/2) < 1 = (A/)\)k —0npu k — .
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Hamomuum takxe ciieayowmii u3BeCTHbIH pesyisrar [4, . 5]:
2.3.2. B aroboii Hopme cnexmpanbHblll paduyc AuHeiH0z0 onepamopa

p(4) = lim Y/TAF. o
k-0

e PaccmoTpuM B KadecTse NpuUMepa unmezpatvhbiil onepamop Bonsmeppa ¢ He-
ApepbiBHbIM sipoM G(L, ),

Az@t) = / G(t, s)z(s) ds,

aeiicrylomnit 8 C[0, 1]. TlociegosaresibHEle UTEpaLluM Ty = Az, cxomsarcs
K Hyso GbIcTpee 1060 reomeTpuyeckoii nporpeccuu, JeidcTBUTENRHO,

081

i
O <K [loa(ollds, me K= max 165
0

orkyna ' D

n4n

lza ()] < max |ao(t),

n! o<t

Kﬂ
re. ||[A"zll —’—H:coH, YTO HA3BIBAIOT PAKMOPUAALHOL CXOOUMOCHIBIO.
n

B HTOTE CIIEKTDATbHbIN Pamiyc p(4) =0.

e Hopmy || - ||, tuma (2.11), B koropoit ||4|, < 1, ecniu p(4) < 1, Bcerna
MOXHO OINPEAEINTS TAKKE € MOMOLBI0 HOAXOMIIIEIO CKANAPHOIO MPOM3BENEHHUS,
llzll? = (V&,2), tie V — nosoxureipHo onpeleieHnas marpuu@. Jis 3Toro
JOCTATOYHO TOKa3aTh, 4To M3 p(A) < 1 ciegyer cyliecTBOBaHUE MOJIOXHUTEIBHO
onpee/ieHHON MaTpuupl V, TaKOM 4To npH & # 0

(VAz, Az) = (A"VAz, z) < (Vz, z),

(A"VAz, z) — (Ve,2) = (Wz, 2),

HHavye rosopst
ATVA-V=w, (2.13)

rie W — oTpuuareibHO ONpeeieHHast MATPULA.

") € ucnonv3osasnmem OpMyIIBI 7 -KPaTHOTO MHTErPUPOBAHUSA

t ¢ ¢
/.../zp(s) ds = (n—ll)! /(t—s)n—1¢(s) ds.
0 0 0
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Jiepast yactsb (2.13) npescrasnsier cobol TUHENHbI onepaTop 4, ASHCTBYIOLMN
B TMPOCTPAaHCTBE MATPUIL, T. €.

A=4"va-V.
iJTokaxeM HEeBHIPOXICHHOCTh A. [IpennonoXxum mpoTUBHOE: ATV, A - Vo =0 npu

N 0 o b
HekoTopoM V, # 0. @uUKCHpYeM HEKOTOPLIH 3MEMEHT T, Takol 4To (Vom( , m)) =
= a # 0, ¥ pacCCMOTPUM UTEPAMOHHBIN IIPOIIECC

gt = 42", k=0,1,..., (2.14)

HawnHaoiics 8 2°. B cuny ATVOA—VO:O Mbl MOJTYYHM (Vozck,wk):a;aéo npu
mobom k>0, Ho 3To mporHBopeuut cxoaumocty (2.14), spiTexarouiel U3 ycio-
Bust p(4)<1. Utak, oneparop 4 HeBbIpoxacH. ITosTomy ypasHenue (2.13) umeer
peleHue,

Ocraercst moKazaTh, YTO NIPU OTPUUATENBHO ONpelencHHol Marpune W pe-
menve V' ypasHenus (2.13) — MOMOXHTENBHO OnpelesieHHas MaTpuia. B mpen-
MIOJIOXEHMM [IPOTMBHOTO HARJETCS TaKol BEKTOp z° # 0, uro (V:co, :co) < 0. Ons
[MOCETOBATEAbHOCTH (2.14) B OTOM Ciy4ae OyaeM UMETh

(va*, o) < (W, 2% <0

Tpu o6om k > 0, HO 3To MPOTUBOPETUT CXomMOcTH (2.14).

Bosppauascs x (2.10), 3ametum, 4TO B ciiydae
Vz:ip(fl(z) <A< (2.15)

HETMHENHDBIA Oreparop He 0053aH ObiTh CXXATHEM BO BCEM MPOCTpaH-
CTBE, XOTS1 JOKAJIBHO OH CAMMAET B OKPECTHOCTU JII0BOM Touku, Tem
He MeHee IJI pasHbIX Z HOPMBI, IT0 KOTOPBIM f JIOKANBHO CXIMAET,
MOTYT ObITh PA3HbIC, U KOHCOMMAUPOBATH 3TOT pa3sHOOOH NOoJL KpbllIei
OJIHOW METPMKH He BCETrJa BO3MOXHO.

2.4. Teopema 0 HesiBHON DyHKUUM

Hpumgun HeNnooGUNCHOU MOUKY TEXUT B OCHOBE MHOTHX KJIACCUYECKUX
pE3YILTaToOB.

2.4.1. Teopema o HestBHOW yHkuuu. Tycms B(xg, yo) = 0, u npo-
uzeodnas Dpewe By, nenpepvisra (no nopme onepamopa) ¢ mouxe (g, Yo),
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a AuHetnbill onepamop <I>; (%o, Yyo) Henpepbigro obpamum. Tozda ypasnenue
(2, y) = 0 (216)
12)

A0KanbHO paspewunmo ' ¢ mouke (Lo, yo).

[lpn noxasarensctse 3peck yno6Ho onuparkcd BMecTO II.2.1.2
Ha cienylommin 6onee oOLUMIA pe3yIbTaT.

2.4.2. MpuHumn pasHomepHoro cxartus. Feiu omobpaxcenue F(z, w)
A6A5emces PA6GHOMEPHbBIM corcamuem 13) U HenpepwieHo no w, mo pewienue
z*(w) ypasnenus T = F(z,w) nenpepuigno.
< CymecTBoBanue pemeHus " (w) NpU KAXNOM W BHITEKAET 13 Teopemer 2.1.2.
B cuny p(F(z, w), F(y, w)) < Ap(z, y) umeenm
Pl (), 7' ()} = p{F(a"(v), ), Fa (w), w)} <
< PLF@E" (), u), (&' (u), 0) }+p{ F(z* (u), w), F(2' (w), w)} <
<P{F(@' (4), w), F(&"(w), w)} +Ap{z"(w), 2" (w) },

OTKyn2
p{z' (W), 2" (w)} < (1 - N7 p{F(z* (u), u), F(z'(u), w)}. »

Tenepp Bepuemest x 1. 2.4.1, « 3ameHum (2.16) sKBUBANEHTHBIM ypaBHeHHEM
z = F(z,y), rae onepatop

F(z,y) =z — [®(20, 10)] " ¥(z, y),

KaK JIETKO YOSANTECSI, YIOBIETBOPSET YCAOBHSIM TEOpEMEL 2.4.2.

Hettersurensro, npoussonnan Fy(z,y) = I — [®(,, )] ', (2, y) Henpe-
phIBHa U F;(:co,yo) = 0. ToatoMy B okpecTHOCTH, OTIpENEIISIEMOi HepaBeHCTBA-
Ml — zoll < 7, lly — wll < v, npu gocratouno Mmanom ¥ > 0 uMeer Mecrto
1F2 (2, y)|l < A < 1. Haxouen,

F(zo,y0) =20 = ||F(,, y) =zl < (1= A)y

pu ||y — yol) € @ u pocrarouno Marom a < 77, OTKyna cienyet, uro F(z, y) nipu
Ily — woll < & npeobpasyer wap ||z — Zol| < v B cebs. Nanee ocraetcs MpuMeruTs
Teopemy 2.4.2. »

') Vpasnete (2.16) HasbiBaIOT 10K ARLHO paspewumom B TOUKE (0, ¥0), ecnm &(zo, o) = 0
M B HEKOTOPOM OKPECTHOCTHM STOi TOYKM ypaBHeHHe ®(z,y) = 0 onsosHauHO ompexensier
Heaenyro gyuryuio (y), TOXIECTBEHHO YAOBRETBOPAIOWUYIO cooTHOmeHMO B(z(y), ) = 0.
) Ipu n1060M (ukcuposanHoM W cxXmMaeT mo TMEPBOMY apryMeHTy ¢ KoadbdbuuueHTOM
A < 1, He 3aBucsiMM OT W.
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B vactHom ciyyae ®(z,y) = f(z) —y Bompoc O cyuiecTBOBa-
HUY HEABHOW (DYHKUMM NpeBpamacTces B BONPOC 00 06paTUMOCTH
orobpaxenust f(x). B cayuae f : R" — R" mocratounsiM yciosu-
€M JIOKallbHOI 00paTHMOCTH ABJSASTCS, HAIIPUMep, HEBLIPOXIEHHOCTh
mampuyst Hdxobu 14)

f'(z) = [0f:/0z].

K noxanbHoit romeomopdHoctu f: R" — R™ nocraroyno npu-
COBOKYITUTb TPeGOBaHME
lim || f(z)]| = oo,

llzll—00

uto6bl f 6bL10 romeomopdusmom R™ na R", cm. [4, 1.13].

2.4.3. Teopema Apamapa. [Tycmo omobpancenue f:R" — R* nenpepoisno dugpe-
penyupyemo u N z - || (f'(:c))_l | < p<co. Toeda f — eomeomopduam R” na R". >

2.5. OGpaweHne NPUHLUIOB CXaTUR

2.5.1. Onepamop [ naszosem cocamuem, ecau das arbozo A € (0, 1)
cyujecmeyem Mempuka py, 9K6UeAAeHMHAA UCXOOHOU, no komopoii f
aeasemes A-cocamuem 6 cmoicae (2.1).

1 2
HaHOMHVlM, METPUKHU g, p CHUTAIOTCA SKBUBAJICHTHBLIMH, €CJIY MOXXHO yKa3arh
TaK€ KOHCTAHThl & U ,3, 4T10

Pl y) <ap'z,y),  ple.y) < Bp'(z.y). (2.17)

Ecay METPUKH [TOPOXAEHBI HOPMAMH, TO 3TO PABHOCHUILHO TOTOIOTHYECKOH KB -
BaJIEHTHOCTH. B oBiueM crayuae mocnesusia meHee «obs3piBaiomar, uem (2.17).

Onpenenenne 2.5.1 Ha NepBBIA B3N KaXeTcd 60Jiee XEeCTKUM,
ueM 2.1.1, HO Besikoe A-cocamue SIBAsieTCS cocamuem, KaK 6yIET BULHO
U3 JalbHENILIETO.

Llennio paspgena saBiasieTcsl OOpaleHWUe MPUHUUNG CHCUMAIOUUX
omobpaxcenuii. Ho ¢dopmynuposka 2.1.2 Heo6paTmMa, MOTOMY YTO
MpEAIIONIOKEHUST U BBIBOJIBI He cbGanaHcupoBaHbl, CHMIIKOM Malo

) Pa3yMeeTc;1, B 1IPEATIONOKEHUM IMAIKOCTH.,
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yTBepxaaerca. OMHAKO TPAIWLIMOHHEIA BapUAHT NPUHUUNG CHCUMAIO-
wux omobpascenuli MOXHO CYIECTBEHHO MOTIONHUTD.

2.5.2, Ecau f — A-cocamue, X € (0, 1), mo:

Al [ umeem eduncmeennyio nenodsuxcryro mouxy £ € X;

A2 fk(a:) =& npu k — 00 uarobom T € X;

A3 cywecmeyem okpecmnocms U mouxu €, maxas umo fk(U) — {¢}
npu k — 00;

A4 onepamop [ nenpepwigen;

AS no awboii oxpecmnocmu W mouku & moocno ykazame maxyio
oxpecmnocms mouku €, umo us & € V caedyem fk(:lz) CW npu
arobom k > 0.

CaoiictBa A3—AS5 CYIECTBEHHO JOMOMHSIOT XapaKTepPUCTUKY UTEPALMOHHOTO
fpotiecca
Bl _ k
" = f(z)

M HEMOCPENCTBCHHO HE BBITEKAOT U3 ycnosuit Al, A2. B To xe BpeMsl ux goKaza-
TEALCTBO B MPEANIONOXEHUSIX TEOPEMbI 2.5.2 COBEpIIEHHO 31eMeHTapHo. Koneuno,
Al1-A5 He Bece HesaBucumsl. Hanpumep, yemoiimusocms A5 npouecca o+ = f(:ck)
crenyeT u3 Al—Ad, a BOT st pagromeproil cxodumocmu A3 B TpedMONOXKEHUSIX Al,
A2, A4, AS Hasto elle NPenoNoXUTh CYLECTBOBAHME ¥ € KOMITAKTHOM OKPECTHOCTH.
HemanosaxHo Takxe, 4To B ycioBusix Al—AS5 cymectBoBaHue HETTOABUXHOU TOUKH
y oneparopa f CTPYKTYpHO YCTOHUMBO, T. €. COXPAHIETCS MPH MATIX BOSMYILIEHUSIX f

Teriepsb, oTnpaBnsach oT teopemsl 2.5.2, a He o 2.1.2, MOXHO
TOBOPUTEL 00 OOpALLEHNY NPUHUUNG CHCUMAIOWUX OMOBPAXNCeHU.

2.5.3. Teopema Maiiepca. [Iycmo nenpepuignuii (Ad) onepamop f,
omobpaxcaiowuil 6 ceba noanoe mempuueckoe npocmparcmeo (X, p),
umeem eduncmeennyio nenodsumcryio mouxy £ € X (Al), i () — & npu
awbom T € X (A2), u umeem mecmo pagromepnas cxodumocms (A3).
Toeda f — cocamue. >

JloKa3aTenbCTBO, a TakXKe MHOTOYMCIEHHBIE BAPHALMU ¥ 0600-
LIEHUS BOKPYT TeopeMsl 2.5.3 — umetorcs B [15]. Tematnka n0BonbHO
rpoMosskas. [10aToMy A/l MIMIOCTPalMM TEXHUKKM OFPAHUYHUMCS 10-
Ka3aTeJIbCTBOM MeHee 00IIero, Ho 60Jiee M3SIIHOIO Pe3yILTATA.
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2.5.4. Teopema Snowa. [lycms (X, p) xomnaxm, onepamop f He-
npepuleer u
[o.9]

(X) = {¢& (2.18)

k=0
Toz0a f — cocamue.

<« [ns [LOKaBaTeJIbCTBa AoCTaTouHO 1o Gomy A € (0, 1) ykasarh MeTpuKy gy,
SKBUBAIEHTHYIO p, 110 KOTOpOIf oneparop f sBisercss A-cxumapowuM, Caenaem
3T0 B TPM 3Tana.

I. Tloctpoum MeTpuKy p*, SKBHBaNEHTHYIO p, 110 KOTOPOii oneparop f ssiseTcs
HepacaruBaiomuM, T. €. p' (f(2), f(y)) < p'(z, y). Monoxum

p'(z,y) = max {p(f"(z), ")) :n=0,1,2,... }.

AKCHOMBI METPHKH 3/I€Ch TIPOBEPSIOTCS Ge3 Tpyaa. OUeBUAHO TAKXKE,

P (f(@), f(¥) = max {p(f"(2). f"(v)) :mn=1,2,...} <
<max {p(f*(z), f*(y)) :n=0,1,2,... } = p"(z, y).

IMokaxeM, HakoHEL, IKBUBAICHTHOCTh METPUK g U p . M3 OmpeneieHust cieiyer
b 3
p'(z,y) = p(z,y). TlosTOMY NOCTEAOBATETLHOCTD, (hyHAAMEHTANBHAS TO METPHKE
p
p*, dbyHnameHTanbHa M 1O p. ObparHo, mycrs z, — z, T.e. p(T,, ) — 0. Io-

*
. p
p
KaXeM, 4T0 B 3TOM Cilydae Z, — Z. B NpeNmonoXeHuy NpPOTUBHOTO, Z, /4 &,
M3 JIOCTEROBATENBHOCTH {Z%,} MOXHO BBUIEANTh TAKYI MOMIIOCIEOBATENLHOCTD,
KOTOPYIO CHOBA 0603H2YUM uepe3 {z,}, uro p*(z,, &) > € > 0. Onpenenum naiee

TIOCNEA0BATENbHOCTb {ky} U3 yCAOBUs

P’ (@a, 2) = p(£* (), f*(2)).

Ecnu nocnenopartenbHocts {k,} orpaHudeHa, TO B Helf HMeeTcsl GECKOHEYHO MOBTO-
pstioluiics HoMep k, 14 TOIJ2 Ha IOAXOASINHMM 00pa3oM BhOpaHHol roamnocnenosa-
TENBHOCTH UMEEM p( "), iz )) > €, YTO B CHITY HENMPEPLIBHOCTH f (B ucxopHOM
TOMONOTUHM) MPOTHBOPEUMT YCIOBHIO Z, 2 .

Ecnu xe {k,} neorpamunueHa, To p(fk" (xn), (z)) > € Berynaer B mpoTuso-
peume ¢ ycnosueM (2.18). UTak, METPUKM g* U p 3KBUBATEHTHBI.

5 g cuity KomnakrHocTH (X, p) ZOCTATOYHO YCTAHOBUTH TOMONIOTHUECKYIO SKBUBAIEHTHOCTD
COOTBETCTBYIOIIMX METPUK.
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1. To nwoGomy nanepen sanauHomy A € (0, 1) nocrpoum byHKMOHAT d) (2, Y),
TaKOil 4YTO

d(f(2), f(¥) < Ma(z,y). (2.19)
Monoxum Hy = X, Hy = f(X), Hy = f*(X), ... u BBesem dyuxunn
v(z) =max{n:z € H,}, v(z,y)=min{v(z),r(y)}.

POyHKIIMoHaNn
d\(@,y) = X'*VpH(z, y)

B cuty ouesuntoro v (f(z), () > v(z, y) + | yrosnersopsier HepaBeHcTy (2.19).
3ameTum Takxe, 4To d)(, y) YAOBICTBOPSET BCEM aKCHMOMaM METPUKH, 33 MCKITIO-
UeHHEM, OBITh MOXET, HEPABEHCTBA TPEYTOMbHUKA,

II. Caenaem nocneanuit mar. O603Ha4YMM Yepes {2z, MHOXeCTBO Lenei
Wy ={T =20, 2),...,2, =y}

(n — NPON3BOITBHO) M MONOXUM ANMHY Heiy PaBHOH

D,\(wzy) = Z d,\(l','_l, l’,‘).

i=1
ITokaxeM Ternepp, uTo
pA(@, y) = inf{D)(wyy) TWay € gy}

SIBJISIETCST MICKOMOM METPUKOI.

Y6enuMmcest, BO-TIepBBIX, YTO p) — MeTpuKa. OYeBHaHO, p)(Z,y) CUMMeETpuY-
Ha U pA(Z,z) = 0 ans moGoro £ € X, a HepaBEHCTBO TPEYTONbHMKA BHITEKACT
U3 BKITIOYeHU £, U €y C (. OcTaeTcs MOKa3aThb MONOKUTENBHYIO ONpEEeH-
HOCTb py. TIyeTs & # y u Ges orpanuyenus obwroctu v(y) > v(z). Ecmu y = ¢, To
oz, &) = /\"(z)p*(:c, Hyz)41) > 0. B cnyuae y # £ mo6ast uens Wgy WIM MOJHOCTHIO
JexuT B MHoxecTBe X \ Hypy)y 1, HIM He JIEKUT, OTKyIa

A (@, y) = N min {p"(z,y), p'(y, Huyps1)} > 0.

Hrak, py — meTpuka.
JoKaxeM IKBUBANEHTHOCTb p U Py, AN YETO ZOCTATOMHO MOKA3aTh SKBUBA-
JIGHTHOCTs p* U py. W3 ompeNesieHus BHTEKaeT py (e, y) < da(z,y) < piz, ).
*

P PA PA
Hostomy u3 z, ~ & cienyer ¢, ~ . O6paTHO, MyCTh z, - z. Hpeanonoxum,

*
4TO T, /A z. Torga B cuily KOMIIAKTHOCTU (X, p*) MOXHO BbIOpaTh Takyo MOANO-
*
CJIEN0BATENBHOCTE, KOTOPYIO OMNATE 0GO3HAUMM 4epe3 {Z,}, uto &, L Y, Yy # .
Ho Toraa x, £‘,\-) y HOHY‘IGHHOG NPOTHBOPEUYUEC NOKAZBIBAET SKBUBAJIEHTHOCTD MET-
pUK p* 1 py.
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Hakowuen, cBoOifcTBo

p(f(®), F() < Aoa(=,y)

MOJIYYAETCS MPEACAbHBIM NTEPEXOOM B HEPABEHCTBE
i
D, (f(wzy)) < ’\DA(wzy)s
rae f(wey) = {f(zo); f(@1), -, f(2a)}. »
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Tonnonornyeckne npmuHymnne:
HernogBuXHOM TOYKH

No great intellectual thing was
ever done by great effort.

" John Ruskin

Korpa teopusi B3MBIBaeT BBBICh, YXOs OT KOH-
KDETUKH, HO TeM He MeHee NoGHMBaeTCsl pe-
3yJIbTaTa, — OHA BIOXHOBJSIET M HACTpauBacT
«Haneko 3a npefenamMmu». DddekT MHOroKpar-
HO YCHUJIMBAETCA, ECM MO XOMY A€ CIIOKHOE
Y MPOCTOE CIMBAIOTCS BOEAUHO, a MOTOM Me-
HSAIOTCS MECTAMM,

3.1. BpalueHue BEKTOPHOro nons

MHoroe B oueHKax 3aBHCUT, OTKyaa cMOTpeTh. PakT IepecedeHus
HETPEPbIBHEIX KPUBBIX, COCAUHSIONIMX IIPOTUBONOIOXHEIE BEPLIMHBI
NpSMOYTOJIbHUKA, HE BBI3BIBAET OCOGLIX SMOLIMIA.

(3.1)

Ho coscem npyroe neno, xorna K HeMy CBOAMTCS CTaBIIas Kiaccuye-
CKOH 3ajiava, Bpofe OBl COBCEM M3 APYroOil ONEpHI.
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H3 nynkma A 6 nynkm B eedym dee dopoeu Ly u Ly, no komopoin
dée mouku us A 6 B mocym dsucamocs, 0cmaeascs ece épema 6 no-

A
' e 3penus dpye dpyea . Bonpoc 3axniouaemcs

6 moMm, mozym Ay mouku oeuzamsca, — oona u3 A ¢ B, dpyeas uz B
6 A, — ocmasasce éce 8pems Hesudumot opye dpyzy?

« Jlycte  obo3Hayaet paccrosinue or A Ao touku Ha L, Baoab L. Coorser-
CTBEHHO, ¥ — paccrosiHue ot A no rouku Ha L, Brons L. OnHa kpuBas Ha pUCYHKE
(3.1) onuceiBaeT nBMKeHue ToueK U3 A B B, KOrAa OHM OCTAIOTCS BCE BPEMs B [OJIC
3peHust Apyr Apyra. JABHXeHMIO Touyek, onHoi m3 A B B, apyroit uz B B A, —
OTBeYaeT HeKOTOpast TpaeKropusi, M30GpaxXeHHas Apyroil kpueoit Ha (3.1). B cuy
HEMpPEPHIBHOCTH KPUBbIE NepeceKalnTcs. B nepeceyeHUM TOUKM BHIOHbLL LPYT APYTY.
Peirenne 3amaum — orpuuarejsHo. » BauanbHocts (3.1) npespaniaercs TakuM
006pazoM B U3IOMHHKY.

OnuceiBacMas fajaee TeOpUs B HEKOTOPOM Pofie MOf00Ha UHCTPY-
meHTy (3.1). BpeMeHaMu BOCIIPUHUMAETCA KaK €CTECTBEHHAs U ACHas
MeTOMKa, UHOTrA 3alyThiBAeTCsl, HO B HaMBBICIIMX CBOUX NPOsBIe-
HUSX MPENOTHOCUT HEOXKUIAHHBIE K BaXKHbIE PE3yJIbTaThl.

Chauana Mbl obpucyeM (nm. 3.1-3.6) He BIOJIHE CTPOTYIO, 3aTO
TEOMETPUUECKU HATMSIHYIO KAPTUHY 8Pauierls 6eKMOPHbIX noneil.

PeiueHns HeJTMHENHBIX YpaBHEH W HA3bIBAIOT HENOOGUNCHbIMU MOUKAMU, IMES B
ULy, yro moboe ®(z) =0 npusosurcs x suay f(z) =z c nomowsio f(z)=d(z)+x.
Jla ¥ caM HyJ1b BEKTOPHOTO HOMs ®() HENOABUKEH B TOM CMbICHE, YTO PABHOBECHE
AMHaMuYeckol cuctembl £ = ®(x) crour Ha mecre. Tema sarparusanacs B [4, T. 1],
noapoGHee uznaranach B [4, T. 13], u 3mech paccmarpupaeTcs 6oiee JETATbHO.

Wrax, nyctb ) — HekoTopast o6nacts B R™, Q =T — ee rpaHuua,
a f(I') — o6pa3 rpaHMLB 1IpM Henpepoierom omobpaxcenuu f. B 3Tom
cnydae f Ha3bIBAIOT TaKkKe onepamopoml) U ToBOpAT, YTo f 3amaet
B R" 6exmopnoe nose f(z).

1
) Omotpancenue, onepamop, PYHKYUA — HUCIONB3YIOTCS KAK CHHOHUMBI,
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Honycrum, peub UAET O CYIIECTBOBAHUM PeLIEHNS YPABHEHHUS

f(@)=0 (32)

B obnactu 2, T.e. O MPUHANNEXHOCTH HYIA oGpasy f(£). JApyrumu
CloBaMM, HakpbiBaeT ob6pa3 f(Q) Touky 0 wim wer? Ecau ga, To
aneMeHT & € 2, nepexonAuMii B Hysb, f(z*) = 0, Ha3bIBAIOT Hynem
éexmoproeo noaa f(x).

B npocreitiiem cnyuae, korna Hekag «BnarooGpaszHas» 06J1acTh

cierka nedopMupyercs MpeobpazoBaHueM f BO uTO-

HUOYIb THIIA WIH Jaxe @ , BOTIPOC O BKJIIO-
ueHun 0 € f(Q2) cBOAUTCS K BBIACHEHUIO PACTIONOXEHHS HYJg BHYTpU
o6pasa rpanuusl f(I') wim — cHapyxu. B obiiem ciyyae rpaHMua I

MOXET MepeXoaUTb B IOBOILHO XMTPOYMHBIE ToBepxHoctu f(I) —
XOTA Obl, HarpuUMep, N , M TYT yXe He ACHO, eCTb 1

BOOOILE PE30H FOBOPUTb O BHYTPEHHOCTH f(T'). Ho xak 6bl Tam
HY GbUIO, paspemMocts (3.2) B ) HO 3HAYECHUAM f(x) Ha rpanuue
Q nomnaercst BhsicHeHmMI0 2., [lyTh K aTOMY He OYeHb WIMHHBIA, ecau
HE 3JI0YHOTPEOIATEL JETANSIMU.

Wrak. Monoxum O u f rnagkumm (B MpoTHMBHOM cilyyae MOX-
HO MNEepeiTH K INagKUM annpoKCUMMaLMIM), M Y TOBEPXHOCTH f()
ONPEACTUM BHEIUHIOIO U BHYTPEHHIOIO CTOPOHBL. [/l 3TOro BO3bMeM
MaJeHbKHI Kycouek A 1oBepxHocTu I' — y HEro BHYTPEHHSAS CTOPO-
Ha Ta, KOTOpas conpukacaercs ¢ {2, — u ua pparmente f(A) C f()
CTOPOHB! OMNPEENUM CTAaHAAPTHHIM 00Pa3OM:

B peeyaapnoii Touxe T € A nokampHBi 6a3uc {e1, ..., €;} BoiGupaercs Tax,
4TOObl BEKTOp €, Obln HamnpaBlCH IO BHEIIHEH HOPMAIH, @ BEKTOphI €2 .ev, €y

?) AnanorniHo Tomy, Kax B ONHOMEPHOM citywae 0 Hyie f(z) Ha [a, b] MOXHO cyauTs, ecin
fla) u f(b) umeor pasusie 3naxu.



3.1. BpaweHue BeKTOPHOro nons 43

NeXau B KacarejbHoM fpoctpanctse T, k A BTouke z. Hopmans €| K HOBepXHOCTH
J(A) B Touke f(x) HasbBAOT BHELUIHEH, ecn Gasuc

{e\,....ex.} ={e.. f'(@ey ..., f(z)en}

ONMHAKOBO OpMEHTUpPOBaH ¢ basncom” {e,, ..., €n}.

Manee pasoGbem f(€)) Ha MaleHbKHE y4acTKM — HaKAadeléa-
rowueca dpye Ha Opyea — W, HaUWHAasg C MCXONHOIO A, MPOROIKUM
onpeje/ieHUE BHEITHEH CTOPOHbI Ha COCEIHHE YUacTKH, COracysi Opu-
EHTAUMIO Ha nepeceyeHuax. [Toka He onpenennTcs BHEILHAS CTOPOHA
Ha Beeit nosepxHocTH f(€2). B IIOCKOM clyuae 3TOMy COOTBETCTBYeT
NPOKAaThIBAHME IUAPHMKA IO OJHON M3 CTOPOH, KaK Ha HUXeClenyio-
1[EM PHUCYHKE.

Cuuras none f(x) nesvipoxcdennvim Ha 2, T.e. f(r) # 0 npu
z € }, mpenonoXuM Takke (418 ynoOCTBAa pacCyKACHMM), UTO
noBepxHOCTh f(§2) CBA3HA M He UMEET CMIIINXCA YIacTKOB )

BeinycTuM U3 HyJist IPOU3BOABHBIA JIyd [ ¥ 1TocYuTaeM, CKOJIBKO
pas [ ipoTsiKaeT f(§2) usHympu Hapyscy — NOMYCTUM, g Pa3, U CKOJIb-

r !
% Ilpa Gasuca {e1,...,ex} 1 {e},..., €3} HA3BIBAKOTCS OIMHAKOBO OPUEHTUPOBAHHBIMH,
ecnm € = E aije; u det [a;;] > 0.

 Bee atu TpeGOBaHHsI CHUMAKOTCSL PYTHHHBIMU [IDHEMAMU, CM. Aajee.
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5)

KO — CHapyxcu 6Hymps — TIYCTb g pa3 ™. Benuuuny

YD) =7 - 70 (3.3)

Ha30BeM epaujenuem 6eKxmoprozo noaa | ua ).

Hns  koppexmnocmu onpeneneHus TpeGyeTcss HE3aBUCUMOCTD
v(f, Q) ot BbiGopa . OueBuaHo, BennumHa (f, Q), Kak byHKumsa I,
JIOKAIbHO MOCTOSIHHA — HEe MEHAETCS MPU MaJlbiX LIeBeIeHUsX JyYa.
M3MeHeHuii MOXHO OXMIaTh, eClM TIPU TOBOPOTE 1YY HEpeceKaeT
TOYKY camorniepeceyeHusa C win kacaHusi A. OnHAKO reoMeTpHYECKY
SICHO, 4TO TNpHU BpauleHUM ! NPOTMB YaCOBOM CTPENKH U TIEpPeXO-
g, CKaXeM, KPUTHYECKOTO TMOJOXeHUs [l;, TOABIAETCS napa Touek
NMpoTbikaHus. [pudeM, ecin B onHON U3 HUX NMy4 HpoTbikaeT f(§2)
M3HYTPU Hapyxy, TO B IpPYroii — HaoGopor. [1osroMy TouKM npoThi-
KaHMs MOABJIAIOTCS WM UCYE3AI0T TOJBKO NapaMy (IOJSIPHbIMK), U 7
He MeHIeTcs.

Ecau f (Q) MMeCT CIMILUNECS Y4aCTKH, TO HAO CUMTATH, YTO B COOTBETCTBY-
IOLIEM MECTE JIyY HPOTHIKAET IOBEPXHOCTh CTOJIBKO pa3, CKOJBKO TaM CIMILIOCH
CJIOCB — M BCE OCTAETCS MO-TIPEXHEMY. DTO XKe JOJDKHO HbITh CKA3AHO B OTHOLHE-
HUM JIyueit, IPOTHIKAIOIIMX MOBEPXHOCTh B TOUKAX CAMOIEPECEUEHMS f (Q) (myu I3
Ha PUCYHKE). B paccMmatpusaeMoM cnyyae Honyyaercs Y(f, Q) =2,

B curyauuu cnpasa

150 =1,

ecnu O JieXuT B Cepoii o6JacTH;
() =2,

ecnu O — B obnacru E; Hakouel,
(£, Q) =0,

ecam O — B obnactu D,

3) Ecin y €0 HECKOJIBKO KOMITOHEHT CBSA3HOCTH s MAHUITYJASUWIK TIPONEIBIBAIOTCS

C Kax/10M KOMITOHEHTO, M 3aCYUTHIBAIOTCS B OBILYIO KOTIHIIKY.



3.2. Bpaiyenue kak BpaiyeHue 45

A B CHUTYaLUM CleBa

7(f’ Q) = -1,

ecnu O nexur B obnactu L.

3.1.1. Ecau 0 € Q, mo epawenue moscdecmeenmoeo omobpaxdceHis
I(z) = z na Q2 pasno 1.

BT0, noxanyil, eqUHCTBEHHAsA CH-
Tyallus, TI€ ONPEeNeieHUE BHELITHEI CTO-
poHbl y I(2) He BbI3BIBACT BOMPOCOB,
NOCKONbKY §) ocTaeTcs Ha Mecte. Jlyu
CHavala MpOThiKaeT §) M3HYTPH, MO-
TOM — CHapyXH, HakKOHel MOCIeTHUil
pa3 — M3HYTpH.

Bce BbileckaszaHHOe noppasymeBaer npocrpaHcrsa R” pasmep-
HOCTU . 2> 2. JInd onpeneneHHON «CBOGOI! ePEABIKEHN» MOJE3HO
JOOMNpeeIUTh BpallleHHE B OMIHOMEPHOM Clly4ae,

JlioGast orpaHuyeHHass obnacts ) € R! [peacTaBiasgeT coboi
untepsan (o, f). Ecnu f(a) <0, f(6) > 0, 10 y(f, Q) = 1. B cyuae

fl@)>0, fB)<0 = 4(f,Q)=-1
Ecau xe f(a) u f(B) onHoro 3Haka, To v(f, ) = 0.

B ciayuae n > 2, kak Gyger BMOHO U3 JajlbHeHIIEero, BpaleHue
7(f, 1) MoxeT NpUHUMATh MOBbIE 1eNOUMCICHHBIC 3HAYCHUS U3 7.

3.2. BpauleHue kak BpauieHue

M3 npenpiayuiero He oueHb ACHO, OTKyna Gepercss camMo Ha3BaHHe
«BpauieHne»>. TepMUH NPOUCXOAUT U3 CHELUPUUECKOTO CIIocoba BBe-
nenus y(f, Q), IIPUTOJHOTO TONBKO HJIS1 IIOCKOCTH, HO HpPOJIKBAIO-
LLIETO JONOMHUTENbHBIN CBET HA TIPUPONY TTOHITHS.
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[lyctb 2 — HekoTopas obiacTh B R? ¢ rpanuueit I'. loniyctum
[10Ka, 4TO 3aMbikaHue () roMeoMopdHO Kpyry, 1 Ha KouType I’ 3axaHo
HanpaBieHue o6xoja MPOTHB YacOBOM CTPENKHU (TaK, 4TO NPU 00Xome
obiactb §) ocraercs ciesa). Bexropst f(z) oToGpaxeHus

2
f:T—-R
MOXHO NpeacTapisATh cefe HauMHalOIMMUCs B Toykax & € I'.

Ilpu oOGxope u3cOpaxaloureil Toukoif £ KoHtypa I' — BekrTop
f(z) coBepimt Lenoe vuCI0 000pOMO8, KAKOBOE HA30BEM BpaUjeHUeM
v(f,T) eexmoproeo noaa f(x) Ha T'.

Jlerko yGenutbcsi B YCTOMYMBOCTHM XapaktepucTiku (f, I') no OTHOLIEHHUIO
K HEBBIPOXAEHHOMY TOMOTOITMYECKOMY NpeobpasoBatHuio Gyukuuu f. Bo-Hepshix,
HeBbipoxeHHoe Ha I' none f(x) MOXHO HOPMHUPOBATE — OT TOTO YHCIIO 0BOPOTOB
y f(z)/||f(z)|]] ve wamenutcs. Toaromy HeBbipoxaeHHyO nedopmaunio H(z,t),
nepesonsuyo fo(z) B fi(x), 6€3 orpaHuueHMs OBLUIHOCTH TaKXe MOXHO CUMTATh
xopmuposatHoit, [|H (z, t)|| = 1. Ho toraa nepexon ot

folz) = H(z,0) x fi(z)=H(z,1)
MOXHO HPEACTABUThL B BUAE MOC/IENOBATENBHOCTH JOCTATOYHO MAJIbIX LIATOB FIO TOY-
KaM by, ..., ¢, = 1, IpU KOTOPHIX PasHOCTh yIJIOB
H($, t,’+;) - H(.’c, t,)

Byser Masia Hpu jobom T € I' — mosromy H(z, t;1)) u H(z,t;) He MoryT pasoii-
THCh O YHCIly OGOPOTOB, @ 3HAYUT, HE MOIYT PasOiTHCB ITo uuciy oboporos H(z, 0)
u H(z,1). Cienosarensto, y(f, ') HHBApUAHTHO [0 OTHOLIEHMIO K HEBLIPOXACH-
HBIM JedopMaLmsIM.

Eciu o6nacts {2 He romeoMopdHa APy U €€ TpaHuia {2 COCTOUT
13 KOHTYpoB I'g, I'y, Tz, ..., 10 ¥(f, ?) ompenensercs kak

v(f, Q) = Zv(f, ),

rIe HalpaBieHUs1 00X0ga KOHTYPOB BbIOpaHbI Tak, 4To MpH oOxone
moboro I'; obnactb §2 ocraeTcs cleBa.

COOTBETCTBUE OTPENECIEHUA C METONOM <IIPOTBHIKAIOIIETO JIyda»
JIeTKO npociexuBaercad. OTHOCUTEIBHO NOIPOOHO IIOCKUIA BADHAHT
meopuy épaujenus paccMoTpeH B [4, T. 13], cm. Take [10].
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3.3. Tononoruueckue aHoManum

3aberag Brepe/, HaaO OTMETUTD, YTO M3JIOKEHHAS Bblllie TeOMETpUUYE-
. CKasg KapTUHa JAaeT NpeACTaBicHUe 00 «OCBeUIeHHOW» YacTU TEOPUH,
Koe-uto octaetcss Bo Mpake M MO3HAETCs HACIIYIIb.

Bo3bMeM HOJIOCKY BUaa M CBEpPHEM €e
B OECKOHEYHO pacKpy4MBaloILyIOCs CIUpaib BHYTpU Kpyra B.

(3.4)

Cepas obiactp () MMeeT rpaHuLy Q, COCTOSALLYIO U3 08YX KoM~
AOHEHM CEA3HOCMU: W3 OKPYXHOCTH B M M3 NOCTHXMMON M3HYTpU
YaCcTU T'paHMLbl 9 Q. Ecnu HYJIb JexuT BHyTpH B, a f(z) Tox7ae-
CTBEHHOE OTOOpaXeHue, — TO JIOGOM JIyd, BbIXOASIIUNA U3 HyIs,
MPOTHIKAET ) GecKOHEYHOEe YUCIO pas, M MHCTpyMeHT (3.3) nepecra-
eT paboraTh. AHalOTHUHAst TPYJHOCTb NPMHUMIHAIBHOIO XapakTepa
BO3HMKAET M NPU OIIPEHEICHMHU CTEHEHM OTOOpa)XXeHHUs depes Iiaj-
KHe anmnpokcuMmaumu (pasmensl 4.2, 4.4), Ho Gapbep TeM He MeHee
MPeoH0IeBAETCS C IOMOUILIO ONPENETIEHHBIX TEXHUYECKHNX YIOBOK —
CM. TEKCT B paitoHe dopMyisl (4.6). B pesynbrate épaujenue u cmeneis
0KA3bI6aIOMCA 0npedenenst 043 NPOU3EOALHLIX 02PAHUMEHHBIX obaacmell.

!

WHTepecHo, 4To cBeTIag ciupans {1, ciepa Ha ﬁﬁ
puc. (3.4), Kak BHYTPeHHOCTh gonoiHeHus B\(2, (@
MMEET Ty X€ caMylo IPaHMuily, T. €. N

Q= =

Opr)KHOCTb B ABAACTCH 4acThIO paHNUbL obnactu Q, HO €€ TOYKH HE AOCTHUTAIQTCs
BIQJIb KPUBBIX, JICXKALIMX HEIHUKOM B Q.

3
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Tem cambIM MBI MMeeM mpumep ABYX OrpaHUYEHHBIX obJacTeil
C OJHOM U TOM Xe rpaHmiei 7 (1), Gonee npocroii u HarnAAHBIR, YeM
Apumep bpayspa — cwm. [4, 1. 13] aubo [3], — rae pesyasrar nocrTuraet-
Cs1 3aMBICJIOBATBIM MPEAETbHBIM MEPEXONOM, 3aT0, NPABNA, CTPOUTCH
CKOJIBKO YTOOHO OTPaHMYCHHBIX objacteil ¢ oblueil rpaHuLei.

3.4. loMmoTONUSt BEKTOPHBIX Noneit

BepHeMcs Ha MarucTpans usnoxenus. [lepsocrenenuyio poJib B TO-
TONIOTMH MTPAIOT NePOPMALNH, UM TOMOTOMMYECKHE TIePEeXOIbl.

3.4.1. Onpenenenne. Hessiponcoennsie® na ) omobpaxcenus fy u fy
HA36I6AI0MCA 20MOMONHbIMU HA §), ecall Cyujecmeyem makas Heabipoc-
dentas enpepoignas depopmayus (comomonus) H (=, 1),

H:Qx[0,1] = R™\ {0},

ymo

H(z,0)= foz),  H(z,1) = fi(2).

Oriepanuy roMOTONIMYECKOTO MEPEXONa COOTBETCTBYET HeTpe-
PbIBHOE 1€(OPMUPOBAHKE TOBEPXHOCTH fo(Q) B IIOBEPXHOCTH [ (Q)
HepbipoxkaeHHOCTh roMoTONUU, H (x,t) # 0, o3Hauaer, yto nedop-
MHUpyeMasi IIOBEPXHOCTDb HE MepecekaeT Touky 0.

[eomeTpuuecky ACHO, uTo Hegupocentas nedopMaiius He Mo-
XKET MIOMEHATh BEJIMYMHY BPAILEHUS Y(+), IOCKONBKY — ABUTAETCA U
Ny, NePOPMUPYETCS M MOBEPXHOCTh — TOYKU IPOTHIKAHUA HC-
4C3al0T M BOBHMKAIOT TapaMu. PasymeeTcs, moka nedopMupyemast
TMOBEPXHOCTb HE Mepecekaet Hynd, T.e. H(z,t) # 0. [ostomy cripa-
BEIUIMB CIEAYIOWINI BaXXHbIA pe3yJIbTarT.

3.4.2. Teopema. [omomonusie BEKMOPHbIE NOASA UMeIom 00UHAKO08ble
épaujenus.

" yro anpuopH, Kak MpaBMiIO, HE YKIAAbIBAETCS B [OJIOBE.
8 He oBpaiuaouinecst B HyJb.

%) Hocrpoenne romoTomun ot fo x fi paBHOCHIBHO TPOROMXEHMIO OTOGpPAKEHMS
H : X x {0} x {1} = R"\ {0} na npocrpancrso X x [0, 1].
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CraHoBUTCS 5ICHO, 4TO GECKOHEUHOE pa3HOOGpasue MpakTHue-
CKHX CUTYalMit MOXeT ObITh pa30uTo Ha Kateropuu. JedopmupoBaHue
f(Q) Ha equMHUYHYIo cdepy £, ¢ LEHTPOM B Hyile, U MOCeayoLice

' pasriaaxmuBaHUe CKIIANOK — MOPOXKIAET MHOTOCTOMHYIO ITOBEPXHOCTD,
oKythiBatoryio cohepy |v(f, Q)| pas ), OtpuuatensHsrit 3HaK Y(f, Q)
CBA3aH C BHIBOpAUMBAHUEM ) Hau3HAHKY.

«Yucio okyThiBaHUi» — He 06s3aTeNbHO cdephl, NIaBHOE: HYIS — M eCTh
ppaitenne y(f, §2) ¢ TOUHOCTBIO [0 3HaKa. Eciu Ha IIOCKOCTH B HYJIb BOUTH TBO3 b,
TO 4KCIIO OKYThIBaHHi1 Hysls AedopMmaruesi kourypa H (S, £) noMeHAT, HEBO3MOXKHO,
He Hapywas ycnosust H(z,t) # 0.

Hecmotpsa Ha sneMeHTapHblit Xapakrep yrBepxneHus 3.4.2, oHO
UrpaeT MpUHLUUNUATBHYIO POJb, MOCKOJbKY CIYXKHT OCHOBHbIM MH-
CTPYMEHTOM 17151 BBIYUCIEHUS BpaleHU BEKTOPHBIX MOJIEH, ITO3BOJISAS
MEPEXOIUThL C TIOMOUILI0 TOMOTOIIMU OT M3yyaeMbiX Tojeil K Gojee
MPOCTHIM, YACTO CTAHJAPTHBIM, BpallI€HHE KOTOPBIX U3BECTHO.

3.4.3. Camuiil pacnpocmpanennvlli Ha npakmuxe 6ud Oegopmayuii —
AUHEHHAR 20MOMONUS,

H(z,t) = (1 - 1) f(z) +tg(z),
ceasvisarowas omoodpaxcenus | u g.

JInHe}iHasg TOMOTOMMSI MOXET OKAa3aThCs Bbi-
POXIECHHOM JIMILb B TOM cilyuae, KOrja Haiimercs
Touka & € §2, B KOTOPOIA f(z) u g(z) nmeror pas-
HbIE 3HAKH,

9 Eenwt f o106 axaer § B §, TO §) — 9TO TaK HA3BIBAEMAS MONOAVSUMECKAS CIIENEHD
s >
omobGpadicenus f.
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[ToaroMy B cityyae HeMPOTUBONOIOXKHOI HANPABJIEHHOCTH B 1000 TouKe X € () 0106~
paxerust f(z) u g(z) IMHEHHO TOMOTOMHB! U, B COOTBETCTBUM C Teopemoit 3.4.2,
MIMEIOT OAMHAKOBHIE BPALLEHHUSL.

B cBsi3u ¢ TeopeMoit 3.4.2 3aKOHOMEPHO BO3HMKAET BOMPOC O cIpa-
BEIJIMBOCTH OOpatHOro yrBepxneHua. O043aTebHO JM TOMOTOIHBI
1oJig ¢ OJMHAKOBBIM BpameHueMm? B obmiem ciaydae a3ro He Tak. Ec-
au xe {3 — ap, MOJOXUTENbHbIM OTBET HA MOCTABJICHHBIA BOIIPOC
JIaeT 3HaMeHUTas meopema Xonga.

3.4.4. Teopema. Hegvipoxcdennsie nHa cgpepe S C R™, n > 2, gex-
MOpHbIE N0AA C OOUHAKOBBIM BDAUEHUEM — 20MOMONHBL,  [>

Teopema 3.4.4 He yyacTByeT B (pOpPMMPOBaHUMU U3JIAraeMOIO Ja-
Jiee arnmapara, HO IOKa3blBaeT, YTO «amrapar» JOCTMIaeT MakKcuMyma
BO3MOXHOTo. B TOM ¢Mblciie, YTo 32 paMKaM¥ COOTBETCTBYIOLIEH «ae~
(opMallMOHHOK HUICONOrNU» HE OCTAeTCs KaKHX-JIU00 JpYT¥X TOMO-
JIOTMYeCKUX WHBApUaHTOB (IIOMMMO BpAIEHYs), U3 KOTOPHIX MOXHO
ObLJI0 GBI BbITALIUTh JOMOJHUTENbHYIO UH(POPMALIMIO.

Boiliie noapasyMeBancsi TOMOTONIMYECKHIA 1epexon oT fy K Bek-
TopHOMY Homio f;, nedopmupytoummit mosepxHocts fo(€2) B f1(2),
¢ ITOMOIIbIO FOMOTOTIUH

fi(z) = H(z, ).

OpHako aedopManysa MOXKeT OCYUIECTBISATHCA HE TOJAbKO 3a CYET
M3MEHEHUsI olleparopa, HO M 3a cyerT u3MeHeHus1 obnactu. Kak Gbl
nJedopMaumd HA MPOMCXOAWIIA, 111 COXPaHEHN BEIMYMHB] BPAL[CHUS
CYHIECTBEHHO JMlb, YTOOBH medopMupyeMas MOBEPXHOCTh HE mepe-
cekaya Touky 0. Bor touHast opmynupoBka pesyiaerara. Ilycets ()
(¢ € [0, 1]) onuchiBaer HenpepbiBHBI iepexos OT obaactn g K .
Pesyastupyiomyio gedopMailiio ft(Qt) Ha30BeM HEBHIPOXKIACHHOI,
ecin fi(x) # 0 npu mo6six ¢t € [0, 1], z € Q.

3.4.5. Teopema. [lycms degpopmayus ft(Qt) Heevipodcoena. Toeda

7(fo, 0) = (f1, ).



3.5. Snpo reopuin 51

B0 npoctoe c6oblIeHUEe TeopeMbl 3.4.2 HHOIIA OKa3bIBaeTCs Mo-
JIE3HBIM, TIO3BOJISAS TIPU BHIYMCAEHUN BpalIeHUsl TIEPEXOIUTh HE TOJh-
KO K Gojiee TIpOCTOMY NOJIIO, HO M K GoJiee mpocToil o61acTu.

{

3.5. fiapo Teopum

BpauieHue BEKTOPHOTo NoJIs1 00/IafaeT C80UCMEoM adOUMUBHOCHIH B CliE-
IYIOLLIEM CMbICJIE.

3.5.1. Teopema. [Tycme eekmopnoe none [f(x) onpedeseno u Hegbi-

POXNCOeHO Ha epanuyax obaacmei

Q5. Qyen
npuuem §2; nonapro He nepecexaromca u ) = U . Toeoa y(f,$Y)
OMAUHHBL OM HYAA AUWLL APU KOHEHHOM HUCAe UHOeKCO8 §, U

o]

Y(F> Q) =D (. ). (3.5)

£
:
t
00000‘:‘::.:’300:000
RRREERRRELRERLES
RIS f

<« Pesynurat oueBHOeH B KOHTEKCTE ompeneneHus -y(-) METONOM <«IpOTHIKAIO-
ero Jdyya». Eciu € u € rpanuvar apyr ¢ apyrom, To rpanuvar U f(€;) ¢ f(S4)
no HexoropoMmy yuyactky L. IlporeikaHuio gyyom I',, Hanpumep, U3HYTpU npu
noncuere yY(f, Q,-) GyneT COOTBETCTBOBATh MpOTbIKaHMe ['jp CHApyXM MpH MOACUETe
1(f, Q,,) Tloatomy B cymme (3.5) crpaBa — BCe MPOTbIKAHMs BHYTPEHHUX nepe-
roponox B3auMHO cokparsrcst. Otmuuue ot Hyast ¥(f, Qj) JIMUIL TP KOHEYHOM
YuClIe UHAEKCOB J BHITEKaeT U3 TeopeMbl 3.5.2 B KOMBMHALIMM C NOMOJHUTENbHBIMU
COOBPAKEHUSIMU IIEMEHTAPHOIO XapaKTepa. »
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ByaeM TOBODHTb, YTO HEBBIPOXICHHOE Ha ) BEKTODHOE TOJIe
f(z) mmeer axuanecoso nanpasnenue', eciu f(z) He npuHMMaer
3HayeHU KaKoro-To HaimpasieHusi, Kak Ha puc.a. MHaue rosops,
f(z) # Ah s Beex x € €2, A > 0 u nexkoroporo Henynesoro h € R".
Ha puc. 6 u ¢ HanpasiaeHus: f(Z) MCUEPIIBIBAIOT TIONHBIHA «TeJECHBIH»
yroJi, HO CUTYallUH, OYEBUIHO, PasHBIE.

a) 6) 6)

3.5.2. Teopema. Ecau eekmopnoe nose f(x) Ha Q umeem axunnecoeo
nanpaenenue, mo y(f, ) = 0.

<« [lis pokasaTelbcTBa NOCTATOYHO B KadecTBe l B3sTh Jy4, 3aJaBaeMblii

BEKTOpOM h,
I={z:z=AhA€[0,00)},

OH moBepxHOcTb f({2) BOOGIIE He NPOTHIKAET. »

Ecan none f(z) Ha () TIpMHMMaeT Bce HATIPaBIeHUd, T.e. Ta-
pameTpuyeckoe ypasHeHue f(r) = Ah uMmeer pellleHue T € Q 1pu
no6om Bekrope h # 0 u HekoropoM A > 0, To a4 'y(f,Q) #0
3TOro, KOHEYHo, HepocTaroyHo, O/iHaKo:

3.5.3. Ecau none f(x) na 0 npunumaem 6ce Hanpaenenus moavko
no 0duomy pazy'?, mo v(f, Q) # 0, mounee: |y(f, Q)| = 1.

3.5.4. Nlemma. [lycmo nose f(T) nesvipowcdeno na sambiicaniu obaa-
cmu Q, m.e. f(z) £ 0 npu mobom z € Q. Tozda y(f, ) = 0.

<4 PazoGhem ) Ha HenepeceKaiollMecs: obaacTu Qj HACTONBKO MaJlblX pas-
MEpPOB, YTO BCE BEKTOpbi Ha KaXoM 3aMbIKaHUU Qj COCTaB/BIIOT ApYr € IpyroM

g |4, 7. 13] Hanmume axusecosa nanpasaenus XapaKTepM3OBAIOCE KAK NpoKOa BEKTOPHOTO
nons, a B |10} HCIONb30BATCS TEPMUH «n0le 8BINYCKAEM HanpasaeHue, XOTsl TIo CYTH — Kak pa3
«HE BbINYCKAET».

2 e, f(z) = Ah npu moGom h £ 0 vMeeT eAVHCTBEHHOE pelieHne & € Q.
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ocTphiit yron. B otom ciyyae Ha no6Goit rpaHune (2; none f UMeeT axuanrecoso
Hanpasnenue. Tloatomy (teopema 3.5.2) Bce 7(f, §2;) = 0. OKkoHUaTe/ bHBIA BEIBOX
cnenyer U3 teopeMsbt 3.5.1. »

i
U3 nemmnel 3.5.4 elTekaer (pyHOaMeHTaNbHbIH pe3ysibTar:

3.5.5. Teopema. Eciu y(f, Q) # 0, mo ypasnenue f(z) =0 pas-
pewiumo ¢ 2, m. e. 8 §) cywjecmeyem Hyab 6eKMOPHO20 RO T €Q,

f@) =o.

TakuMm 0GpasoM, Jiobas TeopeMa 66 CTIMYMM OT HYJIA BpallieHUs
BEKTOPHOIO Mot f MOXET TPakToBaTbCs KaK MPUHIMIT paspeliymo-
ctu ypasHenus f(z) = 0.

OTMETMM B 3aKIIOYEHHE CIPaBeMIMBOCTL TOJIE3HOIO OOITOJiHE-
HMS K TeopeMe 3.5.1, BbiTekalouiero U3 oobeguHeHMs: Teopembl 3.5.1
¢ Jemmoit 3.5.4.

3.5.6. Ymeepacoenue meopems 3.5.1 cnpasednuso b6e3 npednosoxcenus
Q= U Q;, Ho npu ycnoeuu Hesvipoxcoernocmu | Ha O\ U Q_; .

Yo KacaeTcst NpaKkTHyeckoro sblunciaequs y(f, Q), TO IJIABHbIH
AKLIEHT NMPUXOQUTCS OOBIYHO HA AOUCK 20MOMORUY M3YYaeMOro Mo
K Kakomy-u66 10oBoibHO Tpoctomy Tura I(z). B xpaitHem ciydae
«CTaHLMeEN Ha3zHAYeHUs» CIYXUT JUHEHHOoe TIoNe.

3.5.7. Bpawenue nuueiinoro nona. [lyems 0 € Q u A — auneiinoe
Hegbiposcdentoe npeobpasoeanue. Tozda

v(4, Q) = sign det 4, (3.6)
npusem (4, Q) = ind (4, 0).

<« Eciu B 1nap ¢ LHEHTPOM B HYJIE HACTONBLKO Majloro pagMyca, 4To BCo, o
¢ yueToMm 1. 3.5.6 umeem
7(4,8) =7(4, B),

nockonbky Az HesbipoxaeHo Ha 2\ B. O6paz AB cdepnt B Takxe apisercs
cdepoit, Boobiie rosopsi, B Apyroit Hopme. CnenosarenbHo, M11060H nyy MpOThIKaeT
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noeepxHocts AB POBHO ONMH pa3, oTKyza (4, Q)I = 1. 3HaK BpameHus onpene-
JIETCS OPUEHTALMEH, KAKOBAS JIETKO KOHTPOJMPYETCST HECKOIBKO CKYYHBIM 06pa3zoM
[4,1.13]. »

Pasymeercs, B cirydae acduHHOro mpeobpasoBaHus
f(x) = Az + b, Azg+b=0,
C HEBBLIPOXIAEHHOM Marpuliell A — MMeeMm

ind (f, £o) = ind (4, 0).

3.6. PaspewmmocTb ypaBHeHui

CraHuapTHbie CUTYaLIMK B CBSI3U C Pa3spelllIMOCTBIO ypaBHEHMiA

flz)=0

o0pasylor dbyHxkuuu f(z), Kotopbie 3anaHbl Ha BceM R”, HO CYIUTb
06 uX CBOMCTBaX JIETKO, HaTIpUMep, rae-Hubyab Ha cdepax JOCTATOIHO
Gosbioro pamuyca. MHaue rosopst, pyHKUMU f(x) mauwi, HO cebe-
CTOMMOCTb UX HabMOgeHus IpUEeMIeMa JIMLUIb MECTAMMU.

3.6.1. [lycms 0 € Q u na epanuye, m. e. 043 2106020 T € 1, 66MOAHS-
emcs 00HO U3 ycaoeuir:

® gexmopol T u f(T) He Hanpaenenb: NPOMUBONONONCHO,
o 7 (z) = zll <lIf @) + llll;
e ckanaproe npoussedenue (f(z), z) > 0.

Tozoa ypasnenue f(z) = 0 paspewumo ¢ Q.

< B ciyyae HenpOTUBOMONOXHON HampaBleHHOCTH T U f(z) teopemst 3.4.2,
3.1.1 obecneynBaloT paBeHCTBa

1(f, Q) = 7(I(z), ) = 1,

yTo 1o Teopeme 3.5.5 Beyer 3a coboit paspemumocts f(z) = 0. IBa Opyrux ycaoBus
BJIEKYT 32 COGOIt HENPOTHBOMONOKHYIO HAMPABIEHHOCTs T ¥ f(Z). »

W3ydaemble ypapHEHUS 4aCTO MMEIOT ClieLManbHBIA BII

¢ = T(z). (3.7)
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B stoM ciaydae pemenue (3.7) Ha3blBAIOT Henodeudcrod mouKoil
omneparopa T. YUro6bl BOCITOJIB30BAThCS 30eCh pesybraroM 3.6.1, 10-
CTATOYHO TepeiiTu K BexTopHoMy nomo f(z) = ¢ — T'(z). B urore,
HAIpUMEp, MOXHO rapaHTHpOBaTh cynlecTBoBaHye y 1’ HenoasrxHoi
TOYKHU, ecin

Tz, z) < (z, z), €.

[ITupoxo M3BeCTHA HUXecTenytoas meopema bpayspa.

3.6.2. Teopema. Onepamop T, nepesodaujuii 6 ceba 3amiHymolii wap B,
acezda umeem nenodsuxciyto mouxy x° € B. Hpusmom y(I-T, B) = 1.

<« Bes orpanuyerus oBHOCTY LieHTp wapa B MOXHO
CYMTATh PACMOJOXEHHbIM B Hyje. I1pennosoxuMm npoTus-
Hoe: T He umeer HemomBuxHoI Touku B B. Torsa nome
z — T'() HeBLIPOXAEHO Ha cdepe B u, B cuny T(B) C B,
BEKTODH Z € B 1 — T(x) — HENPOTHUBOMONIOXHO Hampas-
neHbt, MHaye Touke T'(z) npuuutoch 6bl JIeXaTh Ha Npoaos-
XEHUU pajuyc-BeKTOopa T € B, 4T0 npoTHBOPEYUT YCIOBHIO
T(B)CB. »

U3 poxasaresbeTBa BUAHO, YTO HEMPOTMBOIOJIOXHAS HANpas-
nenHocts € U x — T(z) obGecneunsaercs u B Gonee CBOOOAHBIX
TIPEANOIOXKEHUSX. [103TOMY CITIpaBeTMB CIIEAYIOIMI PE3YILTAT.

3.6.3. Ilyems Q — npouseonvuas obaacme, 0 € Q u onepamop T
na epanuye §) ydosaemeopsem YCA08UIO T(a;)_;é Az npu A > 1. Toeda
y T cywecmeyem nenodeuscnHas mo4xa z*t €.

3.7. O Teopeme Bpayapa

Meyrtas BIUIHYTh B KaKylo-HMOYIb KPacHBYIO MCTOPHIO, Yalle BCEro
monajaeb B GaHalbHble cuTyauuu. Tak ¥ ¢ BpalieHUEM BEKTOPHOTO
nossi. Xopoiio Gbl HATOAKHYTBECA Ha HETPMBHUAIBLHYIC 3a/1ady C Bpa-
wenuem tana y(f, Q) = —37, HO ypaBHEHMs TO U JEJIO NMONamalTCs
¢ HaGMBIIMM OCKOMHUHY

v(f, Q) =1 (3.8)

Ha oGnactu ) TMma lapa.
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Curyauus (3.8) oYeHb IIMPOKO PACTIPOCTpaHEHa 13), U €€ MOXHO
M3y4aTh Ha OCHOBE KaKOTO-JM60 n36paHHOIo 3TAN0HA, 16O 110 meope-
me Xongha 3.4.4 Ipy OAMHAKOBOM BpalleHMH Bce [ nedOpManOHHO
3KBUBAJICHTHbI (TOMOTOTHbL). MCTOPMYECKY Ha POJb TAKOTO 3TalOHA
nonana meopema bpayspa 3.6.2. Ilone f(z) = = — T(z), tne onepa-
Top T’ mepeBonuT B cedst 3aMKHYTHII wap B, yIoBIETBOPSET YCJIOBHIO
v(f,B) = 1, 0 KOTOpPOM 110 YKAa3aHHBIM Bbillle PUYMHAM MOXHO
3a0bITh, ¥ CKOHLIEHTpUpOBaThesl Ha cpolictse T(B) C B.

B pesysbrate npakTHKa MCTIOJB30BAHUS TOIIOJOIMYECKMX TIPMH-
LIMIIOB HEMOABMKHOMW TOYKM OOCIHSIETCS, 3aLMKIMBasiCh Ha €IMH-
CTBEHHOM CUMITTOME

T(B) C B.

Ho oxsar nmpuioxeHMi mosyvaeTcs BCe-TaKy TOCTATOYHO IMPOKMIA,
a cama meopema bpayspa, nonanas B ¢GHoKyc BHUMaHUS, CTAHOBUTCH
TPaMIUTMHOM [UTs pa3iuuHbiX 06o0ueHuit. Cpasy sSICHO, HalpuMep,
ato wap B B 1. 3.6.2 ¢ paBE:IM yCIIEXOM M0Xcem Gbinmb 3amenen npous-
BOABHBIM 3AMKHYMbIM 02DAHUMEHHbIM GbINYKALIM MHOMCcecmeom. He cpa3sy
SICHO, HO JIErKO OOHApYKMBaeTcs, YTo B MOXHO 3aMEHUTL JI0GbiM A4,
roMeoMOp(dHBIM 3aMKHYTOMY 1UADY.

<« [eiicturencio, nycts omepatop T nepesogur B cebs MHOxecTBO A,
romMeoMophHOe 3aMKHYTOMY 1uapy B, u G — COOTBeTCTBYIOINMI romMeoMopdhuam.
B atom ciyyac onepatop G 'TG orobpaxaet B cebst B u no teopeme 3.6.2 umeer
HEMONBUXHYIO Touky z° € B, T.e.

G 'TG(z')=2" = TG(')=G(z).

Cnenosarenbro, y* = G(z*) € A — HenmoneyXHas ToyKa oneparopa T. »

HanbHelinme 0000eH s, CBI3aHHbIE C pempakyuamy M IpyTUuMu
usbickamu (cM. [4, . 13]), umeror Goblie MeTadbusMyeckue ycrpem-
JIeHUsI, HeXenH yTvanTapHble. KUloUoM K pellleHHI0 MPaKTHYeCKMX
3a/1a4y Yaple BCEro OKaspiBacTcs IMEepBOMCTOUYHMK 3.6.2 aubo ero ca-
Mbie MPOCThbie CB00IIEHMA. PaccMoTpuM B KayecTBe MpUMEPa AemMy
Knacmepa— Kypamoeckoeo— Mas3sypkeeuua, B KoTopoit meopema Epays-
pa BBICTYNAeT B POJIM CKPBITOTO MEXaHH3Ma.

3
) Busumo noromy, 4ro «bor m3oupeH, Ho He 3M0HAMEpEH>.
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3.7.1. Nlemma. [lycmo X npouseoashoe muoxcecmeo ¢ R", A(z) —

moueuno-muoxcecmeennoe omobpancenue (u3 X & R™) ¢ xomnaxm-

Homu obpazamu. Ilycmb 049 6CAK020 KOHEUH020 ROOMHOXNCeCmed

ix1, ..., %} C X ewwnykaas obosouxa mouex {Xq, ..., Xk} codepycum-
k

cs 6 0bvedunenuu U A(x;). Toeda

ﬂ Az

zeX

< B CHly KOMIAKTHOCTH 06pa3013 JOCTaTO4YHO MMOKa3aTh, YTO HE MYyCTO HEpe-

ceyeHue 106oro KOHeYHOro MHoxecrsa 06pa3os. [IpennonoxuM HpOTMBHOB T. €.
k
ﬂ A(X;) = @ U151 HEKOTOPOIro MHOXECTBA TOYEK {X1, ..., xx}. Torma U Y, = R"”,
i=1 i=]
rne Y; ofosnayaer gomnonueue K A(x;).

Tlycrs Tenepb p;(x) — pasbueHKe EAMHULbI B R", cornacosaHHOE C TOKPHITHEM

{Y;}, T e. Takoit Habop HYHKLMA, UTO )

> pi(my=1,  suppp; C Y
i=1
3
Orobpaxetue () = Z pi(z)x;, oyeBunHo, npeoGpasyeT B celsi BBITYKIYIO
i=1
060104Ky CO{Xy,...,Xx} M, 0O meopeme Bpayipa, UMEeT HEMOABHXHYIO TOUKY X .
Tpu atom p;(x") >0 s ¢ U3 HeKoTOporo noaMHoxectsa uknexcos M C {1,..., k},
u pi(x") =0 nnst i ¢ M. Ho torna

X—Zp, )x; € co{x; : zGM}CUAx,
ieM ieM

CrnenoBarenibho, X* € A(x;) st Hekotoporo 1 € M, T.e. x* ¢ Y;, a snauut, p;(x") = 0,
YTO NPUBOAUT K MPOTHBOPEYHIO. B

3.8. Teopema KapamapguaHa

«Kpyru no Bone» ot TeopeMbl bpayspa pacxonsTcs BechbMma Aalexo, U,
Tak WIWM MHAue, MHOIMe pe3yJibrarhbl SBJASIOTCS ee caeacTBusiMu. Bor
cBoeobpa3Hasi M3IOMHUHKA.

) 3nech supp p 0BosHauger HOCUTEM, GYHKIMH p(T), T. &. MHOXECTBO TeX &, ISt KOTOPBIX
plz) > 0.
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3.8.1. Teopema KapamappuaHa 15), [Tlycmu nenpepolenblii onepamop

f@)={f@),.... fa(@)}

onpedener npu ecex T > 0 u aeigemca P-omobpaxcenuem, m.e. 014
a0bozo Henyneeoeo eekmopa T > 0 moxcHo ykazame makod uxdexc j,
4mo

zj - fi(@) > 0.
Toeoa nepasencmeo f(z) > 0 nosoxcumensio paspeuwumo 1),
WHbiMu cnosamu, ypasHenue y = f(x) mpu HekotopoM y > 0
umeer peireHue £ >0. Bkyc v apoMar cCKydYHOMY Ha BUJ YTBEPXIEHUIO
NpUAACT cleayloniasl coaepxKareibHass MHTepIIpeTalus.

Hazopem nepemeHHble T; delicmeusmu, Y; — pesyavmamamu. Ha-
npuMep, T; — KOJMYECTBO %-TO JIeKapCTpa, §; — i-il Tokasareb
3n0poBbs (TeMIepatypa, AasieHue). OIMHaAKOBble HOMepa 3a Jei-
CTBUSIMM 3aKPEIUISIOT «CBOM» pe3yJbTaThl. I[IOHATHO, 94TO NMpPHU HaslM-
YUK TTOBCYHBIX BIAMSHII COBMECTHBIE CTEPEOTUITHEIE JEHCTBUS MOTYT
MIPUBOIMTL K OTpHIIATENbHBIM TIOCHEACTBHSIM, B PE3Y/IBTATe YEro M3-
JieueHue GOJLHOIO MOXKET 0Ka3aThCsl HEBO3IMOXHDIM.

Odnako nycme ceéssu y; = f;(z) onpedensiomesn P -omobpascenuem,
m. e. 11004 COBOKYNHOCMb NON0NCUMENbHBIX Jelicmeuil He moxcem damb
OMPULAMENbHBIE Pe3YAbMAmbl HO 8CeM HOMepaM, 041 Komopbix T; > 0.
Xomsa 6bt 00un pesynomam 6ydem oxcudaemwuim. Toeoa meopema 3.8.1
eapanmupyem 603MOXCHOCMb mak nodobpams Oelicmeus (nekapcmea)
z; > 0, umo ece pesyromamet 6yoym cmpozo noaoycumensvuvimu (éce no-
Kasameny yayHuames, HeCMOmps Ha NOBOUHbIE BAUAHUS).

4 Joxasamenvcmso meopemst 3.8.1. llpuMeHuM temmy 3.7.1, KOTOpast, 3aMETUM,
OCTaeTCsl CIPABEIMBOM Py 3aMEHe MPEANONoXEeHUS O KOMIAKTHOCTH 00pa3os A(z)
TpeGoBaHUEM MX OTKPBITOCTH U OrpaHuyeHHoCTH. B KauectBe X BO3bMEM 70 BEPUIMH

) Karamardian S. Existence of solutions of certain systems of non-linear inequalities //
Numer. Math, 1968. 12. Ne 4. P.327-334.

%) Mog f(z) > 0 nonpasymesaercst fi(z) >0 mast Beex £ = 1,...,n.
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cummiekca A = {z : ||z|]| = 1,z > 0}:
{

x=1{0,...,0,1,0,...,0},

U KOJIOXKUM
A(x) ={z: fi(x) > 0,z € A}.

W3 onpenenenust P-omobpasiceruss CelyeT, YTO BbllykKiast 060J0UKa J1060ro
MOJIMHOXECTBA BEPIUMH CHMITIEKCa A NOKPLIBAETCS ¢OOTBETCTBYIOWIMM oObeauHE~
HUEM U A(x;), yto nozsossier (nemma 3.7.1) rapaHTUpOBATb HEMYCTOTY NEPECEYEHHUS
Beex A(x;). B
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CreneHp oTobpaxkeHusi u BpaljeHue

BusyasnbHas SICHOCTb XOpolla ¢ TOYKH 3peHMs OCBE-
WEHMS, HO PE3YJILTAThl NOCTUTAIOTCS M3BOPOTAMBOM
nefaHTHYHOCThIO. [103TOMY MBI BO3BpaIaeMcst B Mc-
XOIIHYIO TOYKY C Li&JIbI0 HaBECTM HEKOTOpHIH (hop-
MaJIbHBII MOPSIIOK.
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4.1. AndpepeHunansHas npeambyna

Koe-4ro HanoMHMM, YTOGH MMETh MUHUMYM 1O DYKOIL.

O romeomopdmsmax u audheomoppuzmMax — YXKe CTO pa3 TOBOPWIOCh, HO OCBE-
NOMIIEHHOCTH NOJIXHOIO YpOBHS 370, KOHEYHO, HE rapaHTUpyeT. Tak yro HayMHarb
TPUXOOUTCS C TOH Xe CTapTOBOM NMO3ULIMU.

Tomeomoppusm — 310 83aUMHO 00HO3HAUNHOE U HenpepvigHoe omobpadcerie I
X — Y, ofpamnoe k xomopomy f_] modce HenpepbigHo D, TIpocrpanctBa X u Y,
MEXIY KOTOPBIMH MOXHO YCTAHOBUTb TOMEOMODP(MU3M, CUMTAIOTCS 20MeoMophHbIMU,
v rorna nuiyt X ~ Y.

Otobpaxkenune f Ha3LIBAIOT AOKAALHBIM 2omMeomopgpuzMom, eciy y OGO napbl
TOYEK Z, Y, Takoit uro f(r) =y, HalnyTCsl OKpecTHOCTH roMeoMopdHO 0ToBpaKae-
MbI€ IPYT Ha Apyra.

Huppeomoppuzm f + X — Y — 310 2nadxuil zomeomopguzm. Tounee, oba
otobpaxenust f u f—1 NPENTONAraloTes 21a0kumu, T. €. Henpepbigio dugdepenyupye-

1 -
) Hacuer HeOOXOAMMOCTH OrOBapPUBATH HETPEPHLIBHOCTS f Dem. 14, 1. 5], no aro, BooGuIE
TOBOPSI, 9K30TUKA. Biaumno oonoznaunoe omobpaxcenue f : X — Y sensemca 2omeomopduzmom
/4 P

mexedy X u obpazom f(X) 6 momm cayuae, kozoa f(Q) = f(Q) daa aoboeo Q C X.
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momu . Ipoctpancrea X u Y, Mexay KOTOpPbIMH MOXHO yCTaHOBUTHL Andbeomop-
bu3sm, cUUTAIOTCH dughgheomopdrbMu, U ONATL-TAKH muuyr X ~ Y,

Kaprot u atnacer. Cucmema xoopdunam, vty ApyrUMU CIIOBaMHU. HapaMer uzauus
\ 2
MHoOXectBa M,
z: M~ R",

Ha3bIBACTCA Kapmoid Ha M, npu ycrosuu 410 & Ougbpeomoppusm M wa z(M).
Kapry na orkpeirom noomuoxecrse U C M Ha3bLIBAIOT A0xanshoil. Taxum oGpasowm,
AoKanenas kapma onpepensercs napoit (U, £), oTkpbiTbiM MHoXectpom U C M
U ToMeOMOpP(hHU3IMOM .

BapHaHTbI KOOpPAWHATHBIX CETOK PA3MUYHbBIX KPUBOTHUHEHHBIX KOOpIOHHAT XOpo-
LIO U3BECTHDBI, HO JIOKAJILHbIC KapTbl Ha 3aMKHYTBIX [IOBEPXHOCTSIX He BBLICTpaW BaOTCA

BO B3aUMHO OJHO3HaYyHbIC IMOGaIbHbIE KOOpIOHUHAaTHbIE beHKL[HH

$(p) = {wl(p)’ oo ,$n(p)}.

U TOrma «BO H30exXaHue» NPEANPpUHUMAIOTCSI OOIIOTHUTEIbHbIE MEPBLI.

Hee xapter (U, z), (V,y) HasbiBaior €021aC08AHHbIMU, €CITH 0OPa3bl Mepeceye-
3
HUs w(UﬂV) u y(UﬂV) — orkpbire”? B R". B 3aBUCHMOCTH OT KOHTeKCTa
NpeABABIISIOTCS] TAKXKE TE MM MHbIE TPEGOBAHUS IMAnKOCTH: AU dEPEeHLHpYeMOCTH
-1

KOMIIO3ULIMH YT .

Haxone1, MHOXeCTBO

4 = {U,, Zo}

COrnacoBaHHbIX MexAY COGOM moKanbHbIX Kapt (U,, Z,), MOKPLIBAIOUIMX B COBOKYII-
HocTU M, — Ha3sbiBaeTcs amaacom MHOXecTBa M,

2 Henpepeisroit andbeperuupyemoctu, kak npasuio, xsaraeT. Ho He Bceraa. B meopeme
Capda, nanpumep, Tpeyercst Knacc rIankOCTH fe Ck, k = max{0,m — n} + 1, ecnu f
aeitersyer us R™ 5 R”. MMosromy aewense npeanonarath 6ecKoHe4HyIo anddepenuupyeMocTts
f: XY

3 TTycToe MHOXECTBO & CUMTAETCS OTKPBITHIM.
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Inankue muoroodpasus. Muoxcecmeo- X C R™ naswieaemes 2nadkum m-mepHbin
MHo2006pasuen, ecau 0ns moboil mouky T € X moxcro ykasamo oxpecmuocms V. ﬂ X,
dughgpeomopryro omipeimomy muoxcecmsy U C R™.

VeranosieHue auddeomopbusma mexxay U u V ﬂ X paBHOCUJILHO BBEACHUIO

napaMeTpu3aLuyu o6sacTH VﬂX D TOykH Yy € VﬂX OIMUCHIBAIOTCS B32UMHO
ONHO3HAYHBIM U B3aMMHO NIaAKHUM IpeobpasopaHuem

¥ =y {T1, .. Tm), j=1...,n

[TepeMEHHBIE T, . . . , T;, HA3BIBAIOT A0KaALHbMU KOOpOuHamamy na V' ﬂ X

Hanee. Mycrs QQ,, 06o3HaYaeT NOAYNPOCTPAHCTBO
Qm = {$:$= {$],---,$m} ERm5w1 20}

Kpaem Q,, nasuiBaercs rockocts T; = 0.

Muoacecmso X C R" naseieaemcs enadkum m-MepHbIM MHO2006pasuem ¢ Kpaem,
ecau Oag moboeo T € X mooxcHo ykasame oxpecmuocms V. ﬂX , Ouggeomopduyio
omipeimomy muoxcecmey U C Qy, noaynpocmpanemea Qp,. Kpai X — amo miodwce-
cmeo mex mouex X, xomopsie 100 Oelicmeuem cOOMBemMCcmBYIOuUx Oug@Heomopphuamoe
nepexodam 8 mouKU Kpas 4 Qm

B onpeneneHubix ycnosusx Gosiee ynoGna GeckOOpAMHATHAA TOYKA 3PEHMS.
Ecim X C R — m-mepnoe rmaakoe mHorooGpasue ¢ kpaem uiau Ge3, — To
B Kaxoll Touxke ¢ € X BBOAMTCS KacarteNibHasi M-MepHag IUIOCKOCTb, HaWyy-
M obpaszom anipoxcumupyiowas X Boimsu z. INapamieasHas eif MIockocTs T.,
npoxoasinas yepe3 Hayano KOODAUHAT, HA3LIBACTCS KACAMeEAbHbIM HPOCHPAHCMBOM
MHorooGpasus X B touke Z. MlHorna, yToOB NMONYEPKHYTE, YTO peyb HICT O Kaca-
HUM MHorooGpasus X, smecro T}, ucnonbsyercs: o6osnayenue T'X,. AnanoruyHo
onpeaensiorcsl KacatensHbie npocrpaHcrsa T, (T'Y,) B rtoukax y = f(z) € Y.
Haunydinas nunefinas annpoxcumauus f, orobpaxawoinas T, B Ty, Ha3bBaetcs
npoussoaHoi f B Touke z. B clydae MHorooGpasus Ge3 kpast 3Ta MpOU3BOAHASA f’
MOXET ObITh 3aNucaHa Kak mMampuya Hkobu B TOKaIbHBIX KOOPAUHATAX.

O6 opuenTaiuu yxe GbUI0 cKaszaHo B paszaeie 3.1, v as hopmaiu3aumy KapTUHLL
HYXHbI JIUIb HEKOTOPBIE JOMOTHUTENbHbIE IITPUXA.
B R’ yropsaoyeHHast TpoHKa HeKOMILTaHapHBIX BEKTOPOB
a,b,c

HA3bIBACTCS Npasoil, ecnu Ajs HaGIIoAaTeNs, PaCroIOXEHHOTO B Hyje, o0X0m KOH-
UoB @, b, ¢ B yxa3aHHOM MOPSIIKE IPOUCXONUT [0 4acOBOJi cTpenxe. B npoTuBHOM

4 Hanpumep, Kpaem 3aMKHYTOTO 1uapa sipsiercst cepa. Cdepa xe — Muorootpasue 6e3 Kpast.
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ciyyae Tpoiika a, b, ¢ — .aesan. CooTBETCTBEHHO Kki1accubuumpylorcst Gasuchl.
B oBinem ciyyae R" nomsruit «<npaBoro» u «1esoro» He CYIIECTBYET, HO AUXOTOMMUS
ocraerest. [lga Gasuca {ey,..., e,} u {e},..., e} B R" cunrarorcs. odunarxoso opu-
CHMUPOGAHHBIMU, ECITTH

{el,....e.} = 4{e,,...,e,} u det4d>0.

ITpu 3ToM B ciiydae det 4 < 0 ropopsrT, 4To Gazuck NPOMUBONOAONCHO OPUCHMUPOEAHDI.
B pesynsrare Bce GasuChl pacnanaloTes: Ha [Ba KIACCA IKBHBAIEHTHBIX MeXy coBoii.
bazuc

er={1,0,....,0}, e={0, 1,...,0},...e,={0, 0,...,1}

Ha3bIBAIOT CMAaHAApMHbIM, & COOTBETCTBYIOIIYIO €MY OPHEHTALMIO — cmandapmuoii
.5

opuenmayueii® R, Hcnonbsosanue cmandapmuozs 6asuca ypaBHUBaeT B npapax

buxcauuio 6asnca U GUKCAUIO CUCTEMBI KOOPIHHAT,

Opuentaumio ragkoro MHorooGpazust £ C RY ompenessieT 3aganHue Ha §)
amaaca, COBOKYITHOCTH COTIACOBAHHBIX MEXAY cOGOI a0Kkarbhbix Kapm (koopounam).
Ilpu nanuuuu y € kpas 0= T, ero opueHTALMS CUMTACTCS CO24aC08aNHOI C opHu-
eHTanuel {2, eciu [ooaHeHe 6a3UCOB KACATEMbHbIX npoctpaHcts T'1), BHEIUHUMU
HOPMAJIMK B TouKax Z € I' oGpa3yeT 6a3uChl, OAMHAKOBO OPUEHTHPOBAHHBIE C JIO-
KaJIbHBIMH KOOpAUHATAMY ) B TE€X XK€ TOUKAX .

Branenne uHcrpyMentom opueHtanuu OIpEAEIISICTCA TNaBHbIM 00pa3oM yMe-
HHEM COrIACOBLIBATL OPUEHTALIMH «B3AUMONEHCTBYIOWMX> MHOroo6pasuii. Bor ogua
U3 THITHYHBIX CUTYALHi, POU3PACTAIONMINX HA (DEHOMEHE 21a0K0il 20MOmonuy.

4.1.1. [sa omotpascenun fo: X =Y u f: X — Y nazeieatomen 21adxo 20MOMONHbI-
Mu (fo ~ fr), ecau cymecmeyem maroe 2radroe omobpancenue f: X x[0,1] =Y, umo

F@0) = folz).  flz;1) = fi(z).

3nech eCTECTBEHHO BO3HMKACT [IIANKOE MHoroobpasue X x [0, 1] ¢ kpaewm,
COCTOSIUIMM U3 ABYX 3K3eMILTSIPOB MHOroo6pasus X :

Xx0 u XxI

Ipu opuentauun X x [0, 1] xax npousseneHus ABYX OPHEHTUPOBAHHBIX MHOI006-
pasuit X u [0, 1], komironentsi kpas X x 0 u X x | o6peraior MPOTHBOMNOIOXHYIO
OPHUEHTALIUIO.

5)311460 nonodcumentoil opuenmayueii. OPUEHTAHUM HYTbMEPHOTO MHOroo6pasust Takxe
TIPUIUCHIBAIOT (U151 YAOGCTBA) CMMBOIBL +1 mm — 1.
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O npooGpa3zax perynsipHnix 3HauYeHuiA

4.1.2. B cayuae det f'(z) = 0, 20e f' npouseoonas, — mouka x € X
Hazweaemcs kpumuyeckoi omobpaxcenus f 1 X — Y. A mouxy y € Y,
npoobpas f—l(y) KOMOpOUi cOCMOoum MOAbKO U3 KPUMuYecKux mouex,
Haszbieaiom Kpumuseckum snauenuem f(z).

I
4.1.3. Touxu = € X, 6 xomopeix det f(x) # 0, naswiearomesn pezy-
aspustmu, a y = f(x), npoobpass. KOMOPHIX COCMOAM UCKAIOUUMENHO
6
U3 pecYAAPHBIX MOHEK, HA3bIBAIOM peeyaapHbiMu sHa%enusmu’) f(z).

Ecnu B f : X — Y pasmepnoctu npoctpaHets X, Y pasanymbi,
onpejeneHys KPUTHYECKMX M DETyNspHbIX TOYEK WM 3HAYeHWH OT-
TaKuBaioTcs oT panra f'(z). Venosue det f'(z) # 0 3ameHsiercs
MaKCHMalsHOCThI0 patra f'(z), coorserctsenHo, det f'(z) =0 —
yenoBeM «paHr f'(Z) MeHbllle MaKCHMaTsHOTO».

CrienyoiliMil Ha BUI TeXHUYECKMH pe3ylsTaT IO3BOJNsAeT pelliaTsh
HEKOTOpbIe NPpUHLMUIMANbHbIE BOTIPOCHI.

4.1.4. Teopema Capoda. Mroxcecmso Kpumuyeckux 3uauenuii omo6pa-
acenuss f 1 X — Y umeem uyneeyio nebecosy mepy 6 Y.

« OrpaHuyuMCsT pacCMOTpEHUEM CiIy4ast paBHBIX pasmepHocreit X u Y. [lo-
CKOJIbKY X MOKPBIBAETCS CYETHBIM MHOXECTBOM OKPECTHOCTEH, TEOPEMY JOCTATOUHO
zoxasare, koraa X — eamuuuHbii ky6 [0, 1)".

Pa3sobbem [0, 1]" va N paBHbIX KyGHKOB, pa3nelnus Kaxmoe peGpo Ha N pas-
HBIX yacreit. s moGoit mapbl TodeK Ty, &, JexXalluX B OJHOM M3 TaAKHX KyOUKOB,

1) - £ @) -2l = o 37 )- @)

Ecnmu 2y — xpurudeckas touxa, T.e. det f'(wo) =0, to u3 (4.1) sicHo, 4yto 0ObBEM
o6paza 9TOro KyGukKa ectb o(%). Eciu teneps k 06G03HauaeT YMCIO KYOHKOB,
CcoAepXKaluX KPUTHIECKUE TOYKH, TO CYMMapHBIii 06beM 00pa30B TakuX KyOUKOB eCTh
Nfol — ), npuyeM 3aBeqomo k < n. B npegene npu N — 0C NpUXOAUM K BHIBOALY

Nn
0 TOM, 4ro neberoBa Mepa B Y MHOXECTBA KPUTHYECKMX 3HAYEHUI pasHa HYIIO. b

6 ~1

) B ciyyae, Korma npoo6pas f~ (y) mycr, TOMKY § OTHOCSIT K PEyJNSIPHBIM 3HAYEHMSIM.
OueBraHo, ecid X — KOMIMAKT, TO 1poo6pas Ao60ro peryasipHOro 3Ha4eHUs COCTOUT He 6oee
4YeM M3 KOHEYHOI'O YMCIa TOYEK.
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4.1.5. CnepctBue. MHuoocecmeo peecyaapHbiX 3HAUEHUL 0MOGPaXsCenys
f X =Y sciody naomno 8 Y.

Ecnu ycnosue HesbipokacHHoctH f B pune det f'(z) # 0 3amenurs Goiee
o611M TpeGoBaHUEM MaKCUMATLHOCTH paHra f'(Z), TO 0 perylspHBIX TOYKaX 1 3Ha-
YEHUX MOXHO roBopuUTh M B ciydae f : R® — R™, m # n. Jlaa takux cuTyauuii
teopema 4.1.4 ocraercst crpaBeIMBOll (paBHO Kak u cieactsue 4.1.5).

B onpeneneHHBIX CUTYalUsIX TIPEACTaBISIIOT MHTEPEC PE3YILETATH
00 MHIMBUIYaNbHLIX MpoobGpa3ax peryasipHbIX TOUEK.

4.1.6. [lycms f omobpaxcaem (k+1)-meproe muoeoobpasue X & k-mep-
noe Y ; mouxa y peeyaspra, u ee npoobpas ' (y) nenycm. Toeoa f ~y)
A6AACCS eRA0KUM OOHOMEPHBIM MHO2000pasueMm.

4 Ecmu z € f—l(y), 10 f'T, = T,. losromy sIpo JueitHoro oneparopa f'
B TOYKE Z SBISETCS OZHOMEPHBIM NPOCTPAHCTBOM, CKaxXeM, B .

Mycrs X,Y CRY u P — OpPTOrOHaJIbHBIA NPOEKTOP RY uwa E'. Onpenennm
orobpaxenne g: X — Y x E' xax g = {f, P}. Ouesuuto, ¢' = {f', P} sBnsercs
usomopdusmonm npocrpanctsa T, na T, X E', u 1o teopeme o HesBHOI (yHKLUM
orobpaxenue g auddeomopdHo orobpaxaer Hexoropyio okpecrHocts U C X
ToukM & € X Ha oxpectHocth V C Y X E' touxu {y, Pz}. llpu sroM orobpaxeHHu
mHoxectso f~' (y) sBasiercst npooGpasom npsmoit y X E', a mHoxectso £ (y) NU
anddeomoppHo orobpaxaercs Ha (y X E') nv. »

AHaJIOrMYHO YCTaHABIMBaeTCs:

4.1.7. llyems ¢ : X = R — enadkan gpynxuus na enadkom muo2006-
pasuu X, u uyne — peeyaaproe snavenue @. Toeda muoxcecmeo

X={zeX:px) >0}
Aensemcs 2nadKum MHozoobpasuem ¢ kpaem X = QO_](O). <

4.1.8. Ilycms f omobpaxcaem (k-+ 1)-meproe mioeoobpasue X c kpaem
& k-meprnoe enadrxoe muozoobpasue Y ; mouxa y € Y peeyaapna xax
ons f, max u ona cyscenus f na xpaii X. Toeda f'(y) sensemcs
2Na0KUM OOHOMEPHbIM MHO2000pasuem ¢ Kpaem. <
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4.2. CreneHb oTobpaxxeHus

Ilycte X 1 Y — rnagkvie OpMeHTHPOBAHHBIEC 72-MEPHbIE MHOTOO0pa3ns,
npuyem X KOMIAKTHO, a Y cBs3HO. Cmenens deg (f; y) enadkoeo om-
obpaxcenuss [: X —Y 0an peeynspuoeo 3nauenusn y oripenensieTcs Kak

deg (f;y) = Z sign det f'(z). (4.2)

zef~1(y)

B cyny koMnakTHOcTH X M PeryyisipHOCTH § — YMCIO TOYeK B IIPO-
o6pase f '(y) xomeuno. M3 ompegeneHus sicuo, uto deg (f;y) —
JIOKabHO TOCTOSIHHAs LeJoyMcneHHas (YHKUMS OT Y, OnpeneieH-
Hasi Ha OTKPHITOM MOAMHOXECTBe ¥ MONHOM Mepsi . DTOro, npasa,
He XBaraeT VISl YyCTaHOBJeHUsl HezaBucumocty deg (f;y) or y. Tem
He MeHee dyHkuust deg (f; y) MOCTOsIHHA HA MHOXECTBE PeryJspHbIX
3HaYeHWH, CM. Jasee, U 3To obllee 3HayeHue deg (f; y) Ha3biBaeTCs
cmenensio omobpaxcernus [ : X — Y u o6osHavaetcs yepes deg f.

Bot NEPBOOYUEPEAHBIE MEPDHI, paCcUMIIaIONIHe CTAPTOBYIO TIOIAJKY.

4.2.1. [lyems X — (n+ 1)-meproe mrozooGpasue ¢ kpaem X, Y — consnoe n-mepHoe
mhoeoobpasue. Ecau f : X — Y npodoaxcaemes do enadkoeo omobpaxcenua F : X — Y,
mo deg (f;y) = 0 das mobozo pezyrsiprozo 3nauenun® y.

4 Jlonyctum cHadana, 4To y — peryispHoe 3HaYeHue Kak ust f, Tak u jis F.
B cuny m.4.1.6 MHOXecTBO F_l(y) SIBJISIETCST OJHOMEPHBIM THalKUM MHOrootGpa-
3ueM, Kpail KOTOpOro, COCTOSINMN M3 KOHEYHOIO YHCIA MPOCTBIX AYI, MOMy4yaeTcs
B PE3yNbTaTe IepeceucHus F“(y) ¢ xpaem X. [Ipu 5TOM rpaHMuHbBlE TOUKH AyT
nexar va X. Tlyers T — oana u3 ayr F~'(y) u ' = {a} U {b}. Toraa

sign det f'(a) + signdet f'(b) =0, 4.3)

OTKyzIa CTenyeT yTeepxaeHHe 4.2.1, tak kax npoo6pas f'(y) cocTOMT U3 KOHUOB AT,
nexamux B npoopase F'(y).

CripaseuinBoctb (4.3) BbITeKaeT U3 IPOCTOTO aHAlM3a COMTACOBAHMSI OPUEHTA-
uuit. Merounuk (4.3) 3aK0TI04€H B TOM, YTO €CNIM KacaTeJbHbIi K [ B TOuKe Z BeKTOp
e,(z) — nonoxureasHO OpHeHTHPYET [, TO 0MH U3 BekTOpoB e(a), e(b) HanpasieH
BHyTpb X, npyroit Hapyxy, oTKyaa B utore u cienyert (4.3).

7
8)

B cuny meopemsi Capda.
D1o ananor semmbl 3.5.4 0 paBeHcrBe HymO Bpautenus Y(f, Q), ecan none (=),
HEBBIPOKAEHHOE Ha rpanuue 2, HEBBIPOXKIEHHO NpogoiKaetcs Ha (2.
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ITyctb Temieps y — peryJsipHOe 3HAueHMe oTobpaxenust f : X — Y, uo He
F : X — Y. llockoabky mobass HOCTATOYHO Masas okpectHocth V CY Touxku y
COCTOMT U3 PETYIAPHBLIX 3Ha4eHuit orobpaxenns f, — cdyuxuust deg (f;y) nmocro-
anHa Ha V. C apyroit CTOPOHbBI, MHOXECTBO PEryJsApHbIX 3HAYEHUH OTOBpaXeHUs
F:X —Y nnotho B V (n.4.1.5). Tostomy B V wnaligercs Touka z, apIsiolIascs
peryiispHbiM 3HayeHHeM Kax f, Tak u F, W 3ama4a cBOAUTCSI, 110C/IE 3aMeHbl y Ha 2,
K Y€ PACCMOTPEHHON CHTYalMH. b

4.2.2. [nadko eomomonnsie omobpaxcenus fo: X =Y u fi . X > Y umeiom oduna-
Kogbte cmenenu

deg (fo; y) = deg (f1; y)-

< Y cyxenus f rnaaxoit romorormu f 1 X x [0,1] = ¥, cassiBaoweit f,
u f,, crenens deg (f; y) [ PETYIsipHBIX 3HaY€HUI § paBHa PasHOCTH CTerleHeit
deg (f; y) u deg (fy; y), nockonbky MHoroo6pasus X x 0 u X X | opHeHTHPOBaHbI
npomsononoxmog). Jlanee octaercst cocnarsest Ha 1.4.2.1. »

4.2.3. Jugppeomopdusie omobpaxcenus fo, fi : X = Y nasesaromes eradko uso-
monnbimu, ecau cywecmeyem enadkasn eomomonusn f @ X x [0,1] — ¥, xomopas
coedunsem fo u fi, u npu xaocdom T € (0, 1] omobpancenue f(z;T) sensemes dug-
geomopguzmom X na'Y.

4.2.4. Nemma. flycmv y u z — npousgonbhble MOYKU 2100K020 CEAIHO20 MHOL000-
pasusn Y. Toeda cywecmeyem eaadko uzomonnoiii moxcoecmeennomy Ougpeomopuim
h:Y =Y, nepesodawuii y 6 2.

3a /10Ka3aTeNbCTBOM, PABHO KaK M 33 APYTMMH 10ApoGHOCTIMH AHbbepertiu-
aIbHOM TOHONOTHM, 1IpOlUe Beero orocaarsb Yurarens x [13]. Ho Ty, wa npumepe,
xoTesoch 66 OGPaTHTL BHUMAHHME Ha TEXHUUYECKUIl MPUEM, MOJE3HbIH K Y4acTo He-
110/1b3yEMBIH TIPH TOCTPOeHHH TOMOTOIIHYECKUX [1€PEXOL0B.

1
<4 Cam no cebe akr 4.2.4 Gonee-MeHee OYEBUAEH B [IPOCTHIX CHTYALHSX 0),
HO NpHU YCIIOXHEHUH MHOroobpasuss ¥ BO3HMKaeT oraceHMe «Kak Obl Yero He Bbl-
[LUIO», KOTOPOE B MUTOIE HE OINMpPaB/iblBAETCH.
WTak, HOCTpOMM CHAYAIA IMIAIKyIo H3oTonuio R" Ha ceGs,
h:R"x[0,1] = R*,

KOTOpast OCTaBJIsieT HEMONBHXHBIMU TOYKHM BHE eAMHHYHOTO lilapa B M nepeBomuT
HayaJlo KOOpAMHAT B Hallepe]l 331aHHYIO TOUKY z € B.

) Cwm. ab3au, Moyt Beseg 3a onpeneneruem 4.1.1

19 B yacrnom cyuae n-MepHoii cepsl S” moaXOLALMIL anpdeomopdusM gaeT noBopoT
S™, nepesomsumit gy B Y.
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Oneparop capura U; 110 tpaexropusam auddepeHMalbHOro ypapHeHUs
z = p(z)c,

rie ¢ : R* — R Taxosa, yto ¢(z) >0 npu z € B u p(z) =0 npu z € R"\ B, —
sBAsteTesT DU heomMophusmMom " R" Ha cebs npu mo6om £, OueBUIHO, IPU MOAXO0-
nsieM Bbibope P eut orobpaxeHue Uy nepesonut uentp B B Touky z € B.

B oGiem ciydae csi3Horo MHoroo6pasust Y moGast rouka y € Y umeeT okpect-
Hoctb B Y, mudppeomopduyio R”. ToaroMy npUBeNeHHOE BBILIE PACCYXKACHHE M0~
Ka3bIBAET, YTO JOCTATOYHO GIU3KME K Y TOYKH M3OTOIHbI 13) 4. CregoBaresibHO, Y
pacnajaeTcsl Ha OTKpBIThie MHOXECTBa (K1acchl) M3OTOIIHBIX ToyeK. [lockonbky ¥
CBSI3HO, KJIACC M3OTOIMHBIX TOYEK MOXET GbiTh TOJNBKO OAUH. B

Tenepb ycraHOBUM, HAKOHeLl, KOPPEKTHOCTD ONpefeNeHHs CTeNeHy oTobpake-
HHUS, T. €. HesaBucumocts deg (f; y) or y.

4.2.5. Dynicyun deg (f; y) nocmosanna na muoxcecmeae pezyaspHuix 3nauenuii y.

< Ilyctb y m z — perynspHbie 3HayeHMst orobpaxenust f : X — Y, u
h:Y — Y — usoTonHblit ToxaecTBeHHOMY aM(pdHeoMophU3M, NepeBOsIUA § B 2
(memma 4.2.4). Tak xak h COXpaHSET OPUEHTALIUIO, TO

deg (f;y) = deg (hf; h(y)) = deg (hf; 2),

a nockonbKy nuddeomopdusm b eille U rIagKo U30TONEH TOXKAECTBEHHOMY, TO f
IJ1aJKO FOMOTOMHO oToGpaxeHuio hf, mpuveM 2z — pPeryasipHoe 3HayeHue oTobpa-
xenus hf. Torna (1. 4.2.2)

deg(hf;2) = deg(f;2) = deg(f;y) =deg(f;2). »

4.3. CsoiicTBa cTenexlmn

Koe-4To yke GBIJIO YyCTaHOBJIEHO B MPeablIyLIeM pasjesne, HO 06 3ToM
esecoobpa3Ho cKasaTh elle pa3 ¢ ydeToM IocTtosHcTBa deg (f;y)
Ha MHOXECTBE PeryJIIpHBIX 3HayeHui (11.4.2.5), 3aMensist obliee 3Ha-
yeHue deg (f;y) cmenenvio deg f. Kak u mpexne X, Y — rnagkue
OpPMEHTHPOBaHHble MHOT00OOpasysi ONMHAKOBON pasMepHOCTH, MpH-
yeM X KOMIIakKTHO, a Y CBSI3HO.

" Usoronmem TOXIECTBEHHOMY.

%) Uenonsiosanue OIEPaToOpOB CHBUIa [Uisl FOMOTOIMYECKUX IEPEXONOB JErKO cracaer
B HEKOTOPBIX CUTYALUSIX, II€ MPOCTBIX BBIXOAOB U3 NMONOKCHUS CPa3y HE BUAHO.

' B cmpicne CYLUECTBOBaHUSI H3OTOMHOIO TOXAECTBeHHOMY MuddeoMopduama, nepesoas-
IIEro TOUK# APYr B Apyra.
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4.3.1. TomoTonuyeckas 9KBUBANEHTHOCTb. [1a0K0 20MOMONHbBIE ONl-
obpaxcenun fo: X - Y u fi: X — Y umerom odunaxosyio cmenens,

deg fo = deg f.

< ®akr 4.3.1 nonyuaerca oGbeauHeHeEM yTBepxkaeHHit 4.2.2 u 4.2.5. p

4.3.2. TNpusHak Hyneso crenenn. [Iycms Q — (n+ 1)-meproe muo-
eoobpasue ¢ kpaem 0, Y — ceasHoe n-mepnoe muoeoobpasue. Ecau
f 1 Q =Y npodoaxcaemes do eradkoeo omobpancenuns F : Q — Y, mo
deg f = 0.

<4 Qaxr 4.3.2 — nepedopmynuposka nemmsl 4.2.1 ¢ yyerom m.4.2.5. »
Ouepunna avanorus c emmoit 3.5.4 o pasencrse Hymo spawenns y(f, Q), ectu
none f(z), HeBbIPOXAEHHOE Ha rpanuiue ), HEBHIPOXKACHHO [TPOLOIKACTCS Ha €.

4.3.3. MpusHak nynesoii crenenn. /Tycms f : Q — Y — eradkoe
omobpaxcerue u f(1) # Y. Toeoa deg f = 0.

<4 Eomt y € Y\ f(Q), 10 y — peryispHoe 3HayeHHe oTOBpaxeHus f,
He uMetoliee 11poobpasos. b [lpusHak 4.3.3 oueBuaHbIM 0GPA3OM IepeKITUKALCTCS
C TeopeMoii 3.5.2 0 Hy/eBOM BpAILEHHH 1051, UMEIOILETO aXUANeCo80 Hanpaenenue.

4.3.4. ApputuBHocTb. [lycms eaadxoe omobpascenue F na mHo2006-
pazue Y onpedeneno na epanuyax obaacmeli

Q,Q,..., 0, CR,

npuuem obnacmu Q0 (j = 1,...,m) nonapro e nepecexaromecs, 3ambi-
Kanue Q = Uﬁ', u f,fi,-.., fm — cyowenus F, coomeemcmeenno,
Ha Q, Ql, cee, Qm. To20a
m
deg f = Z deg f;. (4.4)
i=1

< Ecim () u £ rpaHuyar Apyr ¢ ApyroM, TO IpH UCIOJIb30BaHHH (HOPMYJibI
(4.2) anst noncyeta crenekeit B (4.4) BbisicHsiercs, yto obmue TouKkH T € fi ' (y),
z € fi'(y) nanyr B cymme (4.4) craraembie pasHbIX 3HAKOB,

sign det f](z) = —sign det fi.(z).

Tlostomy Bce cmaraemble B (4.4) chpaBa 1o BHYTPEHHHM MepEropoiKaM B3anMHO
COKpATSITCS, YTO U JaeT TpeGyeMoe paBEeHCTBO. b
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4.3.5. CreneHb gudppeomMopdusma.
Ecau ougppeomoppusm f . X — Y coxpansiem opuenmayuio, mo

deg f = 1,
ecau He coxpausem, — mo
deg f = -1
4 Bce 3HavyeHust oroGpaxenuss f peryJsIpHBI M KaXAOMY OTBeYaeT OLUH

npoo6pas. [Tostomy | deg f| = 1. 3nHak ompenensiercs opreHTauueit. b

4.3.6. Teopema o npousseaexuu. [Tycmo
f:X-Y, ¢g:Y—=Z,

ede X,Y,Z C R" — ara0kue muoeoobpasus, npuuem X KOMRaKmHO,
aY u 7 censnvi. Toeda cmenens KOMROSUKUY PABHA NPOU3EEOCHUIO Cme-
neHei

deg (gf) = degg - deg f.

<« Eciu z € 9 — perynsapHoe 34ayeHue orobpaxenmit ¢f u g, 10 y € g—l(z)
peryaspHoe 3HayeHue f. [Tosromy

deg (gf) = Z sign det (g f), = Z sign det gy, sign det f =

z€(gf)~'(2) z€(9f)~1(2)

= Z (sign det g, - Z sign det f;) =
¥~ (2) zef~'(y)

= Z signdet g, - deg f = degg-deg f. »
yeg'(z)

4.4. CreneHb U BpauieHue

4.4.1. Bpawenue Y(f, Q) onpedensemcst KaK CHenens omoopancenus

f@)

B = e

(4.5)

epanuyst §) 6 edunuumyio cepy S.

21}15{ «BOTUICILIEHYMA CKAa3aHHOIo B MeTajl» HeoOXOoOUMBI Koe-Ka-
KHe TeXHHYEeCKUue yCHIusAd. HepBI)IM OeJioM B OIpeaclicHWM CTENEHU
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CHUMaetcst TpeGoBaHKe IanKkocTu otodpaxeHuss F : X — S™ ¢ no-
MOLUBIO IMaIKuX €-annpokcnMauuii F, : X — S™,

[F(z) - Fe(z)ll <e (V2 € X),

CTeNeHb KaKOBLIX, deg F,, NpU JOCTATOYHO MaibIX £ > 0 cTaGuIu3K-
pyercst (1. 4.3.1), nOCKOABbKY

(1= F(z) + AF)(z)
(1 = N F2(z) + AF ()|

(TeX, 0<A<L))

F(z; \) =

SIBJIIETCS TIANKON romoTonueit, coenuusiomeii FY u FEI.

4.4.2. Obwyro cmenens 2nadkux €-annpoxcumayuii omobpaxcenus F
Hasviearom cmenenvro deg F' amoeo omobpaxcenus.

Hasee BBOAMTCS MOHSTHE TOMOTONMM HEIPEePBIBHBIX orobpaxe-
Hui (Kak ¥ B pasgene 3.4), U Jerko YCTaHaBIUBAETCS, YTO CTENEHb
HETIPEPLIBHBIX OTOOPAXKEHUI OGJNamaeT TeMM XE CBOMCTBAMMU, YTO
M CTENEHDb IIafKuX oToGpaxeHuii (1. 4.3). B yactHocTy:

4.4.3. lomomonnoie omodpancenus Fy: X — 8™ F: X — S™ umerom
00UHAK0BYI0 cimenens:
deg Fyy = deg Fy.

Ecnu teneps 2 — orpannyennas o6nactb B R” ¢ mankoit rpaHu-
ueit Q, To s onpenenenus y(f, Q) HAJI0 JTMLIb N03a6OTUTHLCS O Npa-
BUJILHON OPMEHTALMM TpaHMUBL {). ISl 5TOr0 B KAKIOM KACATEb-
HOM mipoctpancTse T2, BbIGMpaeTCs Takoii Gasuc ei(z), ..., en (),
ONPEHENISIIOIUT OpUEHTALIMIO TQx, YTOOBl €ro AOIOJHEHNUE BEKTO-
poM BHEIUHEH HopMaau n(z) K Q B Touke ONPEACNsIO CTaHAAPT-
Hyio opueHTanuio R”. Ananoruyno OPUEHTHUPYETCS eqMHUUHAS Chepa
§"! C R" [lanee, B COOTBETCTBUH C 1. 4.4.1, Bpawenue v(f, Q)
onpenessieTcsl KaK CTeneHb 0TOOpaXKeHuUs!

WA = sl

Ecnu rpanuna Q He o6sizaTeNbHO I1afKasi, BO3HUKAET AOTIONHU-
TeNbHasA Mopoka. [Tycte F' onpeneneHo nHa 2, u Fy — npou3sBosibHoe
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HEBLIPOXIEHHOE HENPEPHIBHOE MpOaoJLKeHue noas F ¢ ) Ha 3a-
mbikaHue oGiactu ). TlycTh Zy — MHOXecTBO Hyneit mons Fj.
[Tockonbky Zy 4 ) KOMNAKTbI ¥ Zip N Q=0 , TO CYIIECTBYET 00-
1acTh (g ¢ MIAAKOM rpaHUlieH, It KOTOPOH

Zy C R C Q. (4.6)

B cuny (4.6) none Fy HeBLIpOXAEHO Ha €. Moatomy omnpexneseHo
ero spaieHue v(Fy, Qo), KOTOpPOE He 3aBUCUT HH OT TIpONOKEHUS F
nonst F, nu or BeiGopa oGmactu )y, VAOBIETBOPSIOIEN YCIOBUIO
(4.6). Dro ofluee BpaieHUe HasbIBalOT 6paujenuem y(F, ) nons F
Ha rpanuue §) o6iactu €.

MurtepecHo 4to B nocieqHedt kouwcerpykuuu y(F, Q) MPUCYTCTBYET HE TOJIb~
KO rpaHuia ), HO M obmacts 2, TOra KAK OMpENeNeHNE BPALICHIS HA 06IACTAX
¢ IaAKUMU TpaHuuamu He Tpebyer NMpupiedeHust camux obnacreil. Y ato npun-
UNIHATBHO, YTO CBSI3aHO C CylIecTBOBaHMeM B R” pasiinyHbIX HEMEPECEKAIOLIMXCH
obnacteit Qy, ..., Q c obuieit rpaHuIEH ), TloatoMy ecin Ha obilei rpaHuile 06-
nactet Q; 3amano HeBuipoxaeHHoe noie F, to BpaweHus y(F, Q,-) MOTYT OKa3aThCsl
pasnuuusiMu. HHosmomy & obosnanenuu (F, Q) cumsoa HYJICHO HOHUMAmMb KaK
epanuuy umenno obaacmu ).

C yyeToM NepeyUcleHHbIX HIOAHCOB BCJIEI 3a CBONCTBAMM CTe-
rienn (pasgen 4.3) BBIIONHSIIOTCS] AaHAJOTUYHbIE CBOMCTBA BpAILEHMUS
oroGpaxenust y(F, Q), onucaHHbIe euie B mn. 3.4, 3.5. JJoka3aTesb-
CTBA CBOISITCS K NMPOCTBIM PEBEPAHCAM B CTOPOHY ONpEREIEHUIA.

K OroBopeHHEBIM yXe€ CBOMCTBAM BpallleHUS] C MOMOIIBIO OIpe-
[eJIeHUs] yepe3 cTerneHb Jierye NMPUCOBOKYIUIIIOTCS HEKOTOPHIE Apyrue
axThI, XapakTepu3yloliie BpallieHue BeKTopHoro noiast. Hanpumep,
K yrBepxaeHUusaIM 4.3.5, 4.3.6 oueBUaAHBIM 00pa3oM I106aB/SIOTCS aHa-
JIOTH 1Sl BpallieHWs1 HEMpEePBIBHBIX IT0oiel, He 0043aTeIbHO TaaKMX.
KoMOuHaLus 3TUX aHANOTOB NPUBOAMT K CIEAYIOLUEMY NPUHIIMIIU-
albHOMY PE3yabTaTy.

4.4.4. [lycmo h : Q — Y — comeomoppusm, u none f(x) neewposncdeno
na ). Tozda

7(fs Q) = 7(hfh_1’ T)

HMpumep Bpayspa |4, 1.13].

14)
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OTO 03HAYAET, YTO BPALIEHUE BEKTOPHOTO MOJIsl He MEHSIETCS IpU
IIepEXOIE K APYrOif CUCTEME KOOPIMHAT.

BeenenHoe 3xech BpaleHUe HONE3HO CONOCTABUTH C OTpEREe-
HUEM METONOM IpOThIKaoLiero Jayda (0. 3.1). Jus storo mocraToyHo
TPeJCTaBUTb, 4TO f(€) UEHTPATLHO NMPOEKTUPYETCA B COOTBETCTBUM
c (45)na S, re. F(x) = f(z)/]|f(z)||. B pesynsrate nosepxHocTs

: 5
f(Q) yximapbiBaercs Ha S B HECKOJBKO cinoes ! ), nocjie 4yero oas
pezynsphbix 3Hauenuil y € S cymma B (4.2), BepHee

Z sign det F'(ar:),

zEF~(y)

JAaeT KaK pa3 «CyMMy» NPOTBIKaHHUU Jyda 1o popmyie (3.3).

CrpykTypHas ycToiiYMBOCTH BpamieHus. BaxHo NMoxyepKHyThb, 4To
BpallleHWEe BEKTOPHOIO MOJsS OTHOCHMTCS K Pas3psily 2py6uix Xapakre-
puctuk. OHO He MeHsIeTCsl PU MAJIbIX U3MEHEHMsIX KaK oToOpaxe-
Husg f, Tak u obnactu 2. [TosTomy 10Gbie TEOPEMBI O pPa3peLIMMOCTH
YPaBHEHHMIi, OnMpaloIMecss Ha OueHKU 7¥(-), BBIAEPKMBAIOT MaJible
BO3MyLieHUA. TIpu BEIUMCICHUM CaAMOro BPALUEHMS 3TO AAET BO3MOX-
HOCTb IMOJIb30BATLCSl Pa3IMYHBIMU annpoKCUMALUsIMU, He Hapyluas
BbIBOJIOB, — Hanpumep, BMecTO f(Z) B OKPECTHOCTH Zy MOXHO
paccMaTpuBaTh JIMHEITHOe NpulauxXeHue f'(aco)(ar: — Zp), pasymeercs,
€CJIM TIPOU3BOgHAs f'(:co) HEBBIPOXKIEHA.

5) Yncno croes Han Kaxioit TouKoit Yy € § MOXeT GbiTh Pa3HBIM.
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4.5. HeBblpoXxgeHHOe Npoao/mXerue nons

K ueHTpanbHoit Teopeme 3.5.5 o paspeiummoctu ypasuenus f(z) =0
B ciyuae Y(f, Q) # 0 — HampalllMBaeTcs JOTIOJIHEHUE, XapaKTepH-
sylowee cutyaumio y(f, Q) =0. Koneuo, Hym: MOXET CYIIIeCTBOBATb
B J1060M ciyyae, HO Tipu ycnouu Y(f, ) = 0 none f(z) Bcerna

N

MOXHO NPOJO/LKUTE ¢ §) Ha {2 HEBRIPOXIEHHEIM 06pa3oM. BTO He TaK
VK JIETKO [0Ka3aTh B Pa3MEpHOCTAX 12 > 1, HO U He OYeHb

7

4.5.1. Teopema Xonda. Ecau f(z) # 0 na epanuye Q oepanunennoii
cenznoii obnacmu U u y(f,Q) =0, mo f: Q — R™{0} moocro
npodonxcums 00 HeGbIPONCOEHHO20 HA 3aMbIKAHUU Q nons. <

KoneyHo, Goiee 3HaMEHUTA Apyrasa meopema Xonga cucteMoob-
pasyIolIero xapakTepa:

4.5.2. Teopema Xonda. Ecau neswipoxcdentvie na cgepe S C R”
(n > 1) éexmopnste nons umerom o0UHAKOB0E 6pauieriie, Mo OHU 20MO-

MonHbl 16) . D

4.5.3. Teopema 4.5.2 coxpansem cuny npu 3amene chepur S epanuyeil
Q) makoii oepanunennoii céssnoii obnracmu Q, ymo R \Q umeem dee

17
KOMNOHeHmbl C6A3HOCMU ) >

Ponb meopemsr Xongpa 4.5.2 u ee 6onee obiero Bapuanta 4.5.3
3aKJIOYaeTcs B XapaKTepusaiuu cuibl MeToma. Kak MHCTpYMEHT, oHa

16) 3aMeTMM, 4TO 3ajaya O FOMOTOIMHK ABYX OTOOpaxeHuil ecTh 3amauya O BO3MOXHOCTH
npogomxenus H(z,1) ¢ § x {{0},{1}} na mHOxecTBO § X [0, 1].

') B kauectse [OBEPXHOCTH §) TOAUTCS, B YACTHOCTH, mop, M BOOGILIE chepst ¢ pyuxamu
[4, T 13]. JRanbueititee ocnabnenue rpeGosanuit x §) naTaIKUBAeTCs Ha npensiterBust. Hanpu-
Mep, BEKTOPHbIE I10Jsl, UMEIOLHE ONMHAKOBbIE BPALIEHUsI HA TPaHMUE IapOBOro Cros, MOIyT
GbITE HE FOMOTOJNIHBL.
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MasioynorpedurenbHa. Ho BaxxHa Kak onopa Beeit TEOpUM BpaLeHUS.
W3 Teopemsl 4.5.3, BKyrie ¢ pe3yJasTaToM 3.4.2, CIELYET, YTO BpalLiEHUE
BEKTOPHOTO OIS %) Hecer B ceGe MCYEPTIBIBAIOLILYIO MH(pOpMAaIIMIO
IUTsl TOMOTONHMYECKON KilaccuuKkanmy oroGpaxeHUii

f:Q—R™M{o0}.

Tem cambIM rapaHTUpys, YTO BONPOC 06 0GH3aTENbHOM pa3peluMo-
ctu f(z) = 0 B Q no maHHbIM o noBeseHuM f(z) Ha rpauuue
M OTCYTCTBMM ApYToii uH(popManmu o6 f(x) — Bcerma MOXET ObITh
peuleH (IPUHUMITHAILHO) BbiYMCIeHeM Bpaienus y(f, §2).

Bosppaiasich k 11. 4.5.1, 3aMeTuM, YT0 3a1a4a NPOFOIDKEHHUS OTOO-
PaxeHui SIBIAETCS ONHOW M3 IEHTpalbHbIX B TOnonoruu [4, T 13].
OTHOCUTENIBHO GECXUTPOCTHBIE MPOMOJDKEHHSI XapaKTEPU3YET CIIeLy-
IO OoJlee-MeHee OYeBUIAHBIN pe3ynbTar.

4.5.4. Teopema. Jlwboe gexkmoproe nose f : M — R™ | M — samrny-
n

moe MHOXMCeCme0, Modcem bbims npodoadxceno Ha eéce R” co snavenusmu

6 saminymoil évinykaoll obosouke cof(M). <

IMpomomxenus: npu AOHMOTHUTENBHBIX TPEOOBAHUSIX AOCTABISIOT
Gonpllle X1M0MOT. B HaHHBI KOHTEKCT €CTECTBEHHO BIIMCHIBAETCS,
HaIIpUMeEDp, CJAEAYIOLIMA MHCTPYMEHT, MHOT4A BEICTPENUBAIOLLUMI C TEM
WJIU UHBIM 3¢hpEKTOM.

4.5.5. Teopema. Bexmoproe nose f(x), 3adanHoe u HeGwipoxcOeriioe
Ha epanuye Q 0epanHuMenHoll cea3Hoil obnacmu §), maxoi umo ]R"\Q
umeem 0ee KOMNOHEHMbL CESIZHOCMU, 6Ce20a MOXCHO NPOOOANCUMD HA 6CE
R™ do noas c eduncmeennvin nyrem z* € Q.

.

Ecau oce R™\SY umeem k xomnonenm cesiznocmu, mo f(x) moxcro npo-
n

doaxcums Ha éce R™ 0o nons ne 6onee uem ¢ k — 1 nyasmu, «<no o0nomy»

6 0ZPAHUHMEHHBIX KOMNOHEHMAX CEs3HOCMU, >

OcoGplit uHTEpec (cM. pa3gen S.1) mpencTaBiser cleRyoias

¥ o KpaitHel Mepe Jis yKa3aHHoro B I1. 4.5.3 turma obaacteil.
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4.5.6. Teopema. Henpepuisroe sexmoproe nose f(x), sadantoe u He-
evipodicoentoe na zpanuye ) ozpanuMennoil obaacmu U, MONCHO MaK
npodoncums na 3amsikanue ), 4mo npodosdcerue f 6yoem nenpepuisno
Jugppepenyupyemoim Ha S, u y neeo Gydem Koweunoe 4ucro Hyaeii Tj
C HeGbIPOHCOCHHBIMU NPOU3IBOOHBIMU f’(a:j). >
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K Teopnn BpalyeHnss BeKTOpPHOro noss

Some horses are specially trained
1o buck their riders off.

Xopoulee BOOPYXEHHE HET HEOOXOMMMOCTY MPHUMEHITD.
Hocrarouno drakta ero cyuecrsopauus, M3pegka rom-
KpeIIsfieMOro NEMOHCTpaunaMu. Takas xe vcTopusi Bo3-
HUKAeT B CBSI3M C TOMONOTHYECKNMU METOAMHU, 1A 1 IpY-
MU HAYYHBIMU OUCLUTUTMHAMH.

5.1. UiHpekcol U anreGpanyeckoe YnUcno Hynen

Hyno o € Q0 6exmopnoeo noas f(x) Ha3HIBAIOT U30AUPOGaHHBIM, €CIN
B IOCTATOYHO MaJioil OKPECTHOCTH Zg HET ApPYrux HyJeil. Bpauwienue
nonst f Ha cdepax HOCTATOYHO MANOTO pafUyca C LEHTPOM B g
Ha3bIBAIOT uHdekcom Ty v ob6o3nayaior ind (f, o).

KOppeKTHOCTb TaKoro ofipenesieHus! BLITEKAET M3 OfMHAKOBOCTH
BpaieHui f Ha cdepax focTaTouHO Masoro pamuyca. JeHcTBuTelbHO,
eci wapbl By u B, He comepXar Apyrux HyJei, KpoMe &g, u
B, C By, To u3 Teopemsl 3.5.6 cieayer

7(f5 Bl) = 7(f9 BZ)

5.1.1. Teopema 06 anreGpanueckom uncne Hyneir. /Tycms eexmop-
Hoe nose f(x) neeviporcdeno na & u umeem 6 Q0 aums uzoaupoéanssie
Hyau. Toeda

Y, ) =" ind (£, 2;), (5.1)
J

20e cymmupoeanue udem no ecem Hyasim xj € ) nona f.
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« JlokazatenbCcTBO Cpa3y BHITEKAET U3 II. 3.5.6, ectu obnactu {); ONMpenenuTs
Kak LIapbl JOCTATOUHO MAIBIX PagycoB ¢ UEHTPaMi B TOYKaX Z;. b

Teopema 5.1.1 umeeT pasHooGpasHble MpUMeHeHUs. [apaHTUpyeT,
HalpuMep, CYILIECTBOBAHWE HEU3BECTHOTO HYJIsl, €C/IM CYyMMa MHICK-
COB M3BECTHBIX Hylell ommuHa or Y(f, ). B pasnuuHbIx BapuanTax
1103BOJISIET TAKXE YCTAHABIMBATb €MHCTBEHHOCTD penleHust. CKaXeM,
nycts Y(f, ) = 1 u npoussonHas (Matpuua Sxobn) f'(z) wnesbr-
poxneHa Ha 2. DToro, oKasbIBaeTCs, TOCTATOYHO ISl CYLUECTBOBAHMUS
u eduncmeennocmu pewenus f(z) =0 Ha Q.

o !
« JleiicTBuTeNbHO, €CTM Ty — Hymb nonst f, 10 f(z) n F(zo)(x — x0)
HEIIPOTMBOIIONOKHO HAIPABIEHbl B JOCTATOYHO MAJIOA OKPECTHOCTH Zg, MOCKOILKY

f(z) = f'(zo)(z — mo) + o(llz - zoll).
B cwy HesblpoxaeHHocT! f () metepMuHanT det f'(z) coxpamster 3HaK, MOITOMY
WHOEKCH BCEX Hysel ofsi3aHbl ObITh OQMHAKOBbI,
ind (f, zo) = sign det f(z) =1

A 370, Gnarogaps ycnosuo v(f, Q) = 1, ponyckaet He 60e€ ONHOTO HYJISL. P

C yyerom TeopeM 5.1.1 u 4.5.6 cTaHOBUTCS SICHO, YTO Jodoe
none f ¢ moGbiv BpameHnem Y(f, (1) MOXKHO POXOIKHMTS C QuaQ
TaK, yro f OyneT UMeTh B {2 KOHEYHOE YMCIIO HyJeH ¢ MHIeKcaMu
+1, a spaumenue y(f, Q) B cooTBeTCTBMH C (5.1) OyaeT MpeacTaBisTh

co0oii anredpanyecKyro cymmy D
V) = D=

W HmeKChl HY/IeH M3HAYaTbHO 3a1aHHoro Ha ) mons f (z), pasymeercs,

MOTYT ObITh JIIOOBIMM, HO M3 CKa3aHHOTO SICHO, YTO TakKHe HylH
2 .,

«BO3HMKAIOT» B PE3YyJbTaTe ClIUNaHUs ) HyJie# ¢ nHaekcamu £1.

CBOHCTBA MHIEKCOB B CUJIy OIPEEJEHUsT eCTECTBEHHbBM o0pa-
30M MEPEKTUKAIOTCS CO CBONCTBAMH spawetusi. M3 Teopemsl 4.3.6,
HanpUMep, JIEFKO CIEayeT

R TyT yMecTHO HanoMHUTL Gopmyay (3.3).
B npouecce aeopMalnu, Halpumep.
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5.1.2. Teopema o npoussegeHun uugekcos. /lycms Ty — U304Upo-
6annbil Hyay 6exmoptoeo noas f(x), a 0 — uzonupoeannwiii nyas noas
9(z). Tozda Ty — usonuposannsuii nyas noas g f(zx) u

ind(gf, zp) = ind(g, 0) - ind(f, o).

Iycts Tenepb none f(x) HeBBLIPOXIEHO Ha rpaHuue ) obna-
cru €2, a g(z) HesBIpOXIEHO Ha MHOXecTBe Y = f(Q). Torma Ha
HEBBIPOXNEHA KOMIO3KULMA IIOJIEH ¢ f. lonycTyM NpU 3ToM,

0€e( ),
i

rae {2; — OrpaHMYEHHBIE KOMIOHEHTBI CBSI3HOCTU MHOXecTBa R™\ Y.
B sTom ciyuae cnipasemwvBa gopmyaa npouseedenus épawenui;

19f ) =7(f, ) - Zv(g, ), (5.2)

cremylowast M3 1. 5.1.2.

B cnydae, xorma R” \ T cocTOMT TONBLKO U3 ABYX KOMITOHEHT
CBSI3HOCTH, Y HyJIb JIEXUT B OTPAHUYEHHON KOMIIOHEHTE {)), COOTHO-
weHue (5.2) nepexour B

19f ) = 7(f, ) - (g, Q).

5.2. iHpekcbl Ha GeCKOHeYHOCTH

Ecnu none f HeBbIpoxkaeHo ripu Gosbmux no Hopme z € R”, 1o ro-
BODSIT, YTO 0cobas mouxka oo nonsi f uzonuposana. [lpu 31oM Teopema
3.5.1 u nemMma 3.5.4 rapaHTUpyIOT, 4TO BpaUIEHHE f(z) Ha coepax
IOCTATOYHO GOJILIIOTO pajuyca OQHO U TO XKe. DTo obllee BpalueHue
Ha3bIBAIOT uHdeKcom Ha beckonewnocmy U oGo3Hayaior ind (f, 0o).

Ecnmu rosie f(£) MMeeT UMb H30NMPOBAHHBIE HYIH Zj 1 ONpeNeIcH UHIEKC f
Ha GecKOHeYHOCTH (T.¢. f(Z) HEBHIPOXIEHO NMPU HOCTATOYHO GOABLIMX IO HopMe
z € R"), o uucno mynei Z; KOHEYHO, U B CUJTY I1. 3.5.6 UMEEeT MecTo paBeHCTBO

> ind (f, z;) = ind (£, 00).
j
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Jornyctrm, sl HEKOTOPOU MaTpulibl f'(oo)

l1f(z) = f'(co)zll _
Jim Tl =0. (5.3)

. !
B atoM cilyuae Tofe f Ha3BIBAIOT acumnmomunecku auneinsim, a matpuuy f (00) —
npou3sodnoil Ha 6eckoHeynocmuy orneparopa f.

5.2.1. [Tycms nose [ acumnmomuuecku auneiino u det f'(co) # 0. Tozda ocobasn
mouka 00 noas | uszoauposana u

ind (£, o) = sign det f'{c0).

<« JloxasatenbctBo coBceM npocto. TTo yenosmio [|f(z) — f'(00)z|| = o(]lx}) .
Ho Tak kak matpuua f'(00) HeBbIPOXAEHHA, 3TO BIEYET 32 COGO CIpPaBeNNBOCTh
HEpPABEHCTB

1£(z) = f'(c0)zll < IIf'(o0)zl

Ha cepax DOCTATOYHO GOMBLUIMX PAfJMyCcOB, 4TO TAPAHTUPYET HEMPOTHBOMOIOKHYIO
) !
HanpasleHHocTs Toneit f(z) u f(00)z. »

5.3. HaxpbiTus u romeomopdusmel

Bomnpockl 0 roMeoMopdu3Max JOCTATOYHO MOAPOOHO (Kak IpaBHIIO,
C J0Ka3aTe/IbCTBAMM) PACCMOTPEHBI B [4, 7. 13]. Orpaunyumcs 3mech
$opMyIUPOBKOHR IBYX PE3YNbTATOB.

5.3.1. Teopema. Ymobu: f Gvino comeomoppusmom R" na R”™, neo6-
X00UMO U OOCMAMOYHO 6bINONHEHIe 06YX YCAOGUIL:

(i) f sensemcs noKansHBIM 20MeOMOPPUIMOM,

(i) npoobpas 4106020 0epaAHUHEHHO20 MHOMICECMEA 02PAHUMEH. [
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VYcenosue (ii) paBHOCUIIBHO

lim || f(z)|| = oo, (5.4)

l[]j—o0
3
4TO TONE3HO TPCHMUPOBOUHO OCMBICIHTD .

5.3.2. Teopema. [Tycmo f: X — Y, 20e X, Y auneiino ceasmuot, npu-
yem n100an 3amkHymas kpusas ¢ Y mosxcem GbtMb cmanyma 6 mouxy.
Tozda, wmober | Gviro 2omeomoppusmom X na 'Y, neobxodumo u docma-
MOYHO BbINOAHEHUE 08YX YCACBUIL:

(a) f seasemca nokanvHbiM 20MeomoppusMom,

(b) npoobpas nioboeo komnaxma u3z Y xomnakmen ¢ X. >

Teopembl 0 roMeoMopdu3Max rapaHTUPYIOT OJHOBPEMEHHO: pa3-
peuMocth f(z) = y npu Mo6oM y € Y, eIMHCTBEHHOCTh PElleHUs
U HENpEepBIBHOCTL OOPaTHOro oreparopa j_l. HMHoraa Bo3HuKaer
CaMOCTOATENLHbI Bonpoc 0 paspewmnMoctd f(z) = y npu Jo6om
Yy € Y. B ciydae TONOXUATENBHOIO OTBETA MOBOPSAT, YTO OTOOPaXeHHe
f : X — Y HakpbiBaer 4) MpOCTPaHCTBO Y.

5.3.3. Teopema. [Iycms ind (f, 00) # 0 u estnonnsiemen ycaosue (5.4).
Toeda ypasnenue f(x) =y paspewsumo npu aobom y € R".

< [lna nokasarenbCTBa JOCTATOYHO 3aMETHTh, UTO B cuity (5.4) Ha cdepax
JoCTaTouHO Gosbioro panuyca noas f(z) u f(x) — y HENPOTHBONONOXHO HATIPAB-
JIEHHL. P

5.8.4. Ilycmo f(x) — aokanvnslii 2omeomopusm u obpaz f(R") sa-
minym 6 R". Tozda f naxpwsaem R". <

B KOHKPETHBIX 3aayax JOBOJLHO YACTO peyb UIET 00 Oleparopax,
ONpe/eJIeHHBIX JIMIIbL HA2 HEKOTOpOM noaMHoxecTe R” . B oTaeabHbIX

% Ecnm (ii) crpabenBo, a (5.4) He BHLIONHACTCS, TO HANJETCS [OC/IENOBATENLHOCTD
Ty, yxomsmas B GECKOHEUHOCTh, HA KOTOPOil f(Zk) = yx — y*. B atom cityyae mpoobpas
orpaHnyeHHoro muoxecrsa {y} U{y*} Oyaer HeOTpaHNYEH.
Hao6opor, fycts (5.4) ciipaBeiMBo, HO CYLIECTBYET OTPAHUYEHHOE MHOXECTBO {2, fpoobpas
KOTOpOro f_](Q) HeorpaHuueH. Torma Hailercst MOCnEL0BATENBHOCTD L) € f“](Q), TaKast
uro ||zxl| — co. B cuny (5.4) ||f(z)ll - o0. C apyroit croponrt, Vk : f(zg) € £, uto
TPOTUBOPEYMT OTPAaHHYCHHOCTH 1.

9 Tomeomop(pH3M OCYLIECTBISIET OAHOIUCTHOE HAKPHITHE,
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clyyasx TIpU 3TOM YAAETCS OOOHTHCH IPUMEHEHUEM OGUIMX TEOPEM
0 npeo6Gpa3oBaHUsIX BCEro IPOCTPaHCTBa. BOT mpocTas wimocTpaims.

Ornipenenum Ha BHYTPEHHOCTU HEOMPULAMEAbHO20 OpMmAaHmaA R'fr
OTOOpaXeHME

L(z) ={lnz,,...,Inz,}.

5.3.5. Teopema. [lycmb rokanshbiii 20meomopusm G 111‘[]11%r —)111‘[]112+
yOoenremeopsaem ycao8uio

ILG(@)|| = 00 nmpu ||L(z)|| — oo.
Tozda G — eomeomopgpusm int RZ_ Ha int Ri. <

bosnee obiueli 3aayei paccMaTpuBacMOro THUIA SBASETCS paspe-
WUMOCMb HeAsHbIX QYHKWUIL, T. €. Pa3spellUMOCTh YPaBHEHUS

d(z, ¥) = 2, (5.5)

rne ® : X XY = X — HenpepsiBHOe oTobpaxeHue. [IpoctpaHcrsa X,
Y cumraem JIMHEIHO CBSI3HBIMHU, @ Y CTATUBaeMbIM IO cebe.

5.3.6. Onpepnenenve. Ypasnenue (5.5) aoxanvio paspewumo, ecau:
1) cywecmayem xomsa 6v1 0dna napa x, € X, yo € Y, ydoeremsopsiowasn (5.5);
2) dnn moboii nape Ty € X, yo € Y, ydossemsopsiomeii (5.5), moxcHo ykazame
oxpecmuocmu V- C X, W CY u nenpepwenoe omobpaxcenue G : W — V, maxue
umo 0an awbozo Yy € W

2(G(y), y) = =,

u &z, y) # 2, ecau  # G(y). Apyeumu caosamu, (5.5) na muoncecmee V. x W
sxeusarenmno ypasnenuio T = G(y).

5.3.7. Onpenenenve. Ypasuenue (5.5) en06aavho paspewiumo, ecau cyuecmayem He-
npepoigioe omobpacenue G : Y — X, maxoe umo (5.5) na X x Y oxeusasenmno
ypasnenuro ¢ = G(y). B smom cayuae z06opam makoice, umo (5.5) nesgno 3adaem

dyuruuo G(y).

5.3.8. Teopema [14]° ). Ymobus ypasnenue (5.5) Gou10 2nobanvro paz-
pewumo, Heobxoo0umo u OOCMamo1HO 6bINOAHEHUE CACOVIOWUX YCAOBUIL:

o ypaenenue (5.5) A0KaALHO paspewiumo;

3 JokazarenbeTBO HECKONBKO MeHee OOIUEro YTBepKaeHust ecrs B [4, T. 18].
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o ecau muoxcecmeo S C'Y komnaxmio, mo Muoxcecmeo
T={z:9x,y) =2,y €5} komnakmuoe X.

Bot MeHee yHuBepcantbHbili MHCTPYMEHT, KoTophiii B R” Gojee noGeH.
Y

5.8.9. s anobanshoii paspewumocmu
®(z,y) =0, o R" x R* » R"

OMHOCUMENLHO T HE00X00UMO U OCMAMOUHO BbINOAHEHUE O8YX YCA08ULL:
o ypasnenue B(z, y) = 0 soxanvio paspeutyumo;
® ecau Q(zka yk) - Os ”mk” —+ 00, mo ”yk“ —00. D

5.4. MapameTpuueckue ypaBHeHUs

Ha NpakTUKE 4aCTo IPUXOONTCS paccMaTpuBaTh YpaBHEHMSI
G(z, A) =0 (5.6)

CO CKanApHbIM MapaMeTpoM A. Ilapamerpuueckue 3amauu, BooGwe-To
rOBOp#, NMPaBWIIO, 4 He UCKIIIOYEHHE, KaKk MHOTIA JyMaercs. B mo6oit
MOJIEJI IPUCYTCTBYIOT CHUIbI, TEMTIEPATYPHI, LIEHBI, YUCAeHHOCTH. Tak
yTo (5.6) MCKIIOYMTENBLHO, CKOpEe, B TOM CMBICNIE, YTO Mapamerp
BCEro OnH. OJHAKO KOHLUEHTPALMs BHIMaHHs HA OJHOM Tapamerpe
UIpaeT BaXXHYIO pOJib, TIOTOMY YTO [EJI0 HE TOJBKO B CYLIECTBOBAHMHU
penreHust (), HO U B ero BETBJIEHUH, CBI3aHHOM C OMGypKaIIMOHHBI-
MU U3MEHEHUSMH B cucTeMe ). [Ip1 3TOM KpUTHYECKUE «HATpY3KM»
ONpeneIsAoT, KaK MpaBuilo, GUKCUpYst OCTalibHble MepeMeHHbie. Oj-
HOBDEMEHHOE OTCJIEXMBAaHUE HECKOJNBKMX TIapaMeTpOB YBOAMUT Mpo-
OnemaTuKy B 00aCTh meopuu Kamacmpog.

6
) Kpome TOro, HeCKOJIBKO NMApaMETpoB YACTO «YIAKOBBIBAIOTCS» B OMH. CkaxeM, npo-

CTEHAIUME 3aNaun TMAPOANHAMUKY OTPENENSIOTCS: HAOMHOCHbIO P, Ko3pPuyuenmom eszxocmu
M, XapaxkTepHbIM JiIMHEHHBIM pazmepom | M xapakrepHoit cxopocmsio v. W3 P, 1,1, v MOXHO

lvp .
00pa3oBATh TOMLKO OIHY Ge3pasmepHyI0 BeuuuHy R = —- Ha3bIBAEMYIO 4Yuciom Peinonsdca.
I3

lotomy 6 awboii sadaue, onpedeasemoii nepewucaennoimu napamempamu, 6ce be3pazmepnbie 6eau-
sunst Gydym ynryusmu monsko R {4, 1.8].
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Qcobas cuTyauusl BO3HUKAET B 3a4a4de o6 aBTOKONEeGaHUAX B CUCTEME

& = f(z), (5.7)

re M3HauYalLHO NMapaMeTp OTCYTCTBYET, HO Jajlee NMPHUBHOCHTCH B KAadeCTBE MHCTPY-
mexTa. Jeno B oM, 4ro B ommuue or £ = f(z,t) ¢ T-neprogndeckoil npasoii
4acThio, B cnyuae (5.7) nepuon UCKOMOTo KoneGaHHst HEM3BECTeH — M B 9TOM IJIaB-
Hast TPYJHOCTD.

Crnacaer paccMoTpeHde BCIIOMOIaTe/IbHOIO ypaBHeHUs
¥ =A(@) (5.8)
Ouesuno, ecnu z°(8) — T -niepruogndeckoe peleHne ypasHeHus (5.7), to
y'(t) = 2" (Tt)

aApnseTcst 1-NeprHoauYecKM pelleHieM ypaBHeHus! (5.8), COOTBETCTBYIOLIMM 3Ha-
yeHuio A = T, u HaoGopoT. Takum oOpazoM, 3ajaya OTHLICKAHUS TNEPUOAHYECKUX
pellleHnit ypaBHeHus (5.7) 9KBMBAIEHTHA MOMCKY TAaKMX 3HAUCHMil napamerpa A,
p¥ KOTOpHIX ypaBHerue (5.8) uMmeer peutenns nepuosa 1.

3anaya (5.8) craHnapTHBIM 06pa30M CBOOHMTCS K NHTETPAILHOMY YPaBHEHUIO

y(t) = y(1) + A / F(y(s) ds,

YTO TOMEwaeT cUTyaunio B pamky (5.6). Crieunduka JaHHON 3amadM 3aKiIOYeHa
7

B TOM, 4TO HeTpuManbHoe ) pelliesue Z()) BO3MOXHO TONBKO TIPH TUCKPETHHIX

3HAYEHMSAX A — HeKHU aHaIOr AUCKPETHOTO CIIEKTPa HEIMHERHOTro Oneparopa.

Teopust BpalleHUst B TapaMeTpuyueckoM ciyyae (5.6) paboraer
B COUYETAHUU C JIOMOJHUTEIbHBIMU YXULIPEHUSIMU.

7
)S[Bnmomeecu HKMKIOM, & HE paBHOBECHEM.
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5.4.1. Ilycme
7[G($7 ’\l)’ Q] 7é ’)’[G(il:, ’\2)’ Q]

Toz0a npu nexomopom A € (Ay, A) na Q cyuecmeyem pewienue ypag-
nenus G(z, ) = 0.

< B nporusHoMm ciydae nons G(z, M) v G(z, Az) coenmHsUL 6bl HeBBIPOXKIEH-
HbII OMOTONMYECKUM MOCT

H(z,t) =Glz, tA + (1= D). »

Eme onHa monynspHas waes — gyukyuonasusayus napamempa.
B (5.6) BMecTo A moacTaBAsioT GYHKUMOHAN A(z), B pesyibrare yero
G(z, A) = 0 nepexoaut B

G(z, A(z)) = F(z) =0,

v eciu Bpameﬂne Y(F, ) OKa3biBACTCS HEHYNEBHIM, TO (5.6) umeer
pemienue z* € Q npu A* = \(z*).

Or ugen po vcrnonHeHUs myTh, KOHeYHO, HeGMI3OK. [1o uiyubeMy BeleHbIO
OGLIYHO He TIONyYaeTcs, OTOMY YTO BLIGOP (yHKUMOHANA A(z) — camocTositenbHast
npobaema. Ho oHa nce Xe MeHee cOXHa W Gojiee KOHKDETHA, YeM PACIbiBuaTas
3anaya (5.6), He NPUBA3AHHAA HI K KAKOMy KOHCTPYKTUBHOMY 3aMBICITy.

Korzna ypasHenue ¢ napaMeTpoM MMeeT CrieuuanbHbIil BUj
f(z) = Az,
€TO PelIeHUs Ha3hIBAIOT cobcmeennsimu eexmopamu onepamopa’) .

5.4.2. B newemnomepnom npocmpancmee ¢ cayuae 0 € Q) HesbIposcoeH -
Hotdi na ) onepamop [ ecezda umeem na Q0 cobemeennpiii 8eKmop, m. e.
f(z) = Az npu nexomopeix A # 0 u z € .

< Ecnu v(f, Q) # 1, To nose f He TOMOTOINHO TOXAECTBEHHOMY H, CJIEJOBA-
TeJIbHO, HpK Hekorophix ¢ € 2 u ¢ € (0, 1)

t-1

tflz)+(1 -tz =0, me f(z)= e

8) Mo aHanorum ¢ TUHEHHBIM cilyqyaem.
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Ecau xe ¥(f, Q) =1, o noste f He romorotiHo nomo —I{(z), n Toraa mpu
nexoropeix T € L u t € (0,1)

1-1

tf(z)—(1-t)z=0, me [flx)= e >

e Mycts 0 ¢ © u Bpamenue nonst & — f(z) Ha 0 wHe pasno nymo. Torma
ypashenne f(z) = Az paspeurnmo Ha §2 pu HEKOTOPOM A > 1. )

5.4.3. B HeuemnomepHom npocmpancmee cgepy
He6oaMocHo nputecams (63 MaKywKu), m. e. 3a-
dames Ha cghepe ieebipoicOenHoe KacamensHoe noae.

<« DTO cpa3sy CTAHOBHTCS SICHBIM, €CTIA LUEHTP Cephl
pPAacIONOXUT B HyJle ¥ NPUMEHUTb pedynbrar 5.4.2 K Ka-
carensHOMy nioo f(z). »

Orciona cielyeT, uTo Ha cdepe B R® niobas AMHaMMUECKas CH-
crema uMeeT paBHoBecHe. MHaue ropops, no0oi omeparop CAsura
U, OCyECTBISIONMIA roMeoMOopdhn3M S Ha S nipu Mo00OM (PUKCH-
POBaHHOM ¢, UMEET HETIOIBUXHYIO Tquyg).

JMHaMUUYeCKrHe CUCTeMbl 00d3aHbl MMETh PaBHOBECHE He TOJIb-
KO Ha cdepe, HO U Ha JPYTMX [JaJKUX IMOBEPXHOCTAX B R3. Eciu
U : M — M — onepamop cOsu2a MO TPAEKTOPUAM <«TIPUIMHHOTO>
o PepeHLMaNbHOIO YpaBHEeH!s, MMEIOICIO Ha M TOABLKO HU30JIHU-
pOBaHHbIE TIOJOXEHHs PaBHOBECHS, TO [4, T. 13}:

Vi Y ind(I - U, z5) = x(M),
J
rne x(M) — xapakmepucmuxa 3Jinepa MHoroobpasus M, z; —

HernoaBixkHbie TOUKH Uj. A TIOCKOJIBbKY B aCCOPTUMEHTE IBYCTOPOHHNX
1
CBSI3HBIX TIOBEPXHOCTENR 95 R?

M, M;,..., Mp,... (5.9)

" Ho CYILECTBYIOT FOMEOMOP(HU3MEL S Ha S Ge3 HeMoABIKHBIX Touek [4, T. 13].
19 g (5.9) M, — cgpepa, M\ — mop, ..., My — cgpepa ¢ P pyuramu.
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HYJIEBYIO XapakTEPUCTUKY Diljiepa uMeeT Juiib Top M|, TO KacaTesb-

HOe To7le Ge3 OCOOBIX TOUEK HEBO3MOXHO HU Ha OTHOH 3aMKHYTOI
2

nosepxHoctu My, p # 1, a He TobKO Ha chepe S°.

5.5. Jlemma Jlepe—Llaygepa

YacTHast Ha BUI CUTYauusl, KOrIa f (:L'), JNEHACTBYS B tn
R" = R @ R®, (5.10)

(baKTIYECKN IPOU3BOAUT U3MEHEH st JIULIb B TOATIpocTpaHcTse RY | —
OKA3bIBACTCSi OJIHMM K3 KpaeyroJibHbIX KaMHeil TEOpUM BpaiieHUsl,
obecrieunBas B TOM YUCHIE JIETKUIL NEPEXO] K PACCMOTPEHHIO KOM-
naKmuvix eeKmophbix noseii (riaasa 7).

Urak, mycrs P;, : R" — Rk, P, : R" - R’ — npoekropsi,
OTBevaromue pasnoxenuio (5.10).

5.5.1. Jiemma JNepe—Lllaynepa. [Tycms Q C R" — oepanuuennasn

obaacme, Qp = QN R* # &, u npu 3mom nose f onpedeaeno na 0,

1
HesbIpOXNCOeHO U YO08ACMBOPSeM YCAOBIUIO 2)

Vz€Q: P f(z) =Pz (5.11)
Toeda y(f, Q) = v(fr, Qk), ede fi, — cyacenue noas f na Q.

< Orp2HUYMMCS PacCyXXAeHUeM B NPEIIOIOXEHUY CBA3HOCTH ().

Honyerum casana |y(fi, h)] = m # 0, u nycrs 4 : R — R¥ — nexoropoe
HEBRIPOXIEHHOE JIMHEIHOe 0TOOpaXeHue ¢ IeTEPMUHAHTOM, 3HaK KOTOPOIo COBMA-
naer ¢ sign y( fi, QL) BeiGepeM B €1 pasnuuHble TOYKH T, ..., T, U U0 7 > 0
TaKHM 0GpasoM, uToBsl mapst B(r, ;) (§ = 1,...,m) nonapHo He mepecexanych
u nexanu B 2.

[TocTpouM fajiee HEMpephIBHOE OTOGpaxeHue @,

p(z) = P f(z) na 9,
p(r) = A(Pyz — z;) wa wapax B(r,z;),

W CoorHowerne (5.10) niogpasymesaer, yto MoGoii BekTop € R" npedcTaBAM B Bude
CYMMBL T = U4+ U, rie 4 € ]Rk, v ER’,

2 g noaxoAAuielt cucTeme KoopauHar yciosue (5.11) osuauaer

f(z):{f](z),---,fk(z),Zk_)_h...,fE"}.
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. . .
¥ MIPOMOJIKUM ero Ha (Y, TaK, 4ToObl y HEro He NOsIBIINCH HOBBIE HYTTH %) w obpa3 O
nexan B RY. 3areM MpomomKuM ero yxe NpOM3BOIBHBIM 06pa3oM Ha BCe MHONECTBO
) co anavennsivi B R® (Teopema 4.5.4). [Monoxum, Hakosel,

h(z) = p(z) + P,z. (5.12)

4
T10 TTOCTPOCHHMIO, HYASMU Tonst b GyyT TOYKM Z; 1 ToisKo oHu. HpH arom ¥

ind(h, ;) = ind(hy, z;),

rne h; — cyxeHue noas h Ha Q.. TIoaToMy U3 meopemst 06 arzefpauuecicom Hucae
Hyneil cnenyeT

A nockonsky h(z) = f(z) Ha €, To

7(f, ) = 7(fe, ).

B cayuae v( fr, ) = 0 JloKa3aTebCTBO COBCEM HIPOCTO. BHauare 0T06pa>1(eﬂ1/1e
P, f npoaonxaercst 10 HEBLIPOXIEHHOro Ha Qi 0T06pa>1(eH1/1;x €O 3HaUYeHUsMU B R
a 3aT€M YKe MPOU3BONBHO HA § CO 3HAUEHUAMH B R*. Hanee BBOZMTCH q‘gyﬁxum
h(x) Bupa (5.12), npu 3ToM 06a BpaiIeHUs 7(h Q) " 7(hk, QL) OyayT paBHbl HYIIO.
C apyroit croponsi, y(h, ) = 7(f, ), (g, %) = v(fi, u). »

Jlevma 5.5.1 apdekTrBHA KaK MHCTPYMEHT TOHIKEHUST pa3Mep-
HOCTH 3a/iauy TNpPHY BbIYMCICHUA BPaLIEHUS!.

Ha npakThKe «CIydarorcsi» oro0paxeHus €, sBisiommecs #pamoi
eymmoil @ = @, & P, noneit Y M P, B CMBICTC

B(z) = Dp(Pyz) + Bs(Ps), (5.13)

rie Py : R" — Rk, P, : R" - R’ — npoeKTopbl, OTBEYaIOIINE Pasio-
xenuio (5.10). Dro uyTh Gosee obuias CUTyalys, yem B aemme 5.5.1,
rie ®s(Psz) = Psx. Tonpocty rosops, (5.13) npu yaauHoM BeiGope
CHCTEMBI KOOPIMHAT O3HAYAET, UTO TiepBble k KoMmoHeHT P(x) 3aBu-
CSIT TOJBKO OT {Z1, . . . , Ty}, OCTANbHBIE — TOIBKO OT {Zt1, -+« , T}

5.5.2. Ilycmb noas @y @, sadanvt u HeBbIPONCICHbI, COOMEEMCMBEHHO,
na QU = QNR* u Q, = QN R®, u evnoansemen (5.13). Toeda none

13
) 310 BO3MOXKHO B cuaty Teopembi 4.5.1, M6o BpalueHMe ( Ha rpaHuLE 061acTH ONpeeieH s
PaBHO HYJIIO, 1O [OCTPOEHHUIO.
14 .
B cuity yreepxkhenus 5.1.2,
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@), ® By Hesviposcdeno na 2, u
V(i © Dy Q) = 7(Pp; Q) - (P55 Q). (5.14)
<« Kommnexr «5.1.2 myuoc 5.5.1» jierko cnipapasieTcst ¢ JOKA3aTeLCTBOM. P

Teopema 5.5.2 oxa3bIBaeTcst KCTATH TP M3YYEHUH CHCTEMbI C1abo CBA3aHHDIX
YpPaBHEHU

{G,(u,v)=Fl(u)+Q'(u’”):0’ (5.15)

Gy(u,v) = Fy(u) + Q(u, v) = 0.

Cnabo cBA3aHHBIX B TOM CMBIC/IE, YTO A0GABKM () U @, JOCTATOYHO MBI 11O HOpMe
[0 CpaBHEHMIO C HOpPMaMu INMaBHBIX Yacteit Iy u F,. Manocrs no HopMe 106aBox
Ha () obecrieunBaeT HeBLIPOXAEHHOCTh TOMOTOIIUM

H('U,, v, t) = {Fl (u) + tQ](u! ’U)a F2(u) -+ th(uﬂ ’U)}a
koropas nepopmupyer G = {Gi,G,} us (5.15) 8 none F = {F,F,}. U ecnu
Y(F, Q1) # 0, 7(Fy, ) # 0, 10 Teopema 5.5.2 rapaHTupyer
1(G, Q) #0,

OTKyjia CllefyeT paspelnmocts (5.15).

5.6. Utepaumn n npuHuun Bpayaepa

Hocne Toro kaxk npeomoneBaeTcsi TOMOJIOrMYECKUiA 6aphep, Teopus
BpaILIeHKsl Ha MEPBBIX TOpaX CTAHOBUTCS OYEHb IPOCTOM U CKYYHOIA.
[loToMy uTO BCe KPYTUTCSi B OCHOBHOM OKOJIO JIMHEMHBIX AedopMa-
LM, ¥ MHOTOKpPAaTHO BapbUPYETCsl U3-32 MHOIOOGPa3usi COMYTCTBYIO-
KX 06CTOATENBCTB. OIHAKO Ha CJIEIYIONIEM BUTKE CIIMPAIN HOCTPOE-
HUst YXOIAT B JOBOJBHO KPYThI€ BUPAXH, ¥ TaM XBaTaeT roJiOBOJOMHBIX
OCJIOXHEHW, HATIpPUMED, B CBSI3U C meopemamu poOCmaeHHOCH,

O CONPUKOCHOBEHMU TEOPUU BPANIEHUSA C TOHKUMU MaTepUsIMH
CBUACTE/NILCTBYET TakXe Oojiee-MeHee LIMPOKO MBBECTHBIN ApuHyun
nenodauxcroii mouxu bpaydepa.

5.6.1. Teopema Bpayaepa. /Iycms B C R" — 3amxnymoe BbINYKA0E
mHodCcecmeo, u onepamop A, deiicmeayowuii ¢ R”, nenpepween, npuvem
ons wexomopoeo ko > 1 npu awbom k > kg

A*(B) C B. (5.16)

Toz0a A umeem ¢ B nenodsusicuyio mouxy, npuuem y(I — A, B).
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Cpa3sy oueBUIHO IPUIOKEHUE K QUCCUNAMUBHbIM CUCMEMAM, B KO~
15
TophIX (5.16) BHITOJIHSETCSI ) U3-32 SHEPIeTUIECKUX MOTEPD, 1 APUH-
yun 5.6.1 rapaHTHpyeT CYIECTBOBaHHE PABHOBECHS.

J0Ka3aTebCTBO TeopeMbl 5.6.1 TpoMO3/Ko, U TIpH Bbl6paﬁH0M
ypOBHE JAeTaln3aLM1 U3J0XKEHUSA TIPOILE 06oiiTH ero cropoHoi. On-
HaKo Ha caMOil CXeMe eCTh PE30H OCTAaHOBUTHLCS, MO0 TaM BCIUIHIBAIOT
nosesHbie GakThl OTHOCUTENbHO Umepayuii onepamopos 19) i zaBucu-
MOCTH Me3X/y BpallleHUsIMM BEKTOPHBIX TOJIEH

o, =I-A u ®,=1— A"

Ecmu APE = €, To € Moxer He ObITb HEMOABHXKHOH TOUKOH
ornepaTtopa 17) A, HO
AL A%, ... AT (5.17)

Gy/lyT HETIOABXHBIMK TOUKaMM OIepaTopa AP | 4to JIErKo ycTaHaB-
nmpactes: APAE = AAPE = A¢ n r.a Tlpu stom ecnu AL # ¢
¥ YMCIIO P TIPOCTOE, TO 6Ce MOUKU (5.17) pazauunst. (?) A ecnu § —
usonuposaHHslit Hyis onst AP (z), 1o (meopema 7.7.3)

ind(®,, £) = ind(®y, A¢) = ... = ind(®p, AP7'E). (5.18)

[TosTOMYy B ciyuae NpPOCTOro p, ecau y A Hem HenoOeuNCHbIX
mouei, Bce HyI O, = I — AP B B pacmajaiorcsl Ha Ipymibi

g, AL, A, AT

B pesynsrare mo Teopeme 5.1.1 06 anrebpandeckoM Yncie HHICKCOB,
¢ yuetoM (5.18), HOJKHO ObITH

1(®p, B) =p 3 ind(I - 47, ),
j
e Y(®p, B) = 0( (mod p), uto B moboM ciydae He BSKETCA C He-
obxommocTbio 7(®,, B) = 1, BhiTeKawomield 13 TpeGOBaHUS (5.16).

15) Benu nog, A nogpasyMeBaTh CABHL 110 TPAGKTOPHSAM 32 SAMHHLY BPEMEHN.
%) TToapo6HO pacCMOTPEHHBIC B pasaeiie 7.7.

.

7 CpapHuTe ¢ yTBepxxsetyem 2.2.1.
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TakuM o6pa3oM, mpearonoxeHue 06 OTCYTCTBMU Y A HEeNmomBIKHBIX
TOYEK BeeT K MPOTHBOPEYLIO.

OcHoBHas TAXECTh NOKA3ATENbCTBA MPHXOOMTCST Ha oGocHoBanue (5.18), He cun-
Tas BCAKUX OTOBOPOK, MO3BOJMAIOUIMX, B UYACTHOCTH, BECTM PACCYXICHMS B NPEANO-
JIOXEHN U30JMPOBAHHOCTH HYJIEH.

5.7. BexTopHbie nons Hopmanen

B TeopeTMyeCcKuX MOCTPOEHUSIX HOBOIBHO YaCTO NPUXOAMUTCS OLIEHU-
BaTh BpalleHHe BEKTOpHOTO oSl f () BHelHuX HopManeit o6actu
C rajikoi CBA3HOM rpaHuueit. [TomHbIi cUcoK ABYCTOPOHHUX IO-
BepxHocteit 2 B R® ncyepnbisaior cgepsr ¢ pyuxamu [4, T.13].

[MpukneuBanue pyuxku K chepe S§? ¢ R® moxuo NPEACTABISITh
cebe Kak NmpukiIerBaHue K S? OJHOMEPHOW OyrU C nocjaeaylomuM
pasgyTUeM TOM B IBYMEPHYIO TPYOKY M YIaJIeHUEM [1epEropOmoK MexXK-

Ly BHYTpEHHOCTAMU chepbl U pr61<1/1l B pesynsraTte

MOJIyyYaeTcs mop.

.3
Bech cricox ABYCTOPOHHMX MOBepxHOCTeW B R” MpUHATO 3amy-
cbiBaTh B Buge (5.9),
M, M, ..., M,,...,

rae M, — cgpepa, M, — mop, ..., M, — cgpepa ¢ p pyuxamu. Tosepx-
HOCTH KIaCCUPULIUPYIOTCS] C TOYHOCTBIO IO roMeoMOop(hu3Ma, NO3TOMY

®p [4, 1. 13] onepauus omuceiBaetca unave, u Gosee NOIPOGHO.
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¥X KOHKPETHBII BHJ TOABEPXKEH AedopMallMOHHOMY Tipou3sBoiny. Bor
BapuaHtsl My n Ms:

[ToHayany MOXKET TOKa3aThCsl, YTO CMHUCOK (5.9) HETIOJIOH, TIOTOMY
YTO JyI'M MOXHO NMPUKJIEUBaTh HE K MCXOAHOM cdepe, a K TOTOBBIM
yke pyukam. Ho B mpegenax TONOJOrMYECKOW SKBUBAICHTHOCTH 3TO
HE ITaeT HOBBIX MOBEPXHOCTEl, B UeM JIErKO yOeaUThCS 19)
5.7.1. Bpawenue noas f(x) enewnux nopmaneii na cgpepe ¢ p pyuKamu
M, codepacaweti Hyab RPOCHPAHCMEA GHYMPU ce0fL, pAGHO

1(f Mp) =1-p. (5.19)

« Tlycre ©, 0o6o3HauaeT 3AMLIKAHHE BHYTPEHHOCTH M,, r.e. ©, —mapcp
pyukamu. B ciyuae p = 0 rosepxsocTs M, asisetcs chepoit, u (5.19) oueBumHo.

[epeitnem x Topy M;. Paspexem ©, no mepuanady

)

W NPONOIIXMM Tojie Hopmalteit ¢ M, Ha ceuenue 11 Ges Hynei » , cobniopas Tpebo-
panue " ||f(z)]| = 1 » nanpasisas Bee f(x), ckaxew, srpaso ot IT. [lajee passency
06pa3zoBaBLLUKECs TOPUBL, W IMOIYYMM HWIMHOD C ¢ 6oxoBOii noBepxHOCThIO M,
u ocuosanuaMu II; u II,, kakossie cyTh konuu II BMecCTe ¢ TOCTPOCHHBIM NPO-
nomxenveM f(z) na I1. O6pa3 rpaHuubl UMIMHLPA f((f) COBIAAAET C EAMHMYUHOM
cepoit S, npuuem o6pasbt ocHoBanuit II; u II, momanator Ha S B OOHO M TO Xe
MECTO, 0Bpasys JBYCIOHOe «ILITHO», B KOTOPOM OPUEHTalMH CNOEB MPOTHBOMO-
JIOXHBI, ¥ MOTOMY

v(f, M) =4(f,6)) =7(f,.C) =1-1=0,

4TO ONSTL-TAKM yKIajsBaercs B (5.19).

19) Topasno TpymHee OpMEHTHPOBATHCS B KIACCHUKAUNM OJHOCTOPOHHHX MOBEPXHOCTENH,
IONY4aEMBIX 3aKIEUBAHIEM OTBEPCTUI B 8% aucmamu Mébuyca, HO ¥ TaM BOMPOC UCHEPILIBA-
pue pemaetes [4, T 13].

20) Bo3MOXHOCTb HEBLIPOXASHHOTO npoxomkenus f(z) na xpyr Il oueBumHa, IOCKOMBKY
IPOXOKEHHE HE OBsI3aHO OCTABAThCH B [LIOCKOCTH Kpyra.

21) Yerp peerma MoxHO po6uThCs mepexonom ot f(z) x f(z)/If (@)
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Hajiee taxoe xe paspesaHue OOHON M3 pyqexzz) B M,, p > I, anajjornisbim
obpasom yBeauuusaeT spamienue y(f, M,) Ha emuuuuy, T.e. go Y(f, M,.,), uto
MH/YKTMBHO f0Ka3bBaeT (5.19). »

IlpoBeneHHOe paccyxXAeHMe ABIAETCS HEe CTONBKO IOKA3aTENbCTBOM, CKOMNLKO
OTNPABHBIM MYHKTOM ISl CAMOCTOATEJBHOH TPEHMPOBKM, MOTOMY UTO COAEPXUT
Maccy MEJIKMX MOrpeliHocTel, Tpebyloux yTouHeHuit U oropopox. Maes u kapkac
JIOKa3aTebCTBA — 3AECh HAIMIUO, OCTANBbHOE B €CTECTBEHHBIX YCIOBMSIX PA3yMHO
ocTamiATh 3a KaapoM. IToToMy 4TO Korzma Bce paszkeBaHO M 3abphI3raHo ASTaisgMHu,
pa3obpartbes OniBaeT elte ciioxHee. [TonpocTy ropopsi, ONUPATHCS Ha YYXKYIO TOMOLb
yIoOHO, HO YMCTMTD 3YOR! JIyylle CaMoMYy.

B R* ma chepy S° momumo pyYeK, INoJydyaeMbiX MPHKIEHUBAHU-
eM x §° OHOMEPHBIX AYF C MOCIELYIOUWIMM MX PasgyTUEM, MOXHO
CTaBUTH U JPYIHE <«[IPUCOCKU», TIOJYYaeMble MPUKIEUBAHUEM K s?
JOBYMEPHBIX KPYTOB (HE INMepeceKaiomux s? ) TIO TPaHUYHBIM OKPYX-
HOCTSIM C TIOCJIEAYIOIIUM Pa3ayTUEM TUX KPYroB B R*.

5.7.2. FEcau My, obosnauaem cgepy $*Cc R ¢ NPUKACEHHBIMU D
pyuKamu u q «npucockamu», mo epawerue noaa f(x) enewnux Hopmaneii
Ha My, pagHo

W Mpg) =1-p+g. (5.20)

<« Xors neizax B R* Tepser HarsgHOCTh, aHATOTMYHO NpesblayLueMy, ¢ no-
MOIIBIO Pa3pe30B YCTAHABIMBAETCA, YTO BpAlLeHME NOJNsS HOPMajie#t YMEHbLIaeTcs
Ha | npy N0BaBieHMy PYUKM M YBEIHYMBAETCA HA | Py HOBABJIECHMM «IIPHCOCKM»,
uto ¢ yyetoM y(f, §°) = 1 maer (5.20). »

3

O6paTtum BHUMaHMe, yTo B R” BpaineHue 1101l BHEUIHUX HOpMa-

Jieii IBYCTOPOHHEN CBA3HON MOBEPXHOCTH MOXET MPUHHUMATL TOJLKO
3HAYEHUS

=k, ..., —1,0,1,

3
TOrJa Kak B ]R4, a 3HayuT, ) us R" npu n > 4, MOXET GbITh JIIOGBIM.

2! HECKOTOPOM OTHOUIEHMHK VEOGHEE NENaTh ABa pa3pesa, BbIpe3as HeOONbLUIONH HATHHAPHK

# nponomkas f(z) Ha OCTaBLIEHCS YaCTH «BOBHE», 3 Ha UWIHHADUKE <BHYTPb», [OCIE YEr0
MOJTB30BaThCS PopMynoit (3.5).

) Cu, nemmy 5.5.1 Jlepe— Llayodepa.
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5.8. HeueTHble nong

BekTopHOE Nolie f Ha3bIBAIOT HeuemHbiM Ha EHTPalbHO-CUMMETPUY-
noMm MHoxecTse I', ecnn f(—z) = — f(z) npu mobom z € I'. Ecn
HeueTHoe roJie f 3aaHo Ha I'paHumIie Liapa B ¢ ieHTpoM B HyJle, TO €T0
BpallleHUe Gcezda HeuemHo, a 3HAYMT, He paBHO Hymo [4, T. 13]. Paxr
OTHOCHUTCS K BeCbMa YaCTHOMY CJIy4alo HEYETHBIX TTOJIei, HO JIMHeHHas
rOMOTOTHUS «1ehOpMUPYET» GE3AEAULY B IPONYKTHBHOE YTBEPKACHHUE:

5.8.1. ITycms eexmopbl nesbipoxcdennozo na B noaa f(Z) 6 cummem-
PUUHBIX MOUKAX HANPAGAEHb HeOOUHAKO0B0, M. e.

f(z) f(==)
IF@I " If =2l

Tozoa y(f, B) newemio, u ypasnenue f(x) = 0 paspewumo ¢ B.

T € B.

£

« B ykasanHBIX npepnosnoxeHusx f(Z) roMOTONHO HEUETHOMY BEKTOPHOMY
nomo f(z) — f(~z). Dedopmauueii MOXET CYXUTh

H(z,t) = f(z) - tf(-z). »
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Aunamuyeckme cucremsr

When a man is out of sight, it is
not too long before he is out of mind.

Thomas Kempis

HuKTO He 3HAET, YTO TAKOE PEANbHOE MPOCTPAHCTBO
U BpEMsl. HoB MOOCIbHOM MCHOJNHEHUM ITO Koppein- <>
PYET C «H3MepeHuAMU» ¥ ONIYILEHMSMM, YTO ONEBAeT

MMpPO3JAHKE B BUPTYAIbHBIE OIEXIbI, MACKUPYS! CYT, \

HO faBas HaMek. M Mbr 0OpeueHB MCKaTh UCTURY, J0-
BOJIBCTBYSICE aHaNOIMeH.

6.1. Onepatop cpBura no TpaekTopmuam

Pemnenue z(t) = p(t; s, ¢y) 3adauu Kowu
= f(z,t), z(s) = xo, (6.1)
MOXET ObITh 3allUCaHO KaK
Uis(zo) = p(t; s, x9),

rae Uys, nepesonsdmmit Touky z(s) = o B (), Ha3bIBAIOT onepamo-

pom cdeuza MO TpaekTopusM AudbdepeHIaNTPHOIO YPaBIICHUS (6.1).
1 .

ABTOHOMHBIE CHCTEMBI ) XapaKTepHU3yioTcs CBONCTBOM

Uis = Ups.

Dp Kotoprix f(z,t) Paxruuecku He 3aBucur ot ¢,
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Hoayepynnosoe ceoiicmeo oneparopa CIBHIa,
UtsUsr = Utr, (6-2)

03HAYyaeT, YTo ABUXKEHUE U3 OO0 TOUKU T; HE 3aBUCUT OT TOIO, KakK
e
cucTeMa ABUTaIach A0 3Toro. JIpyruMu crnoBamu, eciu )

zt = Uy Xy,

U «I10 IOpOTe» B MOMEHT § CHCTeMa MpPUILLIA B TOUKY T, TO O IIPEBIC-
TOPUM MOXHO 3a0bITh ¥ ONPENETUTh Ty KaK T = UsZ,.
B aBroHoMHOM ciyuae (6.2) TpaHchopMupyeTcs B

U, Uy =Uyyr, (6.3)

OTKynOa
Ut =u,,

B CMJIy Yero guHamuka & = f(z) Golblueit 4aCThIO CBOOUTCH K U3yUe-
o orrk
Huio urepaumit U omeparopa caura U = U| 3a eaHULY BPEMEHH.

B HEKOTOpBIX Cpe3ax TEOPHU TPECTAaBISIOT MHTEPEC YCIOBUS
InddepeHIUPYEMOCTH OMIEPaTOpa CABUTA.

Mycte zo(t) = {m?(t), ,:c?v(t)} — pewenue (6.1) B ciayyae
s = 0. lomycTum, nipaBast yacth f(z,t) HempepbsiBHO nuddepeHum-
pyeMa 1o £ B OKPECTHOCTH Tpaektopun peteHus Zo(t) (0 <t < T).

6.1.1. @yndamenmanvras mampuya Xo(t) auneiinoii cucmemot 3)
& = Ay(t)z, (6.4)

20e

Ao(t) =

3

8fi(t, 21(t), ..., () ]

8:cj

asasemes npouseodnoii Opewe onepamopa cdsuza Uy (xg). <

) ApPTyMEHT ONEpaTopa CIBUra YacTo YKa3hBaloT 6e3 ckobox, Uyt = Uy (z).

3 Cucremy (6.4) HaspIBAIOT Yp em 6 éap X.

¢
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<« Juddepenunpys
d
_d_t'p(t; 0, m) = f(t,p(t; 0, m))’

[0 T B TOUKE g, MOJy4aem

d
;l—tpé(t; 0, 20) = fo (t, p(t; 0, 7)) P (t; O, Tp).

TToatomy Marpuua p’, (t; 0, »y) ynosnersopser InddepeHUHATBHOMY YPABHEHMIO

dx

A ax kak p,(0;0, zo) = I, To py(t; 0, 7g) = Xo(t). »

6.2. BbiHyXaeHHble KOonebaHus

Korna B & = f(x,t) npasas yacts T -nepuoduuna 4 no ¢,

flz, t+T) = f(z,t), (6.5)

B CHCTEME BO3MOXHBI T'-1€pUOANYHbIE PELIECHHUS, XapaKTepu3yeMbie
ycnoueM Z(t + T) = z(t).

6.2.1. Teopema. [na cywecmsosanus T -nepuoduunvix peuienuii z(t)
Heo6x00umo u docmamouro, umobst y onepamopa cdsuza U, = U, , 6biaa
Henodsudcnas mouxa Ty, m.e. U (zg) = zo.

< Pagencrso U, (zy) = Ty o3nauaet, uyro Tpaextopus & = f(z,1), Buxomsiwas
M3 To, BOSBPAIAETCS B Ty yepe3 BpeMs T, a 3T0 M ecTh T'-NepHOIMUECKOe PEILEHHE.
Tak yTO Heobx0dumocms OYEBHBHA.

C docmamounocmero ToXe BCe MPOCTO, HO He Be3 MNO3MIA, cM. Hinke. Cres-
craueM T'-nepuoduunocmu f(z,t) asnserca
Uirrr = Uy,

HoaroMy u3 cywecTsoBanus T -Hepuognueckoro pewenus £(t) = Uy (:1:(0)) , B CHTY
z(t + 1) = z(t), Berrexaer U, (zo) = Ty. »

9 Mpu ynomunannu T -nepuosnyHOCTH NOAPA3YMEBAIOTCS MEHUMAIbHBIE 3HaueHus T' > 0,

IS KOTOPBIX MMEIOT MECTO TOXAECTBa ThMa (6.5).
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3agaua 00 asmoxonebanusx B aBBTOHOMHOM cucTeme
& = f(z)

C XoOy KaxeTCd MNpolle, HO PeIacTcs BO CTO Kpar ClOXHEE — H3-32 TOTO, 4TO
o 5
nepuon MCKOMBIX KoJieOaHui anpuopyu HEM3BECTEH )

VnoMsiHyTble BHIILE WUIO3MM CBSI3aHBl C TEM, YTO CJIEH OT [epHOAMYECKOro
peurenysl B (pa3oBOM MPOCTPAHCTBE TMpPeACTABAACT COOOM 3aMKHYThIA KOHTYp, ¥ NpU
JIETKOMBICJIEHHOM B3IJIAIE KaXercs, YTo Jio0as TOUKa 3TOr0 KOHTYpa HEMOIBMXKHA
B cMbicie U, (@) = Ty, M3-32 YEro TPAeKTOpusa KoneGaHusl HE MOXET camorepe-
cexaThCsl. DTO B CaMOM fielie TAK B Cliyuyae aBTOHOMHOI CHUCTeMbl. B HeaBTOHOM-
HOM clydae TOUKM &(f) MEpPMOIMYECKOro pELUeHMs SBIAIOTC HENOABHXHEIMHU s
oneparopos U, ,. TlpuMepoM MOXET CLyXHTH CaMONepeceKaloliascs TPacKTopusl
HesNHeHOTO ypasHenus Hyppunea 6

. i‘:+ui:+'ym3:Asinwt

Mpy HEKOTOPOM COOTHOMIEHMM NapaMeTpoB.

HsyueHue ebinyscdennbix koaebanuil €CTECTBEHHO M MIOYYUTENbHO
HAaYMHaTh C IMHEHHBIX CUCTEM BUIA

an(t) e aln(t)
p=At)z,  AB=| : : (6.6)

ani(t) ... Gpn(t)

¢ T-nepuoanyHoii marpuuein A(t). Pemrenus (6.6), Kax M3BECTHO
[4, 1. 2], MoryT 6bITh 3amucaHbl B hopme

z(t) = X (t)zo,

5) pasnosecue B & = f(z) sBaserca T-nepuonuueckum npn moSom T'. Ton agmoxoneba-

Huamy MONPA3yMEBAKTCS MEPUOANYCCKUE peUICHUS, OTIUYHBIEC OT COCTOSiHUM paBHOBECHA.

1
% Tou Hee, ypaenenus ¥Y30a, OMUCHIBAMIErO JBUKEHHNE IAPUKA B IOTEHLUANBHOH ﬂMe-Z’)’Z4
Npy HATAYUAYM TPEHUSL.
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tne gyndamenmanvras mampuya X (t) ects onepatop cuBura Uy —
T -nepvoaMyHOCTh KOTOPOTO NPOBEPSICTCS: TIOACTAHOBKON B (6.6).

®yHnamenTanbHyio Matpuny X (T') (casur Ha NEPUOM) Ha3bIBAIOT
mampuueti MOHOOPOMUL, A €& COOCTBEHHBIE 3HAUCHUSI — MyAbMUNAU-
xamopamu cuctemsi (6.6) 7).

Peuenust opropoaHoit cucreMbl (6.6) MO3BONSIOT CTaHAAPTHBIM
00pa30M BBIMUCIUTD PEIUEH!sS] HEABTOHOMHOM CHCTEMbI

&= A(t)z + f(t) (6.7)

¢ T-nepuomniubiMu A(t) u f(t). PacnpocrpaHeHHBIH npu 3TOM
BapUaHT: MATPULIA — HE 3aBUCUT OT BPEMEHU, a BHEIIHEE BO3/ICiICTBUE
Ha cucremy f(t) mepuoguuHo.

<« Pewenue (6.7), kak usBectHo, naetcs GopMy1oii
¢
= X(¢) :l:0+/X X~ (s f(s)ds (6.8)
0
ToaTomy us Ty = z(T") (n.6.2.1) cneayer

T
=[I- X(T)}“' / X(T)X ' (s)f(s) ds, (6.9)

AL CHPaBENIMBOCTH HETO Heobxodumo u docmamouno, 9TO6EI 1 He Owlia myssmuniu-
Kamopom cucTems! (6.6). »

YeroituuBocTs HNEPUOANYECKOrO peHICHUS — SBISICTCS ONHUM
U3 TIaBHBLIX BOMIPOCOB.

6.2.2. Teopema. Ecau ece myavmunauxamope: cucmemer (6.6) no mo-
dyaro cmpozo menvuie edunuybt, mo nepuoduueckoe pewenue (6.7) cywe-
cmeyem, eOUHCMEEHHO U ACUMRMOMUYECKY YCHOU4UBO.

7 HAnst cuctemsl & = A ¢ NOCTOSTHHBIMU KO3(PULIHEHTAMHU: X(T) = eAT, a MyABTUIUIA-
Karopsel g = e’\"‘T, e Ay — COGCTBEHHBIE 3HAYEHUA MATPHLLT A, MNpu o1oM |pg| < 1 B TOMM
cnydae, xorma Re Ay < 0. Y ecnm matpuua A ycroitumsa (Bce Re A, < 0), oneparop casura
33 NMEPUOM UMEET CIIEKTPANBHBIA pafiMyc MEHbIUNIA 1, U II03TOMY CXXUMAET B HEKOTOPOIt HOpME,
m2.3.1.
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4 CyLIeCTBOBAHKE ¥ SIMHCTBEHHOCTD TIEPHOMMYECKOTO peluenns &' () rapaH-
THpYETCs BBIUKCACHMEM Zo 11O opmyne (6.9) ¢ nocienyiomieii noacraHosKoii B (6.8).
W3 oBweit 3anmucu (6.8) pewienus (6.7) BbiTeKaeT

z(t) — z*(t) = X (t)[z(0) — 2" (0)],
rae onepatop casura X () no tpaekropusiM (6.6) T'-neprHoaMyeH, v [O3TOMY, €CH
t=kT +s,tne s<T,

X(t) = X (kT + 5) = X* (1) X (),
yTo Breuer 3a coboi X(f) = 0, Te. z(f) —z'() = 0. MomuMo 3TOTO, B HOPME

w3 nemmst 2.3.1 || X ()|l < A¥||X(s)|l,. Tlosromy X () crarusaer B TOUKy JI0GOI
urap {|z|ls < 7, 4To obecneyusaetr ycmoituusocms no Janynosy. »

[epuomuueckoe peutenue (6.7), moaydaeMoe BBIYHCASHMEM Ty MO (bopmyie
(6.9) ¢ nocneayolLLelt NOICTAHOBKOM B (6.8), NMPMHATO 3aNMCHIBATE B oOpME

T

z(t) = / G(t, s)f(s) ds, (6.10)
0
I/I€, KaK HETPYIHO IIPOCIEINTS,
X(t)(I - X(T)) "' X7\(s), ecm0< s<ELT,
G(t, s) = (6.11)

X(0)(I-X(T)) " X(@)X7'(s), ecm0<t<s< T

®ynkuua Ipuna. Sapo G(t, s) (¢, s € [0,T]) nuueitHoro nHTe-
rpajbHoro oneparopa G,

T
Gf = / G(t, s)f(s) ds, ' (6.12)
0

onpeaeneHHoe TpaBod wacTbio (6.11), HasblBaOT @yuxyueli [puna
nuHegoro nuddepeHnalbHOTO OllepaTopa

Lz = () — A(t)z(t)

nipu T -TieproaAnyeckKux rpaHnyHbIx yciaoBusix. Oneparop G apnsercs
obpataeiM K L, G = L

Tpancdopmanus 3anauu 3 JuddepeHIUANLHOW B MHTErpalb-
Hylo GOpMY, ¥ 0OpaTHO, TO3BOJISET Ha «4YXOi» TeppUTOPUHM CHATH
NMeHKU ¥ JOCTUYb ONPEAETEHHbIX BhIroa, [10 9Tol NpuYnHe CBONCTBA
oneparopa (6.12) nonanaoT B GOKYC IPUCTaIbHOIO BHUMAHUS.
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6.2.3. Teopema. Onepamop G Oeiicmeyem u enoane nempepvigen Kax
onepamop uz C[0,T| ¢ C[0,T], a maxce u3 L,[0,T] ¢ C[0,T] npu
aobom p > 1. <

Qyrkuws TpuHa BO3HMKAeT U B GoJiee IHPOKOM KOHTEKCTE NpH oGpaiieHmu
N 8
JmHeiiHOro AuddepeHLMaIbHOTO onepatopa ) ¢ TeMu WK HHbIMY KpaeBbIMU ycio-
Busimu. Hanpumep, nycrs G(t, 5) obosHauaer peilienne ypabHeHus

LG{t,s) =d(t — s)
MPH HEKOTOPDIX 33JAHHBIX KPAEBbIX YCIOBHSIX, I/ie
Lz = 2™ + a,(t)z™ D 4+ ... + G- (1)2' + ay(t)z

— nuddeperumanbHbli oneparop, a §(t — 5) — eaMHUUHbIH UMITYJIBC.
ITockonbky

10 = [ 163e-5ds, L7969 = F)0e ),

M CHCTEMA YLOBJIETBOPSET NPUHLMIY CYNEPNOZHLMM, TO PELNGHMEM YpapHEeHus
Lz = f(l) Gyzer

z(t) = / G(t,s)f(s) ds.

B Teopun apromatudeckoro perynuposanus G(t,s) HasbiBaior UMBYAbCHOIL
nepexoOnoii gynkyueli, v Ha cucremy L J(t) cmotpsar kak Ha npeoGpasosanue

exo0a f(t) B avixoduoii cuenan z(t),

B craunonaprom ciydae G(t, s) siBasiercst GyHKIuei b OZHOTO napaMeTpa
7 =1— 5. OT0 NPUBOAMT K 3aBUCHMOCTH

o) = [ Gse-rar, 613)

ubo ypastenne LG(t — 5) = d(t — ), onpenensiowee GyHKLMIO G, MOCTE 3aMEHb]
7 =1t~ s nepexonut B LG(T) = d(7), uro onpenensier G(7) Kak peakuuio cucre-
MbI Ha €IMHCTBEHHOE UMILY/ILCHOE Bo3AelicTBue d(T), 3Has KOTOPYIO, BOCIENCTBIN
MOXHO BBIYHCIIATH PEAKLHIO CHCTEMbI Ha M0Goe BHelHee BoaelicTaue f(t) no dop-
myJe (6.13).

Hekoropbie npuHumnyabibie acekTsl HCMOMb30BaHMs (BYHKITHIL Tpuna, xo-
TOPBIE HACTO OCTAIOTCS HE3aMeUeHHBIMH, obcyxaalores B [4, T. 2],

8 C yacTHRIMM HAPOU3BOAHLIMY B TOM 4UCIIE.
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6.3. pagneHTHbIE NMONS N HEBO3BPaLLaeMOCTb

Jlnst usydeHus Haubosnee KOMPOPTHBI TPATUEHTHBIE CUCTEMBI 2
z = V(z). (6.14)

Vo6ctBo (6.14) 3aKkmouaeTcs B KOHIEHTPaluH XUTPOCTIETEHMM MHO-
TFOMepHOT0 BEKTOPHOTO TTOJIsk Ha OfiHO# IToBepxHOCTH 2 = (). «Tpa-
exropui» {z(t), z(t)}, 2(t) = ¢(z(t)), B3GHMpaIOTCA Ha BEPIIMHbI
5TOii TTOBEPXHOCTH, JTMOO CTEKAIOTCSl BO BIAJIMHBI B CIyYae aHTUIpa-
JMEHTHOTO IBMXeHus & = — V().

S
e, St
P AR (s o B e e
e

LA
sl

=

B uucroM BHUJE rpagMieHTHBIC CUCTEMBI PEIKO BCTpEHaIOTCSL 10),

HO A U3yveHns JTMHaAMUKH o0111eTO BUIA

= f(z) (6.15)
sTaloHs! THMa (6.14) yacto UrpaloT 61aroTBopHyio posb. Ha cpasHe-
Hum (6.15) ¢ aHTUrpaIMeHTHBIM ABIKEHUEM & = —V(Z) 0CHOBaH,

coBCTBEHHO, 8mopoli memod Jlanynosa |4, T. 2]. LleHTpanbHast Baest co-
BceM npocTa. Eciu CylIecTByeT Takod TOTeHIMAl ¢, YTO JBMKEHHUE
(6.15) IpOMCXOAUT TIO, OCTPBIM YIJIOM K IDAIUEHTY @, T. €.

Ve(z) - f(z) >0, (6.16)

To Tpaextopuu (6.15) B TpOEKUMM Takxke B3OUPAIOTCS Ha BEPIIU-
HbI TIOBEPXHOCTH 2z = (&), XOTS yKe U He CTPOro MepleHIUKYyIAPHO

9 TToTeHUHANBI 3AeCh U jjajiee TIPednoIaraloTes HelpepbhiBHO nucdepeHIMpYEeMBIMH, SCIH
He OrOBOPEHO MPOTHBHOE.
19 Yro6m & = f(z) umeno ug (6.14), T.e. uToGb CYIECTBOBAN TAKOH MOTCHIHAI o(z),
uro Vip(z) = f(¢), HeoBX0AMMO U JOCTATOYHO (B npeANOIOXEHNN HEMpepbIBHOM AndbepeH-
ofi 0f; :
LHpYeMOCTY f) PaBeHCTBO BCEX NEPCKPECTHBIX TPOU3BONHBIX, n—'— = n—f] XN N
[2e ox;
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BBEPX, — M MECTOTIONIOKEHHS BEPIIKH 2 = () OKa3bIBAIOTCS YCTON-
1
YMBBIMH PABHOBECHSIMU He Tonbko (6.14), Ho u (6.15) 1),

Dynkuus z = p(z) Ha TpaekTopusx (6.15) Bce BpeMs pacTeT, MOTOMY 4TO ee
MPCH3BOAHAA O BPEMEHH BOJIb 9THX TPAEKTOPUI NONOXHUTEIbHA,

15
s =; SLFi(z) = V- f(@) > 0.

Unctpyment (6.14) MoXeT GBITb IIPUCIIOCOBIEH TAKXKE K M3Yye-
HMIO BBIHYXKIEHHBIX IIEPUOANYECKUX KonebaHuil B cucTeMe

&= f(z,t) (6.17)

¢ T'-riepronuueckoil mpapoil 4acThlo.

[To Teopeme 6.2.1 cymectBoBanue T-IIEpHOANYECKOTO PELICHUS
obecrieunBaeTCsl HATMYUEM HETOABMXKHON TOUKM Y ONepaTopa CABUTA

U, = U,, 3a nepuon. IlostoMy ecTecTBEHHO GbUIO ObI OPUEHTHPO-

12
BaTbCsl Ha BBHMMCJICHUC BpallieHKUA BEXTOPHOTO I10JIA )

®(z) =z —U,(z) (6.18)

Ha TpaHMIE HEKOTOPOH rnoaxoasiuieit odxactu €2, Tmna iapa 60ibILOTO
pamnyca. Ha 3ToM ITyTH BO3HUKAIOT TPYAHOCTH, CBA3aHHBIE C TEM, UTO
oreparop capura U,, xak fpaBwio, B SBHOM BHIE HE MU3BECTEH.
OnHaxko Bpaiwenue monst (6.18) B eCTECTBEHHBIX HPEITIONOXKESHHSIK
yAaeTcst CBsi3aTh ¢ BpaleHMeM nons — f(z, 0).

6.3.1. Teopema. Ilycmb éce mouxu epanuybt ) A6AAIOMCA MOUKAMU
13)

Hegosepawaemocmu = npu deudicenuu (6.17), u sexmoproe nose
U(z) = —f(z, 0) (z€Q) (6.19)
D B reopun JManyrosa npuHATO BMecTo (6.14) paccMmaTpusare ABuxeHMe & = —V(T),

M TOTAA YCTOWUMBDBE TOUKM MutuMyma ().

12 g (6.18) U,.(z) = p(T; 0, ), rae p(t; 0, z) — peureHue 6.17, npoxoasiliee yepes TOUKY
B HYJEBONH MOMEHT BPEMEHH.

1) Touka  naswisaetcs moukoii Hegosepawaemocmu, ecnu p(t;0,z) # & npu mobom ¢ € (0, T,
T. €. TPAEKTOPHUS, BBIXOM U3 T, 0OpaTHO HE BO3BpALIAETCS,
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HeBbIPONCOCHO HA Q. Toeda epawenusn ¥(®, Q) u (%, Q) pasHbl,
v(®, Q) = 7(¥, Q).

CooTseTcTBeHHO, B cnydae ¥(¥, Q) # () rapanTUpyeTcs CyIEeCTBO-
paHne T'-1iepMOIMYEcKOro peilieHusi, KoTopoe, Ge3yClOBHO, MOXET
oxazaTbed M cTauuoHapHeIM. Ho eciu f(z, t) He paBHO TOXIECTBEH-
HO 110 ¢ HYJIIO HA B OQHOM TOUKe BHYTPH {2, IEPUOJNIECKOE pEIIEHHE
3aBelOMO HETPUBUAIBHO.

<« UTo xacaetca obocHOBaHMA TeopeMsl 6.3.1, TO ¢ peBepaHCaMy Ha 9TO MOXET
yilTit Liesas CTpaHHMIA, TOra Kak CyTh nmpedenbHo npocta. Homs

z~Uylz) u z-Ulz)
FOMOTOMHBI Ha npu JMo6eIX §, £ > 0, MOCKOIbLKY TOMOTONHSA
H(@, A=z - U,\s+(1—,\)t(£’>)

HEBBIPOX/IEHA B CUIY HEBO3BPALIaeMOCTH TpaekTopui Ha 2. A npu manbix t none
& — Uy(z) romoronso nomo ~f(x, 0) Ha (@ B cuiy ux HEeNpPOTHBOIOIOXHOI HalpaB-
JIEHHOCTH BCJIEACTBHE

z — Uy(z) = — f(z, 0)t + o(t). >

6.4. O noteHunanax

[Totenumansl (), TPagMeHThl KOTOPBIX YAOBNETBOPAIOT (6.16), 3Ha-
YUTEeNbHO O6JErYaloT aHaIM3 BEKTOPHBIX moielt f(z), péBHO Kak
M [MHAMHYEcKMX cucteM (6.15), — mo3ponss, HanpuMep, BHYUCIATD
ppatlleHne 6oJee MPOCTOTO TPajMeHTHOro nonst V(z) BMecTo Bpa-
LIeHHUsl BEKTOpHOTO NonsA f ().

JBMKeHME
& = Vo(z) (6.20)

3aMeyaTeslbHO TeM, 4TO Jiiobas Touka, B KOTOpOi Vo(x) # 0, gB-
NHETCA MOYKOU Hee036pauaemocmu ) To e camoe MOXHO CKa3aTh
U O ncesdoepaduenmuom OBudceHuu T = f(z) monm ocTphIM yIjioM

9 Tockonsky @(r) He MOXeT BEDHYTHCA K NIPEXHEMY 3HAYEHWIO H3-33 @(z) = Vp(z) -
Vo(z) 20u 0.
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K TpallACHTy Hanpasasiowezo nomewnyuansa, Vo(z) - f(z) > 0. Tpaek-
Topust & = f(z), Bexomsamiast us T, HE MOXET BepHYTbcs OOpaTHoO,
ecnu V() # 0. Brarogapsa stomy ananor TeopeMel 6.3.1 He Tpe6yer
TIPENONOKeHUH 0 HeBo3BpamaemocT 1),

6.4.1. Teopema. [Tycmb epaduenmnoe nose V(x) nesviponcdeno na
2panuye 0 oepanu4ennoi obaacmu ). Toeda npu aobom t > 0 BEKMOpHbLE
noas U(x) = —f(z) u B4(z) = z ~ Uy(z), 2de U, — onepamop cdsuea
no mpaexmopusm & = f(zx), Vo(z) - f(z) > 0, unerom odunaxossie
epaujenust,

Y21, Q) = 7(T, Q). (6.21)

< M3-3a «HEBO3BpamaeMocTi» Bce MOIs ®y(z) = = — Uy(z) nesbipoxnens:
Ha Q, a npu MansIX £ > 0 — HEMPOTHBONONOXHO Hanpabiensl ¢ ¥(z) = — f(z)
seienctsue & —Uy(z) = —f(z)t+o(t). » 3amernm, ¢ Tem xe ycnexom nog Uy MOXHO
NoApasyMeBaTh ONepaTop CABUIa MO TPASKTOPUSIM T = Vp(z), ubo B kauecrse f(z)
ropurest, B TOM ucie, Vo(z).

Tax wmn wnade, ecnm X f(z) ynaeress nomobpath ranpasasio-
1uil nomenyuan (T), TPATUEHT KOTOPOTO COCTABMSET OCTPHIE YLk,
Vo(z) - f(z) > 0, c nonem f(z), xotst 651 Ha TpaHmue HEKOTOpPOH
obnactu 2, — HccleOBaHME f(z) suaumrensHo ympowaercs. Dro
TOBLILIAET 3HAYUMOCTD IPATMEHTHBIX ITOJIEH KaK HHCTPYMeHTa, He ro-
BOpA 06 MX CAMOCTOATENEHON PONY B 3aa4aX OINTUMM3ALIHIL.

Ha obuieM done ocobo BriiensioTes
NOTEHUMaIbi, HEOTPAHUHYEHHO pACTYyIIME
Ha OECKOHEYHOCTH,

lim ¢(z) = oo. (6.22)
ll£]|—oc0
DTO MOTYT OBbITH ITPOCTHIE 11apadosioubl,
HO BO3MOXHBI M 3K30THYECKUE BAPUAHTHI
¢ OECKOHEUHBIM YHC/IOM 3KCTPEMabHBIX
TOYEK.

13) Kakosbie B ofuueM ciryyae oueHn TPYAHO NpPOBEPSITh.
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6.4.2. Ecau ||[Vo(z)l] = €0 > 0 u p(z) > 0 npu
Hxll 2 Ty > Os

mo (x) ydoeaemsopsem ycaosuio (6.22). <

Ecin B gononHedue X (6.22) moTpeGoBaTh HEBBIPOXKACHHOCTD
rpagueHTa Mpy JOCTATOYHO GOJIBIIMX TI0 HOPME T, CHCTeMa

& = —V(z), (6.23)

ABMraoILasica cTporo npotus (6.20), cTaHOBUTCS AUCCUIIATHBHOM, HO-
CKOJIbKY J1100ast TPAaEKTOPHS € TEUSHUEM BPEMEHH MOIIAJaeT B HEKHMM LIap
lz|| < Ry, n Gonee U3 Hero He BLIXOAMT. B pesynbrate Ha chepax S
JOCTaTo4HO Gonbiioro pagvyca spauienue y(—Ve(z), S) = 1 16),
TIpn 5ToM (B CUTYalM¥ U30MPOBAHHBIX KDUTHUECKHX TOUEK ;)
110 meopeme 5.1.1 06 aneebpauneckom uucae nynei

> ind (~Vyp(e), z;) = 1(=Ve(), §) = 1, (6.24)
i

¥ Torza (%) MMeeT NpaBo JMillb Ha OMMH MUHUMYM, €CIM KPUTHYE-

17
CKHUX TOYEK JAPYroro THUIMa He JOJDKHO ObITh ). B laHHOM KOHTEKCTe
OUEBMIHO TakXe, JI0DOE aCUMIITOTMYECKM YCTOMUMBOE IOJOXKEeHHUE

paBHoBecue T* (M30IMPOBAHHBIA MUHMMYM () UMEET HHACKC
ind (Ve(z),z") = 1. (6.25)

To e caMoe MOXHO cKazaTb ¥ 00 acHMIITTOTHYECKH YCTOMYMBBIX
* .
TIOJIOXEHMSIX PABHOBECHST & HerpaaueHTHBIX cucteM & = f(z),

ind (- f(z), z") = 1.

16) MoroMy uto mpu Gomsumx ¢ oneparop casura Uy no tpaekropusm (6.23) otobpaxaeT
wap ||z}| < Ry B cebsl, CIEACTBUEM YETO SBASETCS

1z — Ui(z), So) =1

(cM. mokasatenberBo Teopembl 3.6.2 Bpayspa). Hanee ocraeres cocnarbes Ha Teopemy 6.4.1,
nonaras f(z) = Ve(z).

' Bcn (6.22) ne BoimonHsercs, 9(T) MOXET MMETh CKOJIBKO YTORHO JTOKAILHBIX MUHHMY=
MOB, HE HMESl KPUTHYECKHX TOYEK KPYroro THUIA.
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Pefaxius BblLIECKa3aHHOTO ¢ YTOUHEHHUSMM BBLUIMBAETCS B OMU-
caHue Bonee cTpororo gopmara.

6.4.3. Teopema. Illycmb £* — eduncmeennas Kpumuueckas mou4ka 18)

tyuxyuu ©(x), yooeremsopsioweii ycr08uio (6.22). Toeda 6 z* docmu-
eaemes 2n06anbHbili MUHUMYM P{T).

< Ilpu moGom nocraroyno Gostbiiom R muoxectso Ly = {z : p(z) < R}
ABJIAETCA KOMIIAKTOM, B cuiy (6.22). Dynkuus @) obs3aHa JOCTUTATS MUHMMATb-
HOTO 3HayeHUst Ha Ly B HEKOTOpOil KPUTUYECKOH TOYKe, T.e. B T*. »

6.4.4. Teopema. Ecau gynxuyus ¢(x) yoosremsopsem ycaosuro (6.22)
u ee epaduenm negbipodicoer npu GoCmamouno 60AbUUX NO HOPME T, MO
Ha cgepax S docmamouno 6oabuioeo paduyca spamenue y(—V(z), S )
pasro 1, unauve eosops,

ind (—Ve(z), 00) = 1.

9)

< Tycts Q(R) — muoxecrso ' takux s1emenTos z, yro p(z) < a, e

o = max {p(c) : [|z]l < B}.

Ilycrs mone Vo(z) neebipoxaero npu ||zf] > Ry. BuiGepem R, Tax, 4To6bl wap
llzil € R, conepxan ﬁ(Ro). Hpwkenne (6.23), HauunHaoweecs Ha coepe |z = R,
HE MOXET BBIHTM 3a npeaenst (R}, u npu nocratoyHo Gombuiux ¢ > 0 monagaeT
u ocraerca B §2(Ro), Tak kak HopMa rpaauenta Ha S3(R)) \ Q(Ro) orpauunyena
CHHU3Y HEKOTOPOH ITOJIOXHTENbHOM BeinunHoii. [ToaToMy NpH JOCTATOYHO GOIbINMX
t > 0 oneparop U; orobpaxaer wap |[z|| < R, B cebs, otxyna y(I — Uy, 5), e S
oboznauaer cepy ||z|| = R;. »

6.5. NedopMaunoHHbie MOTUBDI

[omoTonHpoBaHye BEKTOPHBIX TMOJeH MOATAIKMBAET K MBICIH B rpa-
JUEHTHOM ciy4ae 1edopMMpOBaTh CaMyl JIOTEHIMaNbl, pacCMaTpUBast
TOMOTOfIMYECKHME NMEPEXOAbl Y(Z, A) oT

o(z,0) = po(z) x oz, 1) =p().

8
i )KprITI/I‘{QCKaﬂ TOUKZ T ABMAETCS TONOKEHUEM JIOKAIBHOTO muuuMyma GyHkunu o(z)
B TOMM C/Ty'ae, KOIld PaBHOBECHE T CHCTEMBbE (6.23) acumnTotTUYeCKH yCToRUKB0. (?)

) Orpansmentocts Q(R) suirexaer us (6.22).
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He o coxpaHeHuM BpallleHHst UAET peyb, TTOTOMY YTO OHO 3aBelIOMO
He MeHsietcs. Jla M HET CMBICIa OrpaHMYuBarh CBOOOAY MaHeBpa
2PadUEHMHbIMU 20MOMONUMECKUMU nepexooamu BUia

H(z, \) = Vop(, A), (6.26)

xorna H(z, A) HaBA3bIBaeTCd TPaNMEHTHBIH XapakTep B Ipouecce
nedopmaunu. Borpoc B npyrom. He coXxpaHsior au pedopMmaumnu
tua (6.26) xapaxTep KPUTUIECKHMX TOYEK, XOTsS Gbl HEBHIPOXKASHHBIX.

HarnoMuum, KpUTUYECKUE TOUKM CYUTAIOTCS] HEBBIPOXACHHBIMK B TOMM CITy4Yac,

§?
Oz, 0z;
CYLLIECTBOBAHHE B HEKOTOPOH OKPECTHOCTH HEBBIPOXIEHHON KPHTHYECKOM TOYKH —
JIOKaNbHOM CHCTEMBI KOOPAMHAT Ty, ..., Ty, B KOTOPOH

KOrja HeBbIpoxXaeHa mampuya lecce [ ] . Jlemma Mopca |4, 1. 7] rapantupyer

2 2 2 2
p=p0)+zy+...+2 ~ Ty — ...~ Tq.

IIpu sToM yHKuMs HasbiBaeTcsi mopcosckum l-cedrom. B ciyyae | = 0 nmeem

MaKCHMYM, TIpH | = N — MUHHMYM.

Jlemma Mopca gaer nojiHylo Kiaccudukauuio
HEBBIPOXIEHHBIX KPUTHIECKUX ToYeK. JIJist BHIpOX-
JEHHBIX KPUTHUYECKHX TOUeK Takoif Kiaccuduka-
uu, Boobule rosopsi, Her. Ilpocroit npumMep Bbi-
POXIEHHOM KpHTHYECKOI TOUKH — o06e3bsHse cedno,
KOTOpoe onuchiBaeTcs QyHKuMeH

oz, y) = z - 3my2.

CaMo NOHATHE IKBUBAJIEHTHOCTH KPUTHYECKHX TOYEK, PasyMeeTcsl, CyLIECTBYET,
HO OHO HEKOHCTPYKTHBHO 1 CONPSXEHO ¢ GONbLIMMM XIONOTaMu, cM. [4, T. 7], a rakxe
[18], rae Bonpoc usnaraercs noapoGHO.

6.5.1. Onpeaenenve. liadkue dynxyuu @, 9 :R" = R aokarono sxeusanenmnsl & yse,
ecau cywecmayem maxoii noxanthbiii dugppeomopdusn z(z), umo ¢(z) = Y(z(z)] + £
@ Hexomopoii oxpecmnocmu Hyas npu nodxoOmuel xoucmanme §. Ecau npu smom
V(0) = V3(0) = 0, mo 2060psm 06 3KEuSANCHMHOCII KPUMUHECKUX MOYEK.

Mareitiie Bo3MyLIEHNs TIOTEHIMATA () MOTYT OYEHb CHIBHO
MEHATH TPAOWeHT, paspyllasi U HarpoMoXiaas KpPUTHYECKME TOUKH.
OnHaxo Majble fe¢opMaluy HUKOTJa HE JIMKBUAMPYIOT MUHUMYMA.
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6.5.2. Jlemma. Ecou nenpepwsnas gynxyua o(x, N) umeem npu g
U30AUPOBAKHbLEL MunUMYM no T 6 mouxe T (o), mo npu docmamouno
MAAOM 803MYUEHUY AN MUHUMYM COXPAHACMCA, CMEWAAC 8 GAURIENCA-
wyro mouxy " (Mg + AN).
< Ilycrs, Hanpumep, (x) UMeeT B HyJle U30IHMPOBAHHDI MHHUMYM, H
v(e) = min{p(z) : |lz]l = €}.
Pasymeerca, v(€) > ¢(0) npu nocrarouno massix € > 0. Ecin BosMyuieHue QyHk-

v(€) - ¢(0)

LpoHaNa dp(T) HO MOAYIIO MEeHblUE Mpu Jiobom = u3 wapa ||z|| < ¢,

TO () + 0p(z) umeer B wape ||z|| < € xorst 6t oguH MuHUMYM, GO P(0) + Jp(0)
MeHblie MEHUMYMa ©(Z) + dp(z) Ha rpanmye |lz|| = €. »

Orciopa Bpoae Gbl HaNpaluMBaeTCst BHIBOM, 4TO AedhopMaiiu mo-
TeHiMana (HeBBIPOXKICHHBIE Ha {2) BOOOIIE HMKOLAA He JMKBUANPYIOT
muHumMyMa. Ho 310 He Tak. Bosnee toro, epaduenmusie noas

Vo) n Vei(z),

comomonusie Ha ) Kax HenpepbigHble omotpaxcenusn (pazden 3.4), as-
ASIOMCA MAKHCe ePACUEHMHO 2OMOMONHBIMU, 8 CMbICAE CYHECMBO8AHUS
ceazvisaroweii ux degpopmayuu euda (6.26), rnesviporcdennoii na §). d1o
JaJleKo He oueBUIHas meopema Ilapycunckoeo 20),

Taxnum obpasoM, mobble nomenyuass Py U Py, 3aJaHHbIE Ha Q,
BPaleHMs TPAIAMEHTHBIX MoNell KOTOPBIX PaBHBI,

1(Veo(z), Q) = (Ve (z), ),

MOTYT GbITb IpaiMeHTHO AeOPMUPOBaHbI APYT B Apyra > Ges phixo/a
KPUTHYECKMX TouekK Vz@(Z, A) Ha rpaHumy 2.

BTo 0O3HauaeT, UTO BCE MopcoscKue |-cedaa pacTiafaloTcsl BCEro
JIMILB Ha 1Ba KJlacca, BHYTPH KOTOPBIX CelUla TIepeBOISTCS APYT B APYra
TpagyeHTHO} romoronueil. B uacTHocTH,

e na wape ||z|| < 1 6 wemnomeprom npocmpancmee R*™ nomenyuan 9, ¢ edun-
CIMBEHHbIM MUHUMYMOM MOXCEm ObiMmb 20MOMORUPOGAH 6 P) ¢ eduHcmEenHbm
Maxcumymom — Heebipocoentoii na chepe |||l = 1 degpopmayueii p(xz, A);

20) JIOKa3aTe/IbCTBO U CCHITKA HA MEPBOMCTOYHHUK €CTh B [6].
M yderoM meopemoi Xongpa 3.4.4.
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e BR", n > 2, nomenyuan @y, umerowuil eOuncmeentbiii 2a06anbHbili MUHUMYM
Ha sampircanuy obaacmu S1, modicem Goimb 20MOMONUPOBAH & P C eOUHCMEeHHbIM
AGKANbHBIM, HO He 2100AbHOIM MUHUMYMOM HA Q — Hesvposcdennoli Ha Q
dechopmayueii p(x, A).

Bhilliecka3aHHOE HacTpauBaeT Ha IEeCCUMHUCTHYECKMi Jam. Boi-
XOIUT, TIepexof K AedopMallisiM MOTEHIMA10B, BMECTO AehopMali
MX TPAIMEHTOB KaK [IPOCTO HEeMpepPBIBHBIX MOJIed, — HUYEro He JacT.

Ha sTom doHe [0BOJBHO HeOXUJaHHA meopema bobbliesa:

6.5.3. ITycms F obo3nauaem kaacc 21a0Kkux QynKyuoranos p(T) c eoun-
cmeennoii 6 wape ||z|| < 1 nynesoii kpumuueckol mouxou ). Ecau po(z)
u @1(x) comomonnvt ¢ F u nyas — mouia 10Kkanbrozo Munumyma po(z),
mo 3mo mace K0KAAbHbLE MUHUMYM P1(ZT).

J1oKa3aTeabCTBO €CTh B {4, T.7], TaM xe yKazaHo 06obuieHue:

6.5.4. Teopema. Ecau po(z) u () nodeusicro 2omomonnsi ¢ F($2) u
HYAb — IMOYKA AOKAABHO20 MUHUMYMA Po(T), MO HYab — MO4KA AOKAAb-
noeo murumyma 9i().

INon F(£2) 3necs noapasymesaerca Kiacc rankux GpyHKUHOHANOB ¢ R*—>R
C eIMHCTBEHHOH HaG 3aGMbIKQHUU OTPaHMYEHHOH oOJacTH Q0 KpuTHYeCKON TOYKOM
T (). Dynxumonanst () u @ (z) C‘lMTalOTCH nodeuxcio 2omomonnvinu B F(€2),
€cM CYLleCTBYeT IianKas 0e¢opMauu;1 oz, A) € F(Q), A € [0,1], makas uro

p(z, 0) = po(z), p(z, 1) = pi(z).

Yepes oKyasp JeMMBI 0.5.2, «He Mo3BoJIsionieil> MUHUMYMY HC-
yesaTh npu Maibix AedopMmauusx, pesyasratel 6.5.3, 6.5.4 Moryr
[TOKa3aTbcsl OUeBMIHBIMA. [10CKOMNBKY, ecKaTh, pelieHue T(A) ypas-
HeHua Vgo(x, \) = 0 mpenrionaraeTcsi eJMHCTBEHHBIM IIpH JIIOOOM
X €10, 1], — touxa z(\) BbIHY)XIEHA OCTABATHCH MONOXECHUEM MHU-
uumyMa. Ho He Tyr-To Gbuto. VI3 nemMel 6.5.2 ciedyeT JiMllb, YTO
mHoxectBo A Tex A € [0, 1], npu xoropeix Z(A) sBNAETCA TOYKOM

) Mpu o1om romotonsocts B F ynkumit po(z) u ¢(z) osHadaer, uto Vyp(z,A) = 0
npu mobom A € [0, 1] nmeer eduncmeentoe peuterue z(A).

2) Taxum o6paszoM, no cpaBHeumio ¢ M. 6.5.3 curyauus obobuwaercs. ap samensierca
NPOM3BOABHOH OTpaHMueHHOM 061acTpi0 2. TIpu AeopManuy KPHTUYECKAs NO-TIPEKHEMY
06513aHa GbITh EQUHCTBEHHOM, HO TENEPh MOXET JBUTATHCH.
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MUHHMYMA @(z, A), oTKpbiTO B [0, 1]. O6ocHOBaHMe 3aMKHYTOCTH A,
ITO BKYIE C Npeabiayium obecneansaer A = [0, 1], cBsisato ¢ neko-
TOPBIMU OCJIOKHEHUSIMU, OTYACTH TOJOBOJOMHBIMIL.

Be3s TpeGoBaHNs «AMHCTBEHHOCTI» HA MHOMXECTBE z(A) BO3MOXHO BeTBNEHME,
M TaMm JeopMaLiisg MOXET 3aBECTH Kyaa yrogHo. Hanpuwmep, B ciyuae
Pl ) =22 4 et V(e ) = G- N 4,
npu A< Ay noreHuman p(z, A) uveer
MUHHMYM B HyJle, KOTOPBIA Ipu A > A
[IPeBpAliaETCt B MAaKCUMYM, 4 B €ro
OKPECTHOCTH ITOSIBNSETCS J1BA HOBBIX IT0-
JIOKCHUsE MUHAMYMa & = £/ — ). L3
TpeGoBanue eMHCTBEHHOCTH PEILICHIIS \/ ! v
Vzp(z, A) = 0 zanpemaer mogobHple
bughyprayuu.

Taxum 00pa3oM, COBOKYNHOCTb KPHTHYECKHX TOYEK z(A) B maHHOM crywae

MIPEACTABAACT cob0il Tpesybey , M €CIM He 3ampelath BhIXOJ

BeTBel Z(A) 3a mpegennl paccMarpuBaeMmoil o61acTy §2, T0 BeTBH T = /X — A,
NOKKMHYT §), 1 MUHUMYM OKaXeTcst Ae(hOPMHUPOBAHHbIM B MakcUMyM. OHaKo 3afper
rpasuenty Voo(z, A) obHyssTscs Ha Ipanuue §) sacTaBiseT aedbopMaLio oz, A)
BaPUTHCA B COBCTBEHHOM COKY, HE BLIXOAA «3a Mpeaesi». U Torpa MUHUMYM HE MOXET
obpatuThes B Makeumym > o meopeme Ilapycuiickoeo, FIOTOMY 4TO B HEUETHOMEPHOM
TIPOCTPAHCTBE MUHMMYM M MaKCHMyM MMEIOT PasHble MHAeKch. Ho crouT nepeitrn
K aHanorn4Hoi gedopmanuu Ha miockoctu {z, y},

A=A, 1
o(z,y,A) = 02 w2+1w4+y2,

min
C BETBJACHUEM % Kax Ta xe meopema [lapycuncrkozo rapaHTupyeTt

CYLICCTBOBAHWE IPAAMECHTHOM FOMOTOIMH, MEPEBOASIICH elMHCTBEHHbLi MUHUMYM
B CAMHCTBEHHRI MaKCUMYM, HO IIpH 9TOM, B CUNY AedOpMaiMOHHbIX Teopem, Ges
OuQYPKALMOHHOTO BETBAEHHS BHYTPH §) HeJb3st 0GORTHCE,

2 o s
4) EnvHCTBEHHBI MHUHHUMYM — B €OMHCTBECHHbIHI MaxKCHUMYM,
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BI/I(bypKaL[PIOHHbIC BO3MOXKHOCTH IT0JIY4YalOT JOIIOJHUTEIBHOEC OCBCILIEHNE, €CIIN
OTTaJIKUBATLCA OT BEKTOPHLIX JedopMmauuil. HanpuMep, KpUTHYECKUMU TOYKAMU
noreHyrana

1 1
4 2
go(w, )\1, /\2) = - + = )\2(1) +A;(I)
4 2
ABJAIOTCA peuleHNs ypaBHEHUWA
9y

Vz¢=%=m3+/\2$+/\|=0,

sanaiolero kamacmpogy coopiu |4, 1. 7).

Jpurasick B miockoctd {A;, A;} BRotbH
pasnsix kpusbix A(1) = {A,(7), (1)}, 6y-
JieM MMeTh pasiinYHbie CKaIPHbIE Aedopma-
und (2, T), HeMPepPHIBHbIE MO0 Pa3phIBHBIE,
B TOM YHCle — METIH TUCTEPE3NCa, U JAKe
nepexoasl B HeCTaOWIbHYIO 00/1acTh, Bbife-
JIGHHYIO Ha pUCyHKe 60Jiee TEMHBIM LBETOM,
I7ie JOCTUraeTcsd MaxCUMyM ToreHnmana. Bee
STH BO3MOXHOCTHU CTIPECCOBAHBI B OKPECTHO-
cru ocoGoit Touku S, cM. 1. 9.5,

6.6. HyxHa nu rnapkocTb

CrepxHesas onopa 6.5.2 pedopmallMoHHOM petenTyphl 6.5.3, 6.5.4
B NPEATNIONOXEHUH T1a0KOCTH ¢(Z, A) BooOlle He HyXIaeTcs, U BO3-
HUKaeT cob1a3H «060UTHCH Oe3», YTO6BI OXBATUTH HEMIAIKME TEPPUTO-
puu. Ho uem 3aMeHuTS B 111. 6.5.3, 6.5.4 TpeGoBaHHe EAUHCTBEHHOCTH
peuwterns Vgo(z, A) = 0?

BbIxo[ M3 TIOJIOXKEHHUS 3aKJIOYaeTCs B MCIOJIB30BaHUU, HAlpH-
Mep, cybouppepenyuana Knapxa [4, 1. 7] c onpeneneneM KpUTUYECKOM
TOYKM Z* KaK HYJ5 MHOTO3HaYHOTO BEKTOPHOrO MO,

0€df(z),

YTO IOPUAMYECKH CTPOTO OYEepYMBaeT KPYyr OCODEHHOCTEM, 3a KOTO-
pPBIMM HeOBXOAMMO CJIERUTH B Tpouecce aedopmanuu. B utore Bce
pa3BMBAETCH 10 TEM XKe BHIKPOMKaM, ¢ TeMH ke hOpMaTbHBIMH BEIBO-

ILaMI/Izs). le/[ 9TOM HeJIb3sl CKa3daTh, YTO PE3yJabTaThl UYBCTBUTCIILHO

) [omo6Horo copra aHatus oM. B [6].
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CIIOCOBCTBYIOT PENIEHHIO NPUKIIANHEIX 3314, HO OHU BaXHbI B Uaeo-
JIOTMYECKOM OTHOILEHUH.

Hneonornyeckas 4acTh MaTeMATHKM 3aCIyXUBaeT HOYTUTENLHOMO obpaleHus
110 MHOTMM TIPHMYMHAM, XOTS CMOTPUTCA KaK HHMKYEMHAd COCTABISIOLIAH, KOTOPas
HEpEIMBACT M3 MYCTOrO B ropoXHee. PasyMeercs, 910 He MHCTPYMEHT NOBHIIEHHOIO
Clpoca s PELIEH M X0A0BhIX 3anad. Ho s nparMatuxu 370 byHaamenT, faommit
Onopy, H cpelia, cosnaouas atMocdepy.

6.7. HerpapuentHble cuctemsi

Ha ¢one npensinymero ectecTBeHHO BO3HMKAET MBICIE O NpYUMEHEHUN
AepOPMaLIIOHHBIX METOAOB K HerpalueHTHBIM CHCTEMAM

= f(z).

Koe-uto B camom nene Bo3MoXHo, TobKO He GOT BecTh CKOJIBKO.
Mewanonuye NpUYUHBL O4eBUIHDL. Ipocreitume cucrempl

& = [‘(1) _(I)Ja; n d= [(1) (I)Jm (6.27)

C NNIPUTATHBAIOIIUM U OTTAJIKUBAJOIIMM paBHOBECHEM

2 -

26
nedopMaLoHHO 3KBUBATEHTHEL 2. [TepeBonstes apyr B npyra romo-
Tonueit H(zx, \), KakoBast MOXET GBITb BbIOpaHa Tak, 4TO Npu JOOOM
(bUKCHPOBAaHHOM A GYRET HEBBIPOXKACHHO JMHEHHOMN 110 .

CooTsetcrByiomas neopManus AOCTUFASTCS KYCOYHO-TMHEeHBIM TPIOKOM.
-1 0 . 0 -1
CHavana 0 | JIMHEHHO [OMOTONNpPYeTCH B | 0

>

%) g KJIacce HEMpephiBHbIX AeopManuit, OIHAKO caMu 1o cebe 06e CUCTEMbI (6.27) rpa-
AMCHTHbI, XOTs rpanueHTHON! fedopmanuceit ¢ eduncmeennsim pasnosecuem ApYr B Apyra He rne-
pesogaTca. Ecu xe Tpe6oBaHue equHCTBEHHOCTH PaBHOBECHS B Npouecce aehOpManu CHSITS,
TO OHU GYAYT U IPAXUEHTHO FOMOTOITHbI, 110 meopeme [lapycuncroeo.
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-1 0 o —1] [-x a-1
A[o —1}“1_)‘)[1 0]:[1—/\ —A}’

0 -1 1 0
3aTeM [ 0] — B |:0 1]. PaBHOBecue B npoiecce gedopManny OCTacTCsH

eMHCTBEHHBIM, HO (ba30BbIl OPTPET CUCTEMBI CKAYKOOOPa3HO MEHSAETCH.

TakuM 06pa3oM, JaXKe CyXeHue Kiacca NONyCTUMBIX nedopma-
it H(z, A\) 0O HEBBIPOXIEHHBIX JMHEHHBIX MO Z OTOOpaKeHH
He COXpaHAeT AMHAMMYECKUE XapaKTepUCTHKHU PaBHOBECHS B CHUCTC-
max # = Az. Kak u B Teopuu BpaiieHus, AT pa3buBaIOTCS BCETO
Ha aBa kmacca, det A > 0 u det A < 0. OnHako JMHEHHbIC CUCTEMBI
MOXHO Ie(OPMALMOHHO TOIEIUTh M C MPHULIEIOM Ha aCUMNTOTHE-
CKYIO YCTOWUYUBOCTD.

6.7.1. Ilycmo C o6osnauaem MHONCECMBO HEGLIPOHCOCHHBIX MAMPUY,
K6adpamsl KOMOopbIX He UMEIOM OMPUYAMEAbHbIX COOCMBEHHbIX 3HaUeHUIL.
Mampuypt A u B 00e 00HO6peMEHHO 2YpEULesdbl Ul He2ypeuLessl 6 momm
cryuae, koeoa ¢ C * cywecmeyem regbiponcoernas depopmayus om Ax B.

« Tlonste pesynsrar Jerko. Ilpn pedopmanuu
CHIEXTp MaTpHLbl MeHsIeTCsS HENPEPbIBHO, a MOCKOMBKY B ct
MaTpHULbl He MOTYT MMETh YMCTO MHMMBIX COOCTBEHHBIX 3HA-
yeHuil, TO HeBHIpOXICHHas AedopmMauis B CT He moxer
nepeBecTd COOCTBEHHBIC 3HAYEHMS U3 JIEBOW MOJYTUIOCKOCTH
B IpaByio, ¥ HAo0OpoT. M

C TOYKM 3peHHs YCTOAYMBOCTU KPUTHYECKUI
MOMEHT onucasHol BEIle medopMaliuy — TPAHC-
-1
1 0
. M 3anper Ha aBrokoneda-

dbopMaLysi B IPOMEXYTOUHYIO CUCTEMY = [ ] T, UMEIOLILYIO

tiwt
nepuomnueckue pemenus z(t) = e

HUs cpasy peabuinTupyeT AedOopMaLMOHHBI MHCTPYMEHT.

UHTepecHo, YTO B HEMHEHHOM CIIy4ae K ycrexy NpUBOIST aHa-
soruunbie mMepsl. TolbKO 3ampeTa Ha aBToKoNe6aHus1 He xpataeT. [Ipy-
XOMUTCS 3aNPETUTh CYIIECTBOBAHME B CHCTEME OTDaHUYEHHBIX pellie-
HUif — OTpaHUUYEHHBIX Ha Bced ocH, pu ¢ € (—o0, 00). [Monxonsauue
C/IyYAI0 Pe3y/IBTaThl (WISl IUCKPETHOTO BpeMenH) cM. B [11].
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6.8. AeTtoxonebaxus n nocnenoeaHne

OnHa M3 DIABHBIX TPYAHOCTEN M3YYeHHs aBTOKONEBaHMil B cUcTeME
&= f(z), z €R" (6.28)

— HEU3BECTHOCTb Nepuona. Jpyras HENpHATHOCTH: HEM3OIMPOBAH-
HOCTb pelteHmit >, yuknos. Ecin z*(¢) — nepuonuueckoe pelenme
(6.28), To u z.(t + ) — pewenue (6.28), npu n06oM §. Bee 31O
BMECTE B35ITOE NMPUBOIMT K ONPEAENeHHBIM HeynoOcTBaM u Tpebyer
NpUBJIEYEHH RONOIHUTENbHBIX coobpaxeHuit. JloBOJIBHO 4acTo uc-
none3yetcsi MeTonuKa flyankape, OCHOBaHHasi Ha BBEAEHWUW (YHKUUU
nocaedoeanus. B mpocteiineit MOTUGUKALMM 3TO BBIISAIUT TaK.

Mycte L C R" — (n — 1)-mepHas runeprnuiockocts; p(t, ) —
peutenue (6.28), HauMHaloLIeecs B TOUKe & B HyJIEBO MOMEHT Bpe-
MeHH, 1 (L) — BPeMs NepBOro BO3BpaLIeHU
Tpaektopuu Ha L, eciu € L. B sTom cirydae
otobpaxeHue

P(z) = p(z, t(m))

Ha3sblBaeTcs ¢yuxyueli nocredoeanusi. QUeBUIHO:

6.8.1. Henodsujcnvie mouku onepamopa nociedosanus, ¥ = P(z),
AeHCAM HA 3AMKHYMbIX MPAEKMOPUSX, M. e. AGASIOMCH HAYAAbHbIMU
yeaosuamu nepuoduseckux pewenuti (6.28).

Takum obpazom, ecnu Ha L yoaercst BRIIEJIUTb TaKy1o 061acTh 2 C
L, uto y(I — P, Q) # 0, npobiiema CyLeCTBOBAHNS NEPHOANYECKOTO
pemesus B cucteMe (6.28) okasbiBaeTcs pelleHHOM.

CkaxeM, ecnu IBMXeHHe (6.28) umeer
«KPYTrOBOI XapakTep» W NMPOUCXOIUT BHYTPU
CIUIOIIHOTO Topa (pHcC. clipaBa), TO Orepa-
TOD nocaedoeanus NepeBOIUT B cebs map B,

B

7 . " "
7) B HeABTOHOMHBIX CHCTEMAX & = f{z,t) ¢ T-nepronuyeckoil mpaBolt YacThio pelueHus,
KaK ITPaBuiIo, U30JUPOBAHbI.
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u meopema Bpayspa B xoMmaHuu c¢ 0. 6.8.1 — rapaHTHpYIOT cylle-
CTBOBaHME aBTOKOJIEOAHHUS.

Ipu atoM, ecim ©° = P(z*), To NEpHOA COOTBETCTBYIONIETO

*
IepHOMYECKOTO pexuMa paseH t(z'). DTO He MCKIIOHaeT cyle-
CTBOBAHUS MEPUOANUECKUX TPAEKTOPHIA, 3aMBIKAIOIIMXCS TIOCTIE ABYX

28)

060pOTOB , HO HE MIYLIUX 110 ceay [epBoro.

B s1oM cayuae z° = P2(z*) ¢ nepuonom konebarus ¢(z*)+t(P(z")) .

Ecau xe MHBapMaHTHBIM utst (6.28) SBIAsIETCA HE CIUIOIIHOM TOD,
a ero rpaHMLa, T. €. IPOCTO TOp, TO HaJM4Me aBTOKONeOaHuUs He ra-
panTUpoBaHo. OKpYXHOCTDH B, nanpumep, nocie o60poTa MOXeT
[IOBOPAYMBATLCS Ha MPPAIMOHAIBHBIHA yroj, — M Torna Ha MHBapH-
AHTHOM TOpE HET HU OJHOro MEPUONUYECKOTO PCILICHHUS.

B cB43M ¢ OTMEYEHHOI BHIllie HEU3OIMPOBAHHOCTBIO MEPUOIM-
) 6BIHOE TIOHSATHE MHAEKCA
COOTBETCTBYIOIIEr0 PEIEHMS 39 cranoButcs GeccmbicaeHHbIM. [To-
3TOMY UHOeKC uulcﬂa3]) T", TpaHCcBEpCATBLHOTO 32)
OTIPEAEISIETCST ¢ TIOMOIIBIO PYHKIIMU [TOCIETOBAHUS P(z) xak oObu-
Hbiil uHAEKC BekTopHoro nomst I — P: L — L,

YECKHX pe]_UEHI/[ﬁ aBTOHOMHBIX CUCTEM

runepniaockocty L,

indU =ind({ — P,z,), rme z,€L ﬂ T,

1 TakKoe NMOHATHE OKa3bIBaACTCA 3(1)(1)6KTI/IBHI)IM Ha TpaKTUKeE.

By Boobuie, k 06opoTOB.

) o sroit IPUYHHE, KCTATH, HETPUBMAILHOE ABTOKONEGAHME HE MOXET ObiTh acumnmo-
muvecicu yemoiiuugst no JIanynosy, M Ii@ke MpoOCTO yCTORIMBbLIM — KGO Manble BO3MYLIEHUS
YIJIOBOM CKOPOCTH TPUBOAAT K GOMBLIIM PACXOXKIEHUsM TpaekTopuil. Ho TyT BO3MOXHA U 10~
CTATOYHO LUHPOKO PacrpoCTpaHeHa opfumanbias ycmotiwusocms [4, T.2].

3 TomonorHueckoro HHIeXca B (HYHKIMOHAILHOM TIPOCTPAHCTBE, CM. [IaBY 7.

m Luknom Mbl HazblBaeM ciell 3aMKHYTOH TpaeKTopuu.

32) Tpanceepcanbiocms — DKBUBAJICHT MUNUYHOCMU, OTBEHAIOMNA cumyayuu obezo nono-
Jcenus Yipu epeceueHnn MHoroobpasuii. Jse runepriockoctu L, M C R™ mpanceepcanviol,
ecnu 1060t sexrop z € R” npencrasim Bpuge z =g+ y, me t €L, y € M.
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Brionne HenpepsiBHbIE NONSA

In the middle of difficulty lies opportunity.

Einstein

Bce HeBbIpOXIEHHBIC HeNpePhIBHBIE BEKTOPHbIE
I10J1s1, OMpefe/IcHHbIe HAa IPaHULE OTPARWYEH-
Ho¥Mt 00jacTu B beckoneunomepnom GAHAXOBOM
MPOCTPAHCTBE, POMOTOINHBL MEXAY coboil. D1o
JADaMaTUYeCcKoe 0OCTOATENBCTBO UCKIIOYAET ro-
MOTONUYECKYIO KJIACCU(DUKALHNIO HETIPEPBIBHBIX
rmoneil B GyHKUMOHATBHBIX MPOCTPAHCTBAX U HE
MO3BOAAET MOCTPOUTE OOIHYIO TEOPHIO Bpaliie-
HUsA, aHATIOTMYHYIO0 KOHeYHOMepHO. Ho ymeHb-
LIeHKE UIMPOThL 3aMaxa BCe CTABUT HA CBOM MeCTA.

7.1. Crarueaemoctb cdepbl no cebe

CHavana ecTb pe3oH pa3obpaThCs ¢ yrpo3aMn GeCKOHEYHOMEPHOCTH.
Vx noaro mepeyuciisith, HO BCE OHU MOTYT OBITh C(OKYCUPOBAHBI
B HapyIUEHUH CJIELYIOLIEr0 KOHEYHOMEPHOTO CBOMCTBA.

7.1.1. BR" cgepa S = {z : ||z|| = 1} e cmszueaemcsa no cede &
mouky Ty € S ¢ nomowpio HenpepuvieHoil deghopmayuu.

<4 B npotuBHOM cilydae CyuecTBoBana Gbl Takas HenpepbiBHas fedopMmauns
H(z,t), uro mns Beex z € §

H(z,0) =2, H(z,1)==z0€ 8, (7.1

npuyem ||H (z,t)]| = 1 npu mo6om ¢ € [0, 1]. Ho sTo 6Gbi 03HAYANO paBeHCTBO
BpailleHul ToxaecTseriHoro o H(z,0) = # u nocroanxoro H(z, 1) = @, yero
HE MOXeT GbITb. b
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7.1.2. B arobom beckoreuromeprom banaxoeom npocmparcmee E axm
7.1.1 mepsem cuny. Cpepa S = {z : ||z|| = 1} C E cmazusaemca
ne cebe 8 MOUKY ¢ HOMOUbIO Henpepvieroll dedhopmayuil.

<« TeoMmerpuyecky HamisaHbi npumep crsrusanus S = {z : |jz|| = 1} B npo-
crpancte C[0, 1] paccmarpusaica B [4, Tr. 12, 13]. YHuBepcanpHas KOHCTPYKIUA
ects B [10]. »

Bor Hecnoxueiil npumep Kaxymanu B noprBepxaenue n.7.1.2. Iycte B —
cenapabenpHOe I'MILOEPTOBO MPOCTPAHCTBO C OPTOHOPMUPOBAHHBIM 0a3ncoM
{el,...,€q,...}. HeTpyaHo BugeTs, 4to

te+(1—-t)f(z
d(e,t) = 2T AZOI@) gy
lltz + (1 = &) f ()i
rae
f@)=(z,enNes+...+(x, ex)enss + ...,
nedopmupyet emuanynyio chepy § C E B eanHnunyio cdepy 5., noaynpocTpaH-
CTBAa BEKTOPOB &, OPTOTOHAJIBHBIX €, — KOTOPYIO yxXe jierko aedopmMuposars no S
h
B TOUKY .

U3 7.1.2 cpa3sy cnenyet eomMemonHocme 0pye Opyey 6Cex Hesbipoic-
dennvix na S omobpasicenuii ® : S — R\ {0}, ubo ecnn H(z,t) —
HenpepsiBHast gedopmanus suza (7.1), to ®H(x,t) nedopmupyer
d(z) B ®(z), T e. Bce P(z) Ha S MONYYAIOTCS TOMOTOIHBIMU T10-
CTOSTHHOMY oTobpaxenuio ®(zy). [1p1 5TOM MOMBITKA OTPaHUIUTECS
PaBHOMEDPHO HEBLIPOXJIEHHBIMY Ha S OTOOpaXKeHMsIMU He CITacact 2),

Cmaeusaemocms cghepbt no3eonsem neevipoxcoento (be3 yaeii) npo-
doacums moboe omobpaxcenue H(z) ¢ S na eecv wap ||z|| < 1, 4to
JOCTUTAeTCs OTOOpaXKeHueM

U(z) = ®H(z/||zl], 1 - llzl)).

Tax 4TO IpH GECKOHEYHOM YHCIIE U3MEPEHM I NP HLUMITMATBHO HEJIb35
CYAMTH O HYJISIX HENPEPBIBHOTO MMojsk BHYTpH 1uapa [[z|| < 1 no ero
MoBeIeHUIO Ha rpanuLe ||z|| = 1.

D Tak xe xax OKPY>HOCTb IO ABYMEPHOIi cdepe B R,
2 HespipoxaenHoe orobpakerue () 7 0 HAIBIBAIOT PAGHOMEPHO HEBLIPONCOCHHBIM, ECITH
normonuutensHo ||®(z)|l 2> ¢ npu Hexotopom £ > 0. Vkazamuas neopmaums PH(z,t)
PaBHOMEPHO HEBBIPOXKALHA, eC/u TakoBo P(z), mpuyem HeBbIpOXAEHHOE P(2) aBTOMATHYECKU

PaBHOMEDHO HEBBIPOXAEHO, T1. 7.3.2.
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7.2. KomnakTHbie oneparopsi

Kak crienyer 13 BbIiecKa3saHHOTO, HeNPePbIBHBIE 0OTOBPaXEHUS B (DYHK-
HVOHAIBHBIX NIPOCTPAHCTBAX C TOYKYU 3PEHUST TOTIOJOIMYECKOTO H3Y-
YCHHUA HEMOIBMXHbBIX TOYEK — HE MMEIOT I1epClieKTUBEL. OmHaKo
Ha MpaKkTHKe 3a[a4 NOT0OHOTO poja CBOAATCS OOBIYHO K MHTETPaJlb-
HbIM YpaBHEHMAM Tuna  — A(x) = 0, HanpuUMep, C UHMePANLHbIM

onepamopom Ypoicona
1

/ (¢, s, z(s)] ds (7.2)

0

B Takux ciy4yasx sektopHsie nons ®(z) = z — A(z) npuHaniexar
00BIYHO 6osiee y3KMM KJIaccaM OTOBPaXEeHMH, HJis KOTOPHIX TEOPHS
BpallieHs1 COXpaHsIeT MPEeXHIO Gopmy.

MrtaK, urpoBsim nosem ganee BMecto R” ciyxut BenecTseHHOe 6a-
HaxoBO IPOCTPaHCTBO E, 4To He UCKITI04aeT, KoHeyHo, E = R". Oto6-
paxeHue ® Ha3BIBACTCSI GNOAHE HENPEPbIGHbIM GEKMOPHBIM NOAEM, CCIH

d(z) =z — A(z),

rne A — enoane nenpepoignbiii Onepamop, NEPEBOIALLIME, no onpede-
AeHur, orpaHuyeHHeie MHoxecTBa M C F B NpedKoMIIakTHBIC, U,
pPa3yMeeTCsI, HETIPEPLIBHBIA B OOBIYHOM CMEIC/TE. 3aMeTWM, BIIOJIHE
HENPEPbIBHBIM MHOTAA Ha3bIBAlOT ONEpaTop, NepeBOAALIMii orpaHu-
YeHHBbI€ MHOXESCTBA B KOMIIAKTHbBIE, a HE MPeIKOMNAaKTHhIE, — YTO
C1ocoBCTBYET HapacTaHUIO BCEJIEHCKOTO Gecriopsanka 3)

TIpu4uHEI fieXar y TEPMUHOJIOTUYECKHX HCTOKOB,

7.2.1. Mnooicecmeo M C E mbi nazvigaem KOMRAKmmviM, Aub0 KOMRAKMOM, ecau
6caixas nocnedogamenviiocms 6 M codepocum nodnocaedosamensrocmp, cXo0auyiocs
ic anemenmy uz M. A muoscecmso M C E, 3amMoicanue Komopozo KOMRAKMHO, HA3bIBA-
enmcs npecKoOMnRaAKmHbIM.

1
%) Nuneitupiit (byHKIMOHAN p(T) = / z(t) dt smonue uenpepbisen B C[0, 1], Ho 3amkuyToe
0

orpaHpieHHoe MHOXecTBO dyukumit M = {2z : ||z]| = 1, z(t) > 0} nepepoaur B noaynuTep-
san (0, 1].
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JlexnapupoBaTh M3BECTHBIE ONpefeeHus NPUXOAUTCA H3-32 HEpasOepuxu B
(YHKUMOHAABHOM aHa/3e 0 MOBOAY KoMmnakTHoctd. KomnaxrHocts M C X
HA3bIBAIOT TAKXKE KOMRAKMHOCMbIO ¢ cebe, a TIPEAKOMIAKTHOCTD — KOMNAKIMHOCIMbIO
¢ X, Wi npocTo KoMIaxTHocTelo. He roBopsa o TOM, YTO KOMMAKTHOCTb B JAHHOM
BbILIE OMpeAe/IeHHH HA3BIBAIOT e1le OUKOMIAKMHOCIbIO 9

HanoMHuM 3aoaHo onpeneneHus nuddepeHIIManbHBIX CBOKCTB.

7.2.2. Onepamop A, Oeiicmeyiowuii 6 6anaxoeom npocmparcmee B,

azviearom ouhgpepenyupyemoim no Ppewe 6 mouke T € F, ecau cyue-
cmeyem AUHeliHbill 02paHu4erHbiii 0nepamop A'm : F — E, nasvieaemuiii
npouseooroti Ppewe ¢ moyke T, — MaKoii 4mo

A(z + h) — A(z) = Ayh + o(||hl]).

o !
[Ipu sToM auHelHyl0 YacTh npupauieHus A,h Ha3bBaloT Jugpepenyuarom
Dpewe, a A, — npoussodnoii Ppewe, 6O cusbKoil Rpou3E0OHOI, MO0 TIPOCTO
npou3600HOl, €CTU U3 KOHTEKCTa fACHO, O YeM peyb.

<« Tlpouspognaa Ppelue unmezpansrozo onepamopa Ypsicorna (7.2) B ciydae
HenpephibHocTy sapa G[t, s, z] Mo COBOKYNHOCTH MepeMeHHBIX M HelpepbhIBHON
auddepeHHNpPYyeMOCTH 10 £ onpefensaeTcs BeIpaXXeHUEM

/G [t, 5, 2(s)] h(s) ds,

kak B C, Tak u B L. »

Hughgpepenyuanom Tamo Ha3bIBAIOT nipeen %

3A(z, h) = lim M'
B cay4ae auneHHOCTH 10 A,
dA(z, h) = Ah,
onepaTop A'z Ha3bIBAIOT Kpou3ssodnoii Tamo (craboii npou3godnoll) B TOUKE .

[poussodnas Opewe, ecau cyujecmeyem, asasemca npousgodnoii Tamo. O6pamuoe
8epro, ecau npou3eo0Has Tamo nenpepwiena no .

“p AETEPHATUBHOM TEpMUHOJOrMM €CTh CBOsi JioruKa. OmpenesieHNe NMpedKOMITAKTHOIO
MHOXECTBA HA CaMOM Jefie MOApA3yMEBaeT, 4TO OGBbeMIIIONIEE MPOCTPAaHCTBO X OroBOPEHO.
B NMPOTHBHOM Cllydae BOHUKAST HEOTHO3HAYHOCTh, MHOXKECTBO pAOHANBHBIX ToueK 13 (0, 1)
MpeIKOMITaxTHO B R, HO He NMPeIKOMITaKTHO B MPOCTPAHCTBE PAUMOHANBHBIX YHUCE.

5 o .
) Cna6iit nudipepeHUUAan HA3LIBAIOT TAKXKE eapuayueii A.
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7.2.3. Teopema. [lpouzeodnas Qpewe enoane HenpepsigHO20 ONEPAMO-
pa — 6HOAHE HENpepbleHA.

7.3. BpaiueHue BnONHE HenpepbIBHOro nons

IMycts ) — orpaHudeHHast oGnaacte B F, Ha rpaHuue ¢) KOTOpOH
3a[1aHO BIIOJIHE HellpephiBHOE BeKTopHOoe noyie ¢ = I — A. Kiouesoi
daxT B onpeaeneHun BpauteHus y(I — A, Q) 3aKJTI0YaeTCsl B BO3BMOXK-
HOCTH KOHEYHOMEPHO! almnpoOKCHUMalMKM KOMIIAKTHOIO Onepartopa.

7.3.1. Teopema. /s arbozo € > 0 cywjecmayem enone Henpepolenblil
KOHeHHOMEPHbIT 6) onepamop A., annpoxcumupyrowuii A ra £ ¢ mou-
HOCMbBIO;

l4(@) — 4:@)]| < (z € ). (7.3)
<« Tlycrs M oGo3HayaeT 3aMblKaHME MHOXECTBA A(Q) B cuiy KoMmmakr-
Hoctu M ans mioboro € > 0 B M CyllecTBYeT KOHEUHass £-C€Thb {Zy,...,Zn}.
C nomoursio npoexmopa Ilaydepa
n -1 n
@)= (L m@) X m@e (ed) (14)
k=1 k=1
rie

e—llz -zl mpmllz-zll <e,
px(z) =
0 pu ||z -zl > €,

orieparop A., YIOBISTBOPSIOIIANA (7.3), CTPOWTCA B BHIE KOMITO3UIINU
A(z) = P.(Alx)) (z€). »
Bor ele oauH CYIIECTBEHHEBINH TEXHUYECKUIT MOMEHT.

7.3.2. Bcaxoe nesvipoxncOennoe Ha §) 6noane HenpepsigHoe 6eKMOPHOE
noge ® = I — A — pagnomepHo Hegupodcdero, M. e.

@)l >e (ze) (7.5)

npu Hexomopom € > 0.

6} MpuHuMaioLumit 3HaseHNs B KOHEIHOMEPHOM TICANIpOCTpaHcTRe. Harpumep, onepamop Tam-
m
Mepumelina Az(t):/G(t,s)f[s,.r(s)] ds xoHeunomepeH B ciyuae G(t, s) = Z ej(t)h;i(s).
D =t
3uauenus Az(f) nexar s noanpocrpancrse ¢ Gasncom {ei(f), ..., em(f)}.
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<« B TMPEAITONIOXKEHUH MPOTHBHOIO

k—o00

Ha HEKOTODOW MOC/IeN0BATENbHOCTH ToueK &y, € {1,
Ho A(zy) — ' B cuny [OJIHOW HerpepsIBHOCTH A, 0TKyHa, ¢ yuetoM (7.6),

lim flax — 2|l < lim ||z — Azl + lim [|A(zi) — &[] = 0.
k-0 k—00 k—oo

B urore ®(z") = 0, 4T IPOTMBOPEMNT HEBbIPOXAEHHOCTH D(z) Ha (2. »

Bpawenue v(®, Q) HEBBIPOXNEHHOTO GHOAHE HENPepbiBHO20 NOAA
bd=I—-AHa® onpenensiercs Tak. [Tycts E; C E — TIpoM3BOJbHOE
MOANPOCTPAHCTBO, COAEPKAIIES KOHEYHYIO £-CeTh MHOXECTBA A(Q),
a A, — BIIOJIHe HeMpepbIBHAs £-aNNPOKCUMALUA oflepatopa A Ha )
(reopema 7.3.1).

KoHneunomepHoe none &, = I — A, Ha rpaHune QE obnacTu
Q. = QN E; C E; HeBLIpOXIeHO Ha (), TIOCKONBKY Ha ), TpK

yenosuu ||@(z)|| > 2¢ > 0, cm. m. 7.3.2,
1@e(@) = |z — Ae(@)]| > ||z — A(@)]| - || A(z) — A:s(2)]| 2 26 ~e=e.

Tlosmomy onpedeneno epawenue (g, Q) na ., xaxosoe u
naszoeem spaweruem Y(P, §Y) enoane nenpepuignozo eexmopnozo
nona ® na €.

M1 060CHOBaHYST KOPPEKTHOCTH 3TOTO OIPENEIeHUS HEOOXOMY-
MO y6eMTLCS B €T0 HE3aBUCHMOCTH OT BhIGOpa nmoanpocTpaHctea F.
W onepatopa A., — YTO TpeOYET HEKOTOPBIX YCVIIWIA.

!
<« llycrs B, n E, — pa3inyHbie KOHEYHOMEpHbIE ITOITPOCTPAHCTBA, COLep-
xKalue e-ceTu MHoxecTBa M, a
. 7 U . 1
A, =PA: Q> E u A, =P(A:Q-E,

COOTBETCTBYIOLUKE BITOJIHE HEIPEPBIBHBIC €-aNIMMPOKCHMaluK oreparopa 4 nma Q.

Mokaxem, uto Bpamenns Y(®,, Q) u 'y(<I>IE,Q) KOHEYHOMEPHBIX BEKTOPHBIX
noneit &, =1 — A, n <I>; =1I- A’E Ha rpaHuuax §), u Q; obnacrent 2, = QN E;
u Q’E =Qn E; OIHAKOBEI.

Mycts E* — nuHeitHas oBojiouxa MOMpOCTPaHcTs E, U E; Paccmorpum
Ha rpanuie T obnactu T = 1 E* BekTopHOe rnone

U (z) =z - P.A(z) (z €7T).
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DTO 1one HeBBIPOXAEHO Ha T U TOTOMY OIpENEIeHO ero BpalieHye (T, 1),
npyuen (110 nemme 5.5.1 Jlepe—Hlaydepa) (¥, T) cobnanaer ¢ BpawenueM (¢, T)
cyxenus ¢, nonst ¥, Ha ), T.e.

Y(Te; T) = Y(e; QE)
Ho Ha (2, mone 2. FOMOTOIHO nonio ") d.. IToatomy
Y(ge; ) = 7(®; Q).

B pesynerate
(W5 T) = '7(‘1)5; QE)' (7'7)

AHZUIOFH'-IHO, OTTANKKBAsICH OT IO

U,(2) =z — P.(A(z)),

YCTaHABINBAETCS
T(¥e; T) = (25 ). (7.8)

Kpowme toro, monst ¥, u \Il; AMHEHHO roMoTor b Ha Y. [Moaromy
¥(Le, T) = 7(T., T). (7.9)

O6wenunss (7.7), (7.8), (7.9), nonydaem
7(@5; QF) = 7(@5; 95)9

YTO O3HAYaeT KOPPEKTHOCTb BBEUCHHOIO ITOHATUS 6PAULEHUS GHOAHE HENpepbieHO20
BEKMOPHO20 NOAA. W

7.4. BoluMcnexrue v cBONCTBA

Caoiictsa Bpautenust y(I — A, £2) aHANOTWYHBI CBOJICTBAM BpaleHUs
KOHEYHOMEPHBIX II0JIell, HO Koe-uTo TpebyeT yrouHeHus. B mnepsyio
ouepesib, MOHATHE TOMOTONMK BIIOJIHE HENpPEPLIBHbIX MOJEH.

7.4.1. Onpegenenve. Bnoane nenpepsighbie sexmophbie noas ®y =
=I— Ay u ® =1~ Ay, onpedenennvie na spanuye 02PAHUHEHHOU
obnacmu ) C E, nazvieaiomes e0mMomonusimu 8 na Q, ecau cyuecmayem
makoe 00HONAPAMEMPUHECKOE CEMELICINEO HeGBIPONCOCHHBIX GEKMODHbIX-

noneii
Oz, t) =z — A(z, t) (x €Q, 0<t<),

") Fomutes MHEiHHAA roMOTOTHS (1= 8)9pe(2) + 1D, (x), HEBLIPOKAEHHOCTH KOTOPOI JIETKO
1npoBepseTcs.
% Mnorza ropopar HeBbIPOCOCHHO 20MOMONHBLMY.
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umo onepamop A : 0 x [0, 1] = E 6noane nenpepuvisen 9y

o(z, 0) = Po(z), oz, 1) = @4(x).

Taxum 06pa3oM, K TOHSITHIO romotonuu B R” (pasmen 3.4) noGas-
nsietcs obsi3arenbHast opma nedopmauuu ®(z, t) = z— A(z, t) ¢ Tpe-
6oBaHMeM NonHOM HenpepoiBHOCcTH A(T, t). UTor mpexuuit (cMm. Teo-
pemy 3.4.2), HO yXe Ha HOBOM BUTKE CHMpPAIH.

7.4.2. JomomonHbie noas umerom o0uUHAKOGbIE 8DAULEHUSL.

JloCI0OBHO MOBTOPSIIOTCS, HA TOM e BUTKE, W ApYrue (paxThl:

7.4.3. [lycmb eexmopnoe nose ®(x) = I~ A onpedeneno u neebiposcdeno na spanuyax
obaacmeil 1,8, ..., Qy, ..., npunem obpacmu )i nonapro He nepecexaiomes u

Q= U Q;. Toeoa apamenus y(P, ;) omauunsl om Hyas Auws npu KoHeuHom wuucie
uHoexcos j, u

(B, ) = Zy(@ Q)

7.4.4. Ecau sexmoproe nose ®(z) Ha §} umeem axuanecoso HanpagaeHue, mo
7(®,8) =0.

7.4.5. Ecau 3(z) nesviporcdeno na samsixanuu obaacmu 2, mo y(f,$) =0

7.4.6. Ecau y(®,) £ 0, mo ypasnenue d(x) = 0 paspeuumo ¢ 2, m.e. & £
cyujecmayem Hyas exmopHoeo nosa x' € ), ®(z*) = 0.

JlokazartenbCTBa MEepeyrCIeHHOro, 6Iaroaapst onpene/IcHuIo Bpa-
LEHHs BIIOMHE HEMpephIBHLIX MoJeil yepes ppauieHus noneit B R”,
CBOJSITCS K MPOCTHIM CCHIIKaM Ha KOHEYHOMEPHBIE aHAJIOTH 10) (n.3.5)
yTBepXaeHuUil 7.4.2-7.4.6.

9 Kax orobpasxeHue OoT AByX nepemenHsiX, A(z,t). MonHoi HerpepsisHocTn A(2, t) npu
KaXIAOM (DHKCHPOBAHHOM ¢ HENOCTATOYHO (UIsi NOCNENyIOHIEH FOMOTONTMYECKOH KaaccudyKa-
UMy nesieit). 3aMeTHM Takke, YTO HEBBIPOXIEHHOCTH TOMOTONMH BIIEUET 32 COBO pasHomepHyio
HEBbIPOXIEHHOCTb, KAKCBasi GbiBAET MHCTPYMEHTAIbHC Iojle3Ha, M JIeTKC yCTAHABIMBAETCA,
Kak ¥ daxrt 7.3.2.

19) K oe-Izie HOMUMO CCELTOK MMEIOT CMBICH HEGONBLLINE PaIbACHEHMS, HO TOTAA LIAT 32 IHAroM
M3I0KEHHE NPUOGPETaeT PyTUHHO-YCHIIAIONINIA XapaKTep, YTO SBJSETCs YAENOM MOHOTpady-
YeCKO JIMTEpaTyphl.
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Pa3Butue 6ecKOHeYHOMEPHOM TEOPUH BPAICHUSA BO MHOIOM Ipo-
TCKACT MapasljIebHO €€ KOHEUHOMEPHOMY BAPUAHTY, BIUIOTH 10 aHAIO-
roB meopems: Xongpa 4.5.2 u ee o6o6utenust 4.5.3. CoXpaHsioT dopmy
1 TEXHUYECKUE UHCTPYMeHTbI. TOYHO Tak e BBOAMTCH, Harpumep,
TOHATHE UHOeKCa Hyas ¢ TNOBTOpeHUEM pesyiabtara 5.1.1:

7.4.7. [lycmo eexmoproe nose ®(x) nesvipoxcoeno na € u umeem ¢
KOHeuHOe uucao Kyseii Ty, ..., Ty,. Toeda

Y(@,€) = ind (&, z;). (7.10)
j

MoxHo naxe coxpaHuts hopMy KOHEYHOMEPHOTO aHasora 5.1.1,
Tpebysl JUIUL H30JIMPOBAHHOCTU HYyJIEi Zj, a He KOHEYHOCTH MX
quciIa, — MOTOMY YTO BTOPOE BLITEKAET M3 HEPBOIO B CHIJIY MONHOIM
HeNnpepsIBHOCTY onepatopa A 8 ® =T — 4.

Touno Tak e, npd AOCIOBHOM TOBTOPEHUM IOKa3aTebCTBa,
YCTaHaBJIMBaeTCs nonodyie meopems: Bpayspa 3.6.2:

7.4.8. Npununn Waynepa. Bnoane nenpepuignsiii onepamop A, nepe-
600auuit 6 cebsn saminymoiii wap B C E, ecezda umeem 6 B Heno-
OBUMNCHYIO MOUKY 12),

IonesHo uMeTh B Buay CleayIONMii SJIEMEHTAPHBIN pe3yJIbTar,
3aMBIKaIOLKIl Ha cebe HEMAaIO 3aMaCKUPOBaHHBIX CUTYaLMIA.

7.4.9. Teopema. B cayuae xy € ) epawenue sexmoprozo noas o(z) =
= — Ty Ha §) pasHo 1.

Hro Kacaetcst Bpawenust aukeiinoeo noss ® = I — A ¢ TUHEHHBIM
OrepaTopoM A, To 3aech HEOGXOAMM OGXOXHOIA MaHeBp, YTOOLI 060HUTH
UCTIONb30BaHYe AeTepMuHanTa. B R", oueBunno,

sign det C = (—1)°, (7.11)

i Hyns zg € Q eexmoprozo nons D() HA3BIBAIOT UI0AUPOBAHHBIM, ECIM B HOCTATOUHO
MaJloif OKPECTHOCTH T HeT ApyruX Hysjci. BpameHue mons ®(z) Ha cdepax mocrarouno
MaJIOro pajuyca ¢ HEHTPCM B T Ha3blBAIOT urdexcom X U obo3HavaioT ind (P, zp).

12) Iap B hopMynuposke . 7.4.8 MOXKHO 3aMEHUTD BBIMYKJIbIM 3aMKHYTBIM H CrpaHHuYeHHbIM
MHOXECTBOM. BecKoHewHOMepHBIH aHaior oGo6LIEHHON Teopembl Bpayapa 3.6.3 HaszblaloT
nputyunom Henodevorcholi mouiy Jepe— llaydepa.
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rae § — YMCIO OTPULIATEIbHBIX BEHIECTBEHHBIX CODCTBEHHDBIX 3Ha-
yeHuit (¢ yuetom KparHocteit) marpuust C. W 310 yxe ropurcs
B K@4€CTBE OCHOBBI JUISI 0000LIEHWS.

7.4.10. [lycmb 1 ne senaemca cofcmeennsim 3HaUeHUeM BHOAHE Henpe-
puierozo onepamopa A. Toeda undexc uz0aUpoGAHHO20 HYAS AUHEUHO20
noaa ® = I — A onpedensemcs pasencmeom

ind(®, 0) = (-1)°, (7.12)

2de § — uucno eewjecmeennblx coOCMEennbIX 3Hakenuli (¢ yuemom Kpam-
. , 13
Hocmeil) onepamopa A, 60nvuux eOuHuyb! ),

IMpocToit cchiikoit Ha TeopeMy 3.5.7 naxe ¢ yueroM (7.11) 3nech TpynHO oTe-
JIaTbCA, XOTA IPY HATWUKHU OITbiTa pabOTH ¢ HaHAXOBHIMU MPOCTPAHCTBAMKI — BCE OYe-
suaHO. TeM He MeHee npuBeneM obocHoBaHue. He cToabKo paau caMoro pesyisrata
7.4.10, cKOIBKO I WUTIOCTPALMH BHYTPEHHEN KYXHH U ITOBHIIHCHNWS GIUTENBHOCTH.,

<« Ilycts Ay, ..., Ay — BCe BEmeCTBEHHBIE COOCTBEHHBIC 3HAYCHNS 14 orepa-
Topa A, Géabive enunuun, ¥ P(A;) o6o3HauaeT KoMMyTUpyIOLMil ¢ A TMHEHHBI
OMepaTop MPOEKTHPOBAHWs HAa KOpHeBoe HoarnpocTpaHctBo E(A;) omeparopa A,
oTBevaloiee A;. Oreparop
Py=PX\)+...+P(\)

MPOEKTHPYeT Ha rounpocrpancrtso Ey = E()) + ... + E(A;) pasmepuocty .
CyxeHnue A, oneparopa A na Ey umeer Te Xe COOCTBEHHBIE 3HAYCHUS Aj, ..., Ak
¢ TemH xe KpatHocTsMH, a cyxenwne A’ omeparopa A Ha mononHurensHOe K B,
TOATIPOCTPaHCTBO Fy He WMEET BEeleCTBEHHBIX COOCTBEHHBIX 3HAYCHMH, GOIBLINX
elMHNIb. [103TOMY BITOSIHE HEIPEPHIBHAS FOMOTOTIHS

Oz, 1) =z —DRr+(1-1)4]|Pyz — (1 - T)AOPOm
HEBBLIPOX/IeHA Ha eNiHUYHON cdepe §. CrenoBaTeNbHO,
ind(®, 0) = y(2(z, 0), ) = y(2(z, 1), 9),

uto ¢ yuerom P(z, 0) = &(z), ®(z, 1) =  — 2P,z u 1. 3.5.7 Bmecre ¢ (7.11) — naer
(7.12), nockonbky (®(z, 1), S) conanaer ¢ paurennem &°(z) = —z Ha enuHUYHOMK
ctepe d-mepHoro nmoarnpocrpaHctsa Ey, paBHBIM (—1)6. >

006 uHaexcax HyJlel HelrHeWHOro nojisi MOXHO CYAHWTh, OUEBU-
HO, M0 JIWHEHHBIM NPUOAMKEHHUSM, €ClIY Te HEBLIPOXKIEHDI.

3
') OxparsiBacTea B TOM unCTe curyanus 0 = 0.

14
) «ITouemy MxX KOHEYHOE YUCIIO», ¥ HA APYIHeE CONYTCTBYIOIME BONPOCH ~ OTBETH CIEAYET

MCKATh B CTIEKTPaIbHOH Teopuy [4, T.5].
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7.4.11. Ilycmo enonne nenpepwvienslii onepamop A OQugppepenyupyem no
Dpewe & Heicomopoii oKpecmHocmu mouku Ty, U eduruya He aensemcs
COBCMBEHHbIM 3HAUEHUEM Onepamopa A'(mo). Toeda xy — uzosupoeannetii
Hyab noaa ® =1 — A u

ind(®, o) = (—1)%,

20e 0 — HuCa0 BeuecmeentbiX coOCMEEeHHbIX 3HAUEHU (¢ yuemom kpam-
% ! ’
Hocmeil) onepamopa A' (), 6dnsuux edunuypsL.

OTMeTHM, HAKOHEL, OJIE3HbI TEXHHYECKUI PE3yJIBTaT, B HEKO-
TOpOM pofie oboGiatoinii semmy Jepe— Hlaydepa na obugmit cayuaii
baHaxoBa mpoctparctea E. Ilycts Ey C E — 3aMKHYTO€ MOAIpPO-
CTpaHCTBO, {2 C E — orpaHuueHHas o6nacts, Yy = ) ﬂ Ey. Ilyers

BIIOJIHE HEMPEPLIBHBIN Oniepatop A Ha {2 IPUHUMAET 3HAYEHUS B 110/~
npoctpancTee Fy 1 He uMeeT HErOABHUKHBIX TOUEK Ha §).

7.4.12. [lyecmv Ay — cyocenue onepamopa A na Q. Tozda

’)’(I et A, Q) = ’)’(I — Ao, Qo)

7.5. HeBbIpoXaeHHbIe NPOA0MKEHWS

Anajior TeopeMbl 4.5.4 B o6LIeM ciyyae GaHAXOBa npocrpaHcrea F
TPEBYET VISl CBOEro 0OGOCHOBaHUS GOTbLIE YCUIUI, HO OCTAETCsl BCE XKe
MPOCTHIM (haxkTOM.

7.5.1. Teopema. Bnoane nenpepovignoiii onepamop A @ M — E, 20e
M C E — 3amkHymoe mroxcecmeo, moxcem Goimo npodonxcen na sce E
CO SHAYEHUAMY 8 3AMKHYMOU 8binyKoi 060n0uke COA(M).

[puHuMnKanbHyl0 pOIb B TEOPUU BpaiieHusi Urpaet 0606meHye
meopemsi Xonga 4.5.1;

7.5.2. Ecau 6nonne nenpepoisoe nose () Hesbiposcoeno na epanuye
2 oepanunennoi censnoii o6nracmu Q u Y@, Q) =0, mo ®=I—4A
MOXCHO npOOoAXCUmb 00 6MOAHE HENPePbIGHO20 NOAs, HEBbIPOHCOCHHOZ0
na samoicanuu Q. >
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Jlpyrasi, 6onee 3HaMeHuTast meopema Xonga 4.5.2 Takxke o6o6wLIa-
15)

€TCS Ha BIIOJHE HENPEePbIBHbIE BEKTOPHbBIE MO .
7.5.3. Teopema Xonda. Eciu nesvipoxciennvie na cgepe S C E enoane
HenpepvieHble GeKMOpHbIe HOAS UMEIOm 00UHAKOB0e GPAUjeHUe, MO OHU
2oMomonnsl. >

O6o6raerca U TeopeMa 4.5.5:

7.5.4. Teopema. Bnoane HenpepuigHbiil onepamop A(z), ne umerowjuil
HenodeuxcHbx mouek Ha zpanuye S} oepaHuernoil ceasnoli obaacmuy S,
maxoii umo E\Q umeem dee Komnonenmo césznocmu, 6ce2da MONCHO
npodosxcums Ha éce E 00 eénonne HenpepvigHo2o onepamopa ¢ 00HOU
nenodeuxcroil mouxoii ¢ 2. >

Ecau nce E\Q) umeem k xomnonenm cessnocmu, mo A(Z) moxcro npo-
doaxcums Ha eéce E do enoane nenpepwisnozo onepamopa ¢ k—1 nenod-
BUICHBIMU MOYKAMU, AEHCAUUMY <HO OOHOI» 8 02PAHUYEHHBIX KOMNOHEH-
Max Cesa3HoOCMU.

CrneuuduKka 1eOpyM BPalIEHUs, KaK BUIHO U3 MNEPEYHCIEHHO-
ro, 3aK/II04aeTcsl B «HEOOXOXMMOCTH» H3JIOXKEHUST KOHEYHOMEDHOIO
BapMaHTa TEOPUM C MOCIENYIOLMM MTOBTOPEHUEM CKa3aHHOTO MNocie
samenbl R" Ha E, — 4YTo HaBeBaeT CKyKy. M36exarb MOBTOPEHHIA
MOXHO, HO 9TO He TaK JIETKO, Ja U elBa Jiu 1ejecoobpasHo, ubo npu
YHU(UKALMHN TepseTCS HaISIHOCTD, KaKOBOM U TaK HEXOCTaeT.

7.6. Teopemnl poACTBEHHOCTH

OnHy U Ty Xe 3a1ady ObiBaeT ymoOHO paccMaTpHBaTth C pasHBLIX TO-
yek 3peHusa. CKaxeM, AMHaMUYecKas cucteMa &£ = —f(z), ¢ omHol
CTOPOHBI, XapaKTepU3yeTCsl NpaBoii yacTeio — f (), ¢ APYroit — Bek-
TopHbiM nojiem ¢ — Uy(z), rne U; — oneparop capura. Teopema 6.3.1
0GHapyXUBaeT DPaBEeHCTBO BpailiEHWW ITHUX TIOJNEH, 4YTO MO3BOJIACT

10 XONy jeJia MepeMeTHYTHCS Ha OoJiee YIOOHBIA MyTh 16).

5

15) Pauo Kak u ee Gonee obmas Bepeus 4.5.3.

1) Brruuenss ppauieHne — f() ¥ mepexoms K MCIONbICBAHMIO HEABHC 3aJ@HHCTO BEKTOp-
Hore nons ¢ — Uy(z).
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Hpasna, ecnv peyn unet o CymecTBoBaAHNY PABHOBECHS, TO nepexoy,
OT f(Z) K paccMOTPEHMIO ONepaTopa CABMIa 0COBbIX MPEUMYIIECTB He
naet. CKopee HA0BOPOT, BTAMMBACT B My4HHY Da3MbITBIX IPEICTABICHHIA.
3ayeM KMCKaTh HEHOABIXHBIE TOYKH onepaTopa Uy, 3aiaHHOTO OKOMb-
HBIM ITYTeM, KOT/1a MPOILE UMETh AEJIO C HYJISAMHU BEKTOPHOTO nost f(z),
«IAHHOrO B OLIYLIEHMsIX»>. HO BOT €C/Ii CTOUT BONPOC O HAIMUMH aBTO-,
MBO BBIHYXICHHOTO KOJIeBaHKsI, TO CMOTPETh Ha 33,184y Yepes PU3MY

&= f(z) wwm &= f(z,t)

yxe ManoaphexkTrBHO. TIpUXOAUTCS aHATM3MPOBATH HEMOMBIKHDIC
1

touku U,. [IpaBna, Teopema 6.3.1 7 TYT 4alle BCETO He Cacaer, —

NIOTOMY YTO YCJIOBUE «HEBO3BPALIAEMOCTH» TPYAHO MPOBEPUTD.

Ho ects npyroit Beixon. UnTerpupys

dx
— = f(z, 7
dr (@,7)
1O 7 OT HyJIs1 10 ¢, MOXHO NepeitTu ot & = f(x, )

K MUHTErpaIbHOMY ypaBHeHMIo Ha [0, T']:

t
z(t) = z(0) + / flz(r), 7)dr, (7.13)
0

YXonst NIPU 3TOM OT HeyBOOCTB, CBSI3AHHDLIX C MCHOJb30BAHUEM OMeE-
patopa caBura, HO Mormnajast B 6eCKOHEYHOMEPHBIE (PYHKIMOHATIbHEIE
HIPOCTPAHCTBA, I'le OT TEOMETPUIECKOIN HAMTISITHOCTH HUYEro HE OCTa-
ercst. 3ato ypaBHeHue (7.13) SIBHO 3amaHO M, KpPOME TOTO, UCUE3aeT

)0 cosnanennu Bpautenutit ¥(—f(z,0), Q) n 7(z — Uy (2), ).
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MOTPEGHOCTL B EAMHCTBEHHOCTU PELICHUI COOTBETCTBYIOINEN 3adayu
Kowu, v B HEJOKaJIBHOM TPONOIKUMOCTH TPAEKTOPUI, YTO OCBOBO-
KIOAET PyKHU U1 AOCTUKEHMUSI TIIaBHOM LIEJTN.

PaccMoTpeHHbIE MOAETH 33Jaui O MEPUOTMYECKUX KONEOAHMSIX,
HECMOTpPsA Ha pa3Hble AEKOpauUuu, UMEIOT ODUIMI CTEepXKeHb, Oalo-
UIMI OCHOBaHHE PacCUUTHIBATL Ha COBNajgeHue cBoiicTB. Bor omuu
U3 NPUHUIUNUANBHBIX PE3YJIETATOB Ha 3Ty TEMY.

7.6.1. Teopema. [Iycms U; — onepamop cdsuza ho mpaekmopusm
cucmemst & = f(x,t) ¢ T-nepuoduueckoii npasoii wacmeio;, u obaacmu

T CR" u QC C[0, T) umerom odunaxosyio cepaueeuﬂylg). Toeoa
y(I - U,, T)=v(I - F,Q),
ede F' — onepamop, onpedensemviii npasoii wacmoio (7.13). >

Pesynpratel Tvna 7.6.1 Ha3bIBalOT meopemamu podcmeenHocmu,
H JIETany 371ech OBOJIbHO rpomosaku [10]. IMostoMy B 06uieo6paso-
BaTe/IbHBIX LEASIX TeMa e[1Ba JIU 3aCJHIy>KMBACT MOAPOGHOIo U3ydeHus.
Ho ofune npencraBieHHs] HOCTOWHBI BHUMaHVs, UG0 paclIUpSAIOT
FOPU3OHTBI OCBEAOMIIEHHOCTH, YTO CHMMAET HaTlpsKeHue.

[lpobremarika B LEAOM OOBEMUCTa HE TOJBKO YaCTHOCTSAMU
00OCHOBaHMii, HO M MHOroobpasreM O6GCTOATENbCTB. Bosbmem, Ha-
npuMep, 3axadyy ob aBTokonebaHusAX B cucteme & = f(x), 9KBH-
BAJICHTHYIO TIOHWCKY TakMX 3HaueHWI mapaMeTpa A, IpHU XOTOPBIX
ypaBHeHue § = Af(y) umeer peurenust neprona 1 (cm. pasaen 5.4).
Wnrerpanpiblil BApUaHT MOCTAHOBXY 3aj1auy

t
mn:mn+x/f@@»m
0

) O6nacrn T CR" u Q C C[0,T] umeior odunaxosyio cepdyesuny, ccm nionst I — U,
1 I— F HeBbIPOXKIEHBI, COOTBETCTBEHHO, Ha T 1 §) ¥ eC/M MHOXECTBO nexamux B Y HauaJIbHbIX
3nayeHnit T'-nepuosnyeckux pemienuit ypapuenust £ = f(z,f) coBmagaer ¢ MHOXECTEOM
3HadyeHui npu ¢ = 0 sBcex T'-MePUOANYECKUX PEUIEHUIT DTOTC YPaBHEHUS, JiexXamuxX B §).
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dynxyuonanusayueli napamempa CBONMTCS K MHTErPATLHOMY YpaBHEHUIO

i

z(t) = z(1) + A(z) / I (z(s)) ds, (7.14)

0

W Npu «Ha[JlexallemM BhibOpe» (GyHKLUMOHaTa A(Z) IMepuoauvecKkoe
pewrerne z*(t) ypasmenusa (7.14) B C[0,T], orBevaromwee u30MU-
poBanHoMy nukiy I', Takke OyneT uzonupoBaHHBIM. O6lUee LIS
ROTYCTHMBIX A(Z) 3Hadenue unpekca ind (I — 4, £*), rae oneparop A
omnpeneseTca Npapoit yacTeio (7.14), — Ha3bLIBAIOT QYHKYUOHAALHOI
xapaxmepucmuxoii {1(I') yuxaa T. Teopema poacTBeHHOCTH, pOGKBa-
1omas 3pech TyHHeb Mexay R™ i C[0, T, xaer pasenctso ¥ p(T)

indT" = p(T).

7.7. Witepauun onepatopoB

ITon xpeLIo meopuu podcmsenrocmu TONAAaeT MHOXECTBO CUTYaLIAA.
Onna M3 HUX: HEOOXOMMMOCTD U3YYEHUS yPAaBHEHUS

z = BAz, (7.15)
TOrJa KakK BBIFOAHee ObUIO ObI UMETh JEJI0 ¢ yPaBHEHHMEM
y = ABy, (7.16)

rie A: Ey = E,, B: E, — E| — @noane nenpepuigisie onepamopsi,
E;, By — 6aHax0BH IIPOCTPaHCTBA.

Koneuno, Besikoe pemenve z* € E| ypasuenust £ = BAz naer
pELIEHWE ypaBHEHUS y* = Az* € E, ypaBHeHust y = ABy. U Haobo-
pot, mo6oe peutenve y* € E, BTOPOro ypaBHeHUs faeT pelieHue —
nepsoro z* = By* € E,.

) Monposrocru s [10].
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OpHaKo peJio He TOJABKO B pelIeHHAX, HO U B 00cToATeNbCTBaxX. [1o3T0-
My MHTepeC 4acTo MPENCTaBisIeT B3aMMOCBSI3b BpAIEHUI BEKTOPHBIX
roJieit

I-BA u I-AB.

20
B HaCTHOCTHU, B OIIPECACICHHDBIX YCIOBMSIX )

v(I - BA, Q) = v(I — AB, ), (7.17)
rme &y C Ey,  C B, — orpaiuyeHHble 06JaCTH.

7.7.1. Teopema. [Tycms obpacmu Q0 C Ey u 0 C E, umeiom oduna-
Ko8yH cepaueeuﬂym omuocumenvro ypasuenuii ¥ = BAx u y = ABy.
Toeoa cnpasedauso pasencmeo (7.17).

< Ha 3aMbikanum o6nacti = Q; X §; paccMOTPUM BEKTOPHbIE IO
¥(z,y) ={z - By, y - Az},
U,(z,y) = {x — BAz, y — Az},
(m9y) EE:E] —i_EZy

KaKOBbIC HEBLIDOXIEHBl HZ (), KK HETPYAHO YGEIMTHCS, M HETIPOTHBONIONOXHO
HATpaBieHb!, NGO HanpapieHbl IPOTUBOIIONOXKHO MOTYT GbiTh JIMIIL TIPH YCJIOBHU
y = Az. Ho B takux Toukax (z,y) Bekropsl U;(z,y) u ¥,(r,y) onMHAKOBHL
Mosromy nonst U, (z, y) u ¥,(z, y) romotonust Ha §2. CeLOBATENBHO,

(%), Q) = (¥, Q). (7.18)

ITycTs MHOXECTBO A(ﬁ.) Jexut B mape U,, u U = ; x U,. Mockonsky none
U, He umeeT Hyiedi Ha U \ 2, 1o (11.7.4.3) k (7.18) MOXHO [IpHCOBOKYNUTS

7(‘1’2’ Q) = 7(‘1’29 U)

0p (7.17) z— BAz n y— ABy — 570 BEKTOPHBIE NIOJIS1 B PASHBIX [IPOCTPAHCTBAX, [IEPBOE —
B B, Bropoe — B E,.

D Nog odunaxosoii cepoyequnoil B IAHHOM CJIy4ae MOAPA3yMEBAETCA B3AHMHO OMHO3HAYHOE
COOTBETCTBHE MeXAYy MHoxecTRoM X C £ kopueit (7.15) u MHoxectBoM ¥ C 3 KopHeit
(7.16), .e. AX =Y, BY = X. Unaue rosops, Bce «o6paser» Y Kopueit X C £ nonamaior
B €, a Bce «npoobpasei» X kopHeit Y C Iy nexar B ().
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Hanee, none W, romoronHo ua U momo
Us(z,y) = {z ~ BAz, y},
ONATE~TAKH B CHJY HENPOTHBOIONOXHON HANIPABICHHOCTH, 1 NOTOMY
Y(¥s, U) =7(¥y, U)-

A nockonbky W; sBiserca NpsaMoil cymMoit nons I — BA u TOXAECTBEHHOTO
mong I, To ¢ yuetoM Teopemsl 7.4.12 u YCTaHOBJICHHON LEMOUYKIA FOMOTONUIH

(3, U) = (I - BA, Q) = 7(¥,, Q).

Pasenctso (I — AB, ;) = v(¥, ) ycTaHaBAMBACTCS AHATOTMYHO, b

B criektp npunoxeHuit teopemsl 7.7.1 monamaer H3YyYeHUE BeK-
TOPHBIX MOJIeH ¢ UTEpaLUsAMH OIEPaTopoB, O YeM yXe wuLia peub
B pasgeje 5.6 mpu oOCyKmeHWM npunyuna bpaydepa 5.6.1, xoro-
PBIIT OCTaeTCA CrpaBeUIMBLIM NPH 3aMeHe R™ GaHAXOBBIM MpOCTpaH-
ctBoM E' B NPeNONOXKEHNH TI0JIHOM HelpepbiBHOCTH ornepartopa A.

MTaK, pacCMOTPUM BIOJIHE HETPEPHIBHOE BEKTOPHOE TOJIe
O,(z) =1 A%z, z€E.

Ecin AP¢ = ¢, 10
Ag, A%, .. AP (7.19)

TaKKe sIBJISIOTCA HEMONBHXHBIMM TOUKamu oneparopa A”, uto oue-
sugno: AP AL = AAP¢ = A& it n. Tlpu stom ecnu A€ # ¢ u uuciio P
MPOCTOe, TO 6ce mouku (5.17) pasauunet. A ecin € — M30JIMPOBAHHBIH
nyns nonst A¥(z), To u Bee Hyim (7.19) nzonupoBaHsl.

7.7.2. Teopema. Ecau £ — usonuposantoiil Hyab noas ©,, mo
ind (®,, A¢) = ind (@p, £). (7.20)

<« Teopema 7.7.1 GbICTPO NpPUBOIMT K HeoBXxoxuMomMy BblBody. B kauectse 2
¥ €1, BO3bMEM MaJIble OKPECTHOCTH TOUEK COOTBETCTBEHHO & n A£. Hacronrko Majtsle,
4TOBBI TOUKA £ GBiNTa eMMHCTBEHHBIM HYAEM [0S ®,Ha 0, a A(€) — eauncTBEHHBIM
HysleM @, Ha 52. O6nactu €2, u , umeior OLVHAKOBYIO CEPALICBUHY I10 OTHOILIEHHUIO
xnonsM I — AB u I — BA, tne B = A", uto Breuer 3a coboi (7.21), re.

1@y, 1) = 7(D,. ). (721)
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A sro u ects (7.20), ¢ yuetoM BeiGopa ) u . »

HenocpencrBenHoe ciiencrsue TeopeMsl 7.7.2:
7.7.3. Teopema. Ecau { — uzoauposannbiii nyas noas ®,, mo
ind(®,, £) = ind(®,, A¢) = ... = ind(D,, A7 '¢). (7.22)

OTMETUM BCKOJB3b CAENYIONINH pe3yibTaT, KOTOPBIA CyImecTBeH-
HO JONOJIHseT npunyun bpaydepa.

7.7.4. Ilycms p — npocmoe uucao, A(X) C Q, ede X — muoxcecmso
uynei noas Dy, sexcawux ¢ samvikanuu §) oepanunennoii ooracmy S,
nputem noae ®, nesviponcoeno ra ). Tozoa

Y(I - A7, Q)=~(I— 4,9  (modp). (7.23)



lnaBa 8

Henunesinsie oneparopsi
B NMPOCTPAHCTBAX C KOHYCOM

The whole of science is nothing more
than a refinement of everyday thinking.

Einstein

OrobpaxeHus B noryynopadouennoix APOCMPAHCMBAX BbI-
NI U3 CUCTEM bl OBIIIETO MATEMATHYECKOTO 06Pa30BAHUA
no HeaopazyMeHuio, ITotoMy 4to TaM He TONbLKO Bce XO-
poIIo peliaercs, HO TyAa HOMeLUAeTCs YyTh i He BECh
HETUHEWHBI aHaJIM3, eClM CMOTDETh, pasymeercsi, ONTu-
MAajIbHO ITPUILYPUBIINCE.

8.1. MonyynopsaoueHHOCTL U aBaHCbI

Teopus nosnoxutensHBIX OMEpaTOpoOB Gero paccmarpuBanach B [4, T. 2]
C aKHEHTOM Ha anddepeHIHaTbHbIX YpaBHeHUsX B R™, u B [4, 1. 5]
C OpMEeHTalMel Ha JMHeHHbIE OMepaTopsl. 31ech NMpobiemMaTika M3-
Jlaraercst ¢ Oosee MUPOKMM 3aMaxoM. TTOCKOJIBKY TeMaThka ocTaeTcs
MaJTIOM3BECTHOM, U3/IaraTh €€ NPUXOAMUTCH MAKCUMATBHO MPOCTO, YTO
camo 1o cebe He Tak MIoxo. Ho B 1aHHOM cllyyae SICHOCTh M aKLeHThI
OCOOEHHO BaXHBI, €CIIU IyMaTh He CTOJIBKO O «HAMOJIHEHU N COCYLIOB»,
CKOJIBKO O «3aXUTraHUM (aKesIoB»,

8.1.1. Teopewma [4, 1.2]. ITycms mampuya A(t) sneduazonansno no-

A0HCUMENbHA 1), b(t) > 0, u cucmema

&= A(t)z + b(?)

D Iipu 4 #j nce ai;(t) > 0.
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* *
umeem eQuncmeennoe noaoxcenue pasnogecuns - > 0. Toeda ™ acumn-
momuxecky ycmoiuugo, >

Ecjii npucMOTPeThCst ~ pe3ynsTaT (PaHTaCTUYeCKUMUA. YCTORUM-
BOCTH 00eCIIeYNBaETCH «ITOUTH Oe3 MPEaToIoKEeHUN».

Bor apyrasa usioMunka [4, 1. 5]. Juneiinoii nosoxcumensusiii onepamop 6 6araxo-
2
80M NPOCMPAHCMEE, NOAYYNROPAOOHEHHOM B0CHPOU3ZBO0AUUM KOHYCOM, — HENPEpLIEEH ),

Elle OIMH «IIyCTHOK»

8.1.2. Muozounen p(z) 2ypsuues ¢ momM cayuae, K020a CHpPO20 ROAONCUMENbHb! KO-
apunuenmer u p(z), u Muozounena q(2), UMeIOWE20 KOPHAMU Gce CyMMbL AP KOpHel
muozounera p(z).

SlcHoe 1es10, MOXeT MOKa3aThCsl, YTO Pedb MIET O CreudUIecKuX
3amadax. Ho 3a cyer yHHBEPCAIbHBIX TPIOKOB B PAMKH «ITOJIOXKHTENb-
HOCTH» YIAETCsl TIOMECTUTh OYEHb UMPOKME Kiacchl 3anad. Harpu-
Mep, ¢ TTOMOUIBIO CMELUATbHOM MOMYYNOPSIIOYeHHOCTH MOMyJaloTCs
camble o0uIMe YTBEPXKIEHMS O CBOMCTBAX MaTpUIl MPOU3BOIBHOTO BU-
na (paszmen 8.6).

OCHOBHOH (hOKYC pacCMaTpHBaeMbIX METOMOB 3aKIIOUAeTCsl, KO-
HEYHO, HE B IOJIOKUTEIBHBIX YMCIAX, a B IIONYYHNOPSIOYeHHOCTH,
BBOIMMOM ¢ MOMOIIBIO KOHYCOB,

8.1.3. 3amxnymoe evinyraoe muomcecmeo K 6 Oanaxesom npocmpar-
cmee E Hazvigaemcs KOHYCoM, ecau 0as moboeo nenyaegoeo r € K

AMCK npu A20 u M ¢K npu A<O0.

B R" koHychl 6bIBalOT KpyIible, FpaHeHble W Apyrue. YacTHblif
cliydaii: Heompuyamenvhuili opmanm ]R’j_ — BapvaHT HauOojiee Mo-
mynspHblit. JIio6oit kKoHye B R"™ mpencraisier coboit ofsedunenue
COBOKYRHOCIU YXO00SWUX 6 OeCKOHeHHOCMb AYMell, bIX00SuUX U3 HyAs
U NPOMBIKQIOUWUX 3AMKHYIIOE GbINYKAOE OZPAHUMEHHOE MHONCECMEo, HE
codepacaujee Hyas.

Y0 Pa3pLIBHBIX TMHEHHBIX QyHKumsax cm. [4, T 12].
Y Strelitz Sh. // Amer. Math. Monthly. 1977. 84. 542544,



8.1, Nonyynopsno+enrocts u asaxcs 137

Kakos 6bl HM ObLT KOHYC, 3emMeHTH Z € K TIPUHSATO HAa3biBaTh
ROAOAHCUMENBHBIMU, VOO

zeK & z 20,
a 3HaK 2 TPaKTyercd Kak foabuse.

IMpocreiitunmu mpumepamu KOHYCOB B 0ecKo-
HEYHOMEPHBIX IIPOCTPAHCTBAX CIIYXKAT KOHYCb! HEOm-
puyamenshvix gyncyuii K B C u Ly; konyc BbI-
nykiblx Ha [0, 1] dynkumit ¢ HYJICBLIMU KOHLIAMH,
z(0) = z(1) = 0.

Konyc onpenensier B E ROAYYROPAOOHEHHOCY, T >y (paBHOCUIIB-
HOY < z), eciu T—y € K. Takue HepaBeHCTBa, Kak 1 OOBIYHbIE, MOX-
HO YMHOXaTh Ha HEOTpHULATENbHbIE qUc/a, CKiajJbBaTh OXHOHWMEHHDbIE,
NEPEXOMUTE K IpeaesaM; £ < ¥y, y < z Bieuer 3a coboit 1 < 2 (cBO-
CTBO TpaHBI/ITI/IBHOCTI/l); anz zr < v,y Lz CJIeaveT T = Y.

Ha6op cBoiicTs 3Haka > cymecrseHHO Gorade. Hanpumep, orpannyennas mo-
HOTOHHAA (4| > Zy) 4UCIOBAS MIOCIEA0RATERBLHOCTE {zy} obs3atenbHO cxoxuTCa.
Ho nociienosarensHOCTS, MOHOTOHHAs B CMBICTE Tgy1 > Ty, 6yOb OHA OrpaHUYeH-

HOM XOTb [0 HOPME, XOTh 10 KOHyey {Bce &, < 2), — B obuiem cnyyae He 06sizaHa
CXOMUTBCSL, XOT B R™ CXOANTCS HE3ABHCHMO OT KOHyca.

TlonoxurenbHbie 1 MOHOTOHHbIE ONIEPATOPBY. Omneparop f: E - E
Ha3BIBaeTCA nonoxcumensrvim, ecan f(K) C K; u MOHOMOHHBIM, eCIIV

T<y = fle) < fy)

B citysae nonyynopsinodenHoctn R® HeorpruatenbHbim OPTaHTOM, JINHER Kbt
OnepaTop NONOXKUTENEH, KOTIA Y ONPEENAIONeH €10 MaTPMUDL! HEOTPHLIATENbH DI BCE
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37eMEHTBl. VIHTerpaibHbie OMEPaTophl IpY MOJIYYIIOPSA0YeHHOCTH € oMol K |
MOJOXKUTEABHBI IIPU NOIOXUTEIIBHOM SIpE.

Jig BBexeHMsl YIONYYNOPSAOYEHHOCTH HCIONB3YIOTCS DECSITKU
pPasHOBUAHOCTEH KOHYCOB., VX omycaHue NOAYeEpkHynNo OBl cpasy
GorarcTBO M pazHOOOpasye TeOpUM, HO JUIsi TNEPBOLO 3HAKOMCTBa
3TO enxBa JU goryctumo. Ha mpocTeiimvx pasHOBUIHOCTSX BCE Ke
HEOOXOJMMO OCTAHOBUTHLCS, YTOODI JA/IbLIE HE OTBIEKATHCS.

Hopmanbisie 1 npasuibabie Korycsl. Konyc K HasplBaeTcd HOp-
MQAbHbIM, €CJIM CYIPaBe/UIVIBA AeMMAa 0 mpex MUAUYUOHEPAX. U3 CX0-
Jumocmu KpaiiHux nocaedoeamensHOCmeil 6 v < b <tk obuiemy
npeoeny caeoyem cxooumMocme z* K momy dce npeoeny.

B obuem cryyae 310 He Tak. KoHyc K| HeoTpHLATeNbHBIX PyHKIMHA B npo-
crparcTee C : (HenpepriBHO MuddepeHUMpyeMbIx QYHKIMI) CBOICTBOM HOPMab-
HOCTH He obnafaeT. Bece koHycnl B R” HopmanbHbl. KoHychl K, B C u L, rakxe
HOPMAJIbHBL.

Jliis MpOBEPKM HOPMAIBHOCTH MOIYT MCIONb3OBATBCH PAMIMYHBIE KPHTEPHHL.
Hanpumep, koHyc HopmaneH, ecan u3 0 < z < y crenyer |lz|| < N(K)|yil,
¥ KOHcTaHTa N (K') He 3aBUCUT OT T U .

HopmanbHOCTh paBHOCHABHA OTCYTCTBUIO B K 3JIEMEHTOB, KOTODBIE «[IOYTH
IPOTHBONOJIOXHO HanpaBieHkl». TouHee, konyc K nopmaner 6 momm cayuae, K020a cy-
wecmeyem maxoe § > 0, umo |le,+e;]| = 0 0na a06bix eQunuunbix sexmopos €y, e; € K.

Konyc, comepxamiuii BHyTpeHHUE TOUYKM, CUMTAETCS MEAeCHbIM.
Konyc HasbiBaeTcst 60cnpou3sodsuum, eciii Kaxasli aneMeHT £ € E
NpeACTaBUM B BUE

rT=u-—"v (u,v € K).

Besikuin TeJleCHBIH KOHYC SIBJIsieTcst BocrpousBonsmunM, Konyc K
B C TeneceH, B Ly — BOCTIPOU3BOASUIMMA, HO HE TEJECHBIN.

Hakonen, konyc K HaspIBaeTcs ApaeuibHbiM, eCv Mobas He-
yObIBalOllast OrpaHUYeHHAsI 1O KOHYCY MOCASI0BaTEIbHOCTb CXOAUTCA
10 HOPME, U — 6HOAHE NPAGUABLHBIM, ECITU CXOASTCS IO HOpME HeyObI-
BaolIye OrpaHUYeHHBIE 10 Hopme TIOCEeI0BAaTETbHOCTH.
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TIpaBU/IbHBIE KOHYCHl HOPMAIBHHI, BIIOJIHE [IPaBUIILHBIE — MPaBUIIBHKL. Tenec-
Hblii IPaBUITBHBLA KOHYC BrioniHe npaswieH. Konyc K, B L, BnonHe npasujied. Bee
KOHYCHl B R” IIpaBUIIbHEE.

8.2. Cneundmrka MOHOTOHHOCTHU

IIpu paccMOTpeHMHM MOHOTOHHBIX OMe-
paTopoB YacTO HCIOJB3YIOTCS TaK Ha-
3bIBaEMbIE KOHYCHbie ompesku (U, w):
MHOXECTBa 3JIEMEHTOB Z, 3aKJIIOYeH-
HBIX MEXIY UV M W, T.e. V< T < W.

e Eciu KOHYc HOpManeH, KOHYCHHIH OTpe3ok (v, w) OrpaHudeH MO HOpMe. (")

B ciiyyae MOHOTOHHOIO omeparopa u3 v < = < w ciaegyer
fv) € f(z) < f(w). Noaromy komycnwiui ompesox (v,w) onepa-
TopoM f oToBpaxaerca B cebst Kak Tonbko | f(v) > v, f(w) < w.
Coennnsst cKasaHHoe ¢ aputyunom lllaydepa 7.4.8, monyiaeM cieiy-
IOLMI TPUBUAIBHBIA B KOHTEKCTE, HO BECbMa IMOJIE3HBIA Pe3yJIbTar.

8.2.1. Teopema. [Tycmo xonyc K nopmanen. Toeda snoane nenpepuis-
Hbuli onepamop §, y0061emeopAuUll HepaseHcmeam

flv) >v, flw) <w (v < w),
)

4
umeem Ha KoHycHom ompeske (U, W) HEnoOBUNCHYIO MOMKY

Tzt = f(z").

TyT, KOHEYHO, TPYAHO HE YMOMSIHYTb 3HaMEHWTBIH npunyun
Bupxeogpa— Tapckoeo, TapaHTUPYIOUIMHM CyLIECTBOBaHME HETIONBUX-
HOJ TOYKM y MOHOTOHHOTO OMepaTopa, He 00s13aTeIbHO HEMPEPBIBHO-
ro. Pakrt yHukajieH, HO Gonblie Kak (DEHOMEH, a HE KaK UHCTPYMEHT.
JlokasarenbcTBO B MpocTeituieii cutyauun R™ ects B [4, T. 1], makcu-
MaTBbHO OBILMIT pe3yasraT cOpMyIMpOBaH M K0kasaH B [4, T. 5].

4
) BeifyKiI0cTh KOHYCHOTO OTpe3Ka OUEBHIHA, 2aMKHYMOCHb U 02PAHUYCHHOCHb 00ecneuuea-
emcst HOPMAABHOCMBIO KOHYCA, 3A0QIOUe20 ROAYYHOPAOOUCHHOCMb.
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MOHOTOHHBIE OHepaTophl MUPOKO MPUMEHIIOTCS AJI opraHu3a-
LMK BBIYMCICHUH C TOMOUIBIO UMEPAUUOHHOZ0 npoyecca

= f(z"),

KaKOBOH B Ciiydae MOHOTOHHOTO orneparopa f obiaiaeT Cieayomum
XapaKTePHbIM CBOI/ICTBOM ECJII/I TouKa z° non neiictBuem f udem
eneped (nazad), T.e. #(z°) > 2° (< 2°), 1o Bes nocienOBaTENLHOCTE
¥ monomonno sospacmaem (y6visaem),

L. <df<.. @>... x>0,

-1
4YTO ¢pa3sy BuITeKaeT U3 NPUMEHCHUS K HepaBeHCTBy 11? > .’B orre-

patopa f, B pe3y/bTaTe Yero 2 = £ > fet Yy =" nrn

0 0
Ecnu Terepb €CTh JBe TOYKM ¥ < W , «MEHbIIas» U3 KOTOPHIX
WAET Bepel, a «00abuIasg» — Hasai, TO I

L= 10", Wt = fh)

HMEeEM
v°< <vk < ...wk< <w0.

E ok
8.2.2. Obe nocredogamenbHocm U, W OKA3bI8AIOMCS MOHOMOHHbIMY
U 02DaHUMEHHbIMU NO KOHYCY, U 8 cayuae Henpepbishozo [ u npaguibHo2o

5)

KOHyCa cx00amest K HenoOGUICHbIM MOYKAM

Y = f(v), w* = f(w*).

A ecau [ umeem auuto 00y Henodeumnylo mouky &', mo /noéaﬂ nocwe-
dosamensrocms x* npouecca T = f(a: ) npu ycaosuu W <2¥ <’
oKkassieaemes 3adcama & mucku®

ot <t <o, (8.1)

U nOMoMy modce cxooumcs, =zt <«

5 Taxum 06pazom, B Clyuae NPaBWIBHOIO KoHyca Teopema 8.2.1 cripapeanuBa M 6e3
AIPEATIONOKEHHS O NONHOM HETMPEPLIBHOCTH [, M Jaxe 63 IPeANONOKEHHS O HENPEPHIBHOCTH f
HO 3T0 TPEBYET OTAETLHOTO 10KA3ATENLCTBA — CM. [4, T. 5.

©) [Tockonsky npumenenue Mouoronnoro oneparopa f K HEPABEHCTBY v < 2% < w° naer
FO) < fe®) < o %), Te. v' <z’ <w', Unayknenoe noetopenme nponecca npuBoiMT K (8.1).



8.3. @eromeH MHBaPNAHTHOCTH KOHYCA 141

B cayuae £1(z3)

f(@) = { fi(z2), fale1)} z,

HEPBBIf NTEPAUMOHHBIH 1ar 1306pa-
JKEH Ha pucyHKe crpasa. KoHYCHBI
OTPE30K (1)0, wo) HAa TIEPBOM Luare Iie-
PEXOANT B (vl, wl) — 3AITPUXOBAH-
HBIH NIpsiMOYronbHuMK. JI1o6as Touka
T TOCIE TIEPBOI WTEepalny ITONAagACT z,
B (1)1, wl),

L)

8.3. deHoMeH MHBApPUAHTHOCTM KoHyca

[TonoxuTensHBIi OnepaTop f, Kak cieayeT U3 ONpeleNeHNs, OCTaB-
JAeT KOHYC MHBapUaHTHbIM, f(K) C K. Kak HM Majo3HAuMTEIbHO
Ha TEPBBIN B3MISAA cHe OOCTOATENBCTBO — M3 HEr0 MHOrOe CieiyeT.
JLocTaToYHO BCIIOMHMTS TEOPUIO A0s0XMcumenshox mampuy [4, T. 3]
v BOOOINE —— n03umusHbix Aunelinbix onepamopog [4, 1. 5]. OuryTnmsl
BHITOAbl ¥ JUISI HEJUHEHUHOrO aHaIn3a.

OnHO NHLUb MOHATHE 8PAULEHUS NOAONCUMENBHORO NOAS CBUNCTE b~
CTBYET O BHYIIMTEIbHOM MoTeHuMane sapireHns f(K) C K. dabyna
aneck TakoBa. ITycts Q(K) 0003HaYaeT orpaHUYEHHYIO OONACTh B KO-
Hyce K C B, 1.e. Q(K) otkpuito B K, HO He 00si3aTesibHO B F.
Mpuuem Q(K) conepkut BepiimHy KOHyca — Hyl1b F. OueBHaHO,
BCerja MOXHO yKa3aTe Takyio obnacts ) C F, uro

oK =k), QK =QK).

Jajiee monoxurebHOE BIIOJHE HENPEPbIBHOE BeKTOpHoe noste I — f,
ONpEenCHCHHOE U HEeBLIPOXIEHHOES HA Q(K ), MPONOJIKAETCA € COXpa-
HEHMEM IOJIOXMUTEILHOCTU M TIOJHOM HelpepblBHOCTH Ha ), mocse
uero y(I — f, ) oBbsBNICTCS paujeruem noaoxcumensiozo noas I — f
na Q(K) ¢ dukcarueii 0603Ha9eHIs v(I-f,QK)). KoppekTHOCTh
OTIPENEIEeHUS JIETKO YCTAHABINBACTCS.
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Ha mepsblii B3IV, XHTPOCTh HEeBeAMKa. JIOCTATOUHO SICHO, YTO
[10CNe HEKOW ITOATOTOBHTENBHON DPabOThl MOXHO Pa3 M HABCErHa
U306aBUTBCA OT HEOGXOAMMOCTH FOMOTOIIUPOBATH OTOBPAXESHUS HA TOM
YacTU TPaHULBI Q, puc. (8.2), Kotopas sABNAETCA ONHOBPEMEHHO
YJacThIO TPAHULBI KOHYCA,

Taxol addexr B caMoM felie AOCTUXNM, YTO HEMAJIOBAXHO C TOYKH
3peHnst ynoOCTBa M 9KOHOMMM — CM. Janee. Ho mpeumymecTsa
BPAWEHUR NOAOHCUMEABHOZO NOAZ ITAM HE HcueplibisaoTc. CKaxeM,
KOHYC MOXET ObITb HE TeJIECHBIM (KOHychl K1 B Ly). B aTom crydae
06biyHOe BpameHnne I — f Ha rpannue Q(K) BooOuie He oMpeneneHo.

Wnpekcebr nooxuTesHoro oneparopa. CTaHiapTHAs TeXHUKA Uusy-
HEHUS II0JOXUTENBLHDIX ONEPATOPOR OPUEHTUPYETCS] HA AHANUA3 KX
noseneHNst Ha nepecevennsax S(r) cdep S, = {z : ||z|| = r} ¢ xony-
com K, KaK mpaBu/10, B OKPECTHOCTH HyJIsl M Ha GECKOHEYHOCTH, T. €.
IpU MalblX U BONBIINX 3HAYCHUSIX 7 > 0.

8.3.1. Onpepnenenwue. [lonoxcumensibie enoane HenpepvigHbie onepa-
mopvt fo u f1 HA3bI6AIOMCS NOAOHCUMENBHO 2OMOMONHBIMU HA MHOMCE-
cmee L', ecau cywsecmeyem maroli nOAOHCUMENbHbLE 6NOAHE HENPepPbIGHbLL
(no cosoxynuocmu nepemenrnvix) onepamop H(z, t),

H:T'x[0,1] = K\ {0},

H(z,0) = fo(z), H(z,1) = fi(x), z€T,

npuem ’ H(z,t)Zznpuzel, telo,1].

8.3.2. llycmb onepamop f nonoocumenen u gnoate nenpepvieer Ha Ko-
uyce K. Ecau npu docmamouno manvix (Qocmamouno Goasuwiux) v > 0
onepamop f nosoxcumensno comomonen na S(r) onepamopy Hy(z) = 0,
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mo undexc f ¢ uyne (na Oeckoneunocmu) pasen 7 1,
ind (f,0)=1 (ind (f, 00) = 1).
Ecau orce f nonooscumensrno eomomonen na S (r) onepamopyg)
Hy(z)=71hy, ho€ K, ||l >1,
mo ind (f, 0) = 0 (ind (f, c0) = 0).
BoT nmpocTeie nocrarouHsie yeaoBusi.

8.3.3. [lycms npu docmamouro manvix (docmamouno bonbuLUx) Ao HOpme
x € K, © # 0, norowcumensnoiii enonne HenpepbigHbiil onepamop  f
yoognemeopsem ycaosur

flz) %z (8.3)

Toza ind (f,0) =1 (ind (f, 00) = 1).
<« [lonoxwurensHoi roMmoTonueit ot f x Hy(z) = 0 moxer CIIY>KHTb, HAPHMED,

H(z,t) =tf(z). HesnpoxueHHOCTS tf(z) #Z = BbiTexaer n3 (8.3). »

8.3.4. [lycms npu docmamouro mansix (docmamouro BonbuLUX) N0 HOpMe
¢ € K, © # 0, nosowcumensnbiii 6nosne nenpepvisnsili onepamop f
yooenemsopsem ycaosuio

Tozda ind (f,0) = 0 (ind (f, o) = 0).

7
)B COOTBETCTBHHU C JaHHBIM BBIILE ONPEACACHHUEM [TONIOXKUTENBHOIO BEKTOPDHOTO HOJS

T — f(z). Ho Tak KaKk cBA3b ¢ OOWEH CXEMOM Mbl 30ECh HE MPOCIEXMUBacM, Jekiapalnn
1 JaHHOM cJly4ae TPaKTYIOTCS KaK ONpENeaeHHs.

®) 3amermm, Bee oneparopsl Hg(x) = By (B 2 r) Ha S(r) noNOXHTENLHO FOMOTONHBI
JIpYT apyry.
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< Oneparop f nooxuTesbHO romoronex Ha S(r) oneparopy Hg(z) = fBho,
riae 8 10CTaToYHO BeNUKO. [1OMOXUTELHON TOMOTOIMEN CAYKUT

H(z,t) =1tf(z) + (1 — t)Bhe.

Hesslpoxaensoctb H (Z, t) BEITEKaeT U3 crenylollero paccyxaerns. [Tpennonoxnm
nporusHoe, Torga s oGO MOCAENOBATENEHOCTH [y — 00 MOXHO yKa3arth Noc/ie-
goBatenbHocTH & € S(r) u &y, € [0, 1], Takue uto

k k

I — tkf(IJ ) = (1 - tk)ﬂkh'o- (85)
Hotak kak z* € S(r) v onteparop f BrioJiHe HENpepbIBeH, Ge3 orpaHNYeH!s OGIHOCTH
MOXHO cyuTaTh f (:z:k) — 2z — B [IPOTUBHOM CJIyyae MOXHO IIePeiiTH K cXoasiuencs
noanocaenosarenbHocTd. OTCI0Na BBITEKAaeT OrPaHNYEeHHOCTh MMOCeR0BaTeibHOCTH
" — b, f(«*), a smaunt, n (1 — £,)Byho, 4TO B CBOIO OYEpeTh MO3BOMSET CYMTATD

(1-t)Be »720, - L
W3 (8.5) Temeps ciienyer, Y4TO MOCIEAOBATENBHOCTD z* cxomuTest X HexoTOpOMy

0
z € §(r), npuuem
0 0
z - f (:E ) = vh,,

re. f(z') < 2°. Ho ato npotusopeunt (8.4). »

8.3.5. Ilyems ind(f,00)=1, 20e f nonoocumenvhsiii gnoane Henpepois-
nout onepamop. Tozda y f cyuecmayem 8 Konyce HEROOBUNCHAR MOHK Q.
« Yenosue ind (f, 00) = 1 rapaHTHpyeT CyLIeCTBOBaHUE TOJIIOXHTEIBHOI Fo~

moronuu H(z,t) na S(R) (R mocrarouno Bennko) ot f(z) x Ho(z) = 0. IMycrs,
ANSL ONpeNeneHHOCTH,

H(z,0)=0, H(z, 1) = f(z).

Bseaem B paccmotpenne oneparop (Besse € K)

f(@), ecu llzll < R,
= lli] (Rw Ilwll>
zy=¢ —H| —,2—-— ), ecmu R <||z|| <2R,
For=1 %22 & lel
0 ecin llz]l = 2R.

OuesuaHo, onepatop f BIIOJIHE HEMPEPBIBEH U NpeoGpasyer xonye K B cBolo
KOMIIaKTHYI0 4acTb. [lostoMy u3 mpunyuna Ulayoepa cnenyer cyumiecTBOBaHUe Y f
HernoaBkHoM Toukn £° € K. [Uis 3aBeplueHust JOKA3aTENbCTBA OCTAETCS YBenUThCS
B oM, uto [lz|] < R. Bosmoxsocts |jz]] > 2R oueBnnHBIM 06pasoM ormamaer.
Aecin R < |lzl] < 2R, 1o H(z", 1) = 2°, rne
llz*| o _ Rz
R " TR

YTO NPOTUBOPEUUT HEBBIPOXAeHHOCTH Tomoronuu H(z, t). »

ly=2-
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JIOBOILHO YaCTO B MPHIOXEHMAX YPABHEHUE

¢ = f(z)

MMEET HyJleBOe PElICHNUE, KOTOPOE € CONSPXKATEbHOM TOYKYM 3peHMs
TPUBUAIBHO, U BOIPOC 33AKIIOYAETCS B CYIECTBOBAHMM HEHYJIEBbIX
(HeTpMBMATbHBIX) pelieHuil. TAKOBO ypaBHeHMe

/Gt s)plz(s), s] ds

npu yeaosun ¢(0, s) = 0.

8.8.6. Ilycmb undeicor ¢ Hyse u na GeCKOHEUHOCMU NOAOHCUMENLHORO
8noaHe Henpepolernozo onepamopa [ He pasHu,

ind (f, 0} # ind (f, 00).
Toeda y f cywecmeyem 6 konyce nemynesas nenodsuxcnas mouxa.

<« JonycrnM, ind (f, 0) = 0, ind (f, oo) = 1. B cuny ind (f,0) =0 cy-
LIeCTBYeT nonoxurenbHas roMororus H(z,t) wa S(r) {r mocratouno mané),
cesspiBatomast f(z) u Ho(z) = rhy (||hol| > 1). Bmegem B paccMoTperne orre-
parop (Besge ¢ € K)

T r
7ho, eciu llz]] < <3
flz) = ”—:E'—IH I_‘{'_g”ﬂu -1), ecm r <llell €< r
T lzl| = 2
f(=), comn el >
Tax kax f(:z:) J(z) npu nocrarouno Gonbmux no HopMe Z € K, To

ind (F, o0) = ind (f,00) = 1, n no TeopeMe 8.3.5 CywwIecTBYeT HemoBHIKHAS TOUKA

z" € K oneparopa f. OcraeTes nokasath, 4To llz"]l > r. Boamoxuocrs [jz*]| < =

3aBejioMo uckmoera. Ecrm xe - < [|2*]] < 7, 1o H(2", t,) = 2°, rne
2”‘1"*“ o_ et
lp=—— —1 T =
or o [

HTO NMPOTUBOPEYUT HEBBIPOXASHHOCTH roMoronuu H (z,1).
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Apyroii Boamoxxuit Bapuant ind (f, 0) = 1, ind (f, oo) = 0 cBogMTCS K NpeIbl-
AYIIEMY € MOMOLbIO Mepexoia K oneparopy”)

F(w)=|lw||2f(wzﬂ), z€K, z#0,

tax kak ind (F, 0) = 0, ind (F, co) = 1. Heitcteurensro, nonoxus R = 1/r, u r
nocraroito Mand. Myers Hi(z,t) — nomoxurensHas romoromwst Ha S(r) or f(z)
x Hy(z) = 0, a Hy(z,t) — nonoxurensHast romoronust Ha S(R) or f(z) x
Hy(z) = Rhy (ho € K, ||ho|| > 1). Torna ||z|*H, (z/||]]*, t) Gyner nonoxurensroii
romoronueit Ha S(R) or F x Hy, a ||z||*H, (:z:/H:z:||2, £) — MOTOXUTENBHON rOMO-
torueil Ha S(r) or F x H,.

IloaTOMy M3 yXKe JOKa3aHHOTO CJIEYeT CYUIeCTBOBAHME HeHyIEBOH HEMOABYK-
Hoit Touku z) € K y omeparopa F. Torna &* = ,/||zo|/* — HenonpuxHas Touxa
oneparopa f. »

8.4. Autypax Texywero ¢apeartepa

B Texymem dapsatepe Gonee-MeHee OYEBHIAHBI CIEAYIOIIME PE3YIb-

TaTbl, KaAKOBBIC IMOJIE3HO A0AYMATh ]O).

8.4.1. Onepamop [ naswieaiom cxcamuem Kowyca,
ecau npu docmamouio manvix (docmamouno 6oabuiLx)
no vopme x € K, ¢ #0

fle) <z (f(z) 2 2),

U Haobopom, — pacmANCEHUEM KOHYCA, ecau npu do-
cmamouno manvix (docmamouno Gosvuiux) no Hopme
zE€EK z#0

f@yze  (f(z) < 2)

8.4.2. Ilycmb nonoxcumenvnbull enonne nenpepwlenwiti onepamop | se-

aAsemes cocamuem uau pacmaxceruem kowyca. Toeda f umeem ¢ K
oo *

10 Kpatinell mepe 00HY HeHYACEYI0 HEeNOOGUICHYIO MouKy T .

besycnoBHO, 310 mpocTo Goree cnalblii BapuaHT Teopembl 8.3.6.

1
Ho daxT 8.4.2 nerye samoMuHaeTes # jierde npoBepsaeTcs Y U 310 681-
BaeT BAXHO, 4yTOOB! Teopema He morubia Mo rpy3oM MakcuMMaibHOUN

% BriBopayrBaomiemy f(x) HausHaHky.

19 TogpoBHOCTH 1 JOMOTHUTENbHEIE NETANH ECTh B [14].

1
) Ecomt nmeer MECTO,
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00mHOCT!. BHATHBIE M yROBHBIC YIIPOINEHMS 4acTo JaT 0ObIINIA
abdeKT, 4eM TSIKeNoBeCHbe 0600IEHuSL.

8.4.3. Yenosus
f(z) %z, flz) Lz

Ha 00Hol u moii e nosepxnocmu S(r) necoemecmumol. <)

8.5. Onepatopsl caewra B ycnoBusix NOAYYNOPSIAOYEHHOCT!

Benywae V @, ¢ f(z,t) € K oneparop casura o TpaeKTopsaM

dz
_C—i—ti :fl(wly ,wn,t):
dz
Ttn- —fn(ml, :xn: t)7
T. €
= f(z,t), (8.6)

NONCXUTENEH, HO 3TO MaJOMHTEpecHas CUTyauusl. BHUMaHus 3a-
CIIYXUBAIOT CUCTEMBI (8.6), B KOTODBIX ABMXEHME HE MOXET TOKi-
HYTb KOHYC IO GoJiee AeNMKATHBIM TPUYMHAM, KAKOBBIE B MPUHIHIE
oueBuIHeL. Tpebyerca f(x,%) > 0 xak TonsKo TPAacKTOPHUS BBIXOLUT
Ha rpaHully KoHyca. BHyTpy e KoHyca IABMXEHHE TPON3BONBHO,

B ciyyae nmomyyropsinoueHHOCTY ¢ OMOIIBIO Ri 3TO npuobpe-
TaeT GOPMY 8HEAUALOHANBHOH NOROHCUMENLHOCIU npasoit yactut (8.6):
ecim mpu obeix £ >0, tERuj=1,....n

fi@y, ..., 20,0, Tjiis-ens Ty, t) = 0.

HApyrumun cnosamu, sHaweHus f(z,t) mpu = >0, T.e. ¢ € int K,
n

He KOHTPOJIMPYIOTCA, HO KaK TOJbKO & MOMajaeT Ha rpannuy R —

BeKTOpY f(%,t) 3ampewiaetcs GbITh HANPABICHHBIM BOBHE KOHYCA.

8.5.1. Teopema. Onepamop cdsuza Uy no mpaexmopusm sneduazo-
HANBHO ROAOHCUMEAbHOT cucmembl (8.6) — nonodicumenen.
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« TpaeKTopuu BCITOMOTIaTeIbHOW CUCTEMBbI
&= f(z,t)+¢ (8.7)

€O CTPOTO MONOXHUTENBHBIM € > (0 — He MOTYT BHIHTU M3 KOHYCa, U6O B IDAHUYHBIX
TOYKAX HANpaB/ieHsbl crporo BHYTPb R . [ToaToMy oreparop caBura 1o TpaeKTopHIM
(8.7) monoxurenen. Ilpu € — 0 tpaexropun (8.7) nepexondr B Tpackropun (8.6). »

flo ropsunM cnemam pasmenaeMcss cpasy ¥ ¢ MOHOTOHHOCTSIO.
[lpaBas yacth (8.6) Ha3pIBACTCS 6HEOUA2OHAALHO MOHOMOHHO, €CIIU
mpnmobbix £ >0, ERuj=1,...,n

fj(m],-..,mj_[,o,mj_*.l,---,mn,t) >fj(yl9"',yj-—lyosyj-i-l’"',ynat)'

[1poiie roBopsi, BHEAMAroHajipbHasi MOHOTOHHOCTb O3HAY4aeT MOHO-
TOHHOCTb pocTa Kaxno# f;(z,t) mo moboii uyxoil koopauHate Tj,

. i .,
J # i. B magkoM ciyvae 310 paBHOCHIBHO 3z, 20,7#1
T
J
8.5.2. Teopema. Onepamop cdsuza Uy no mpaexmopusm sHeduazo-
HanbHO MOHOMOHKOU cucmenmb: (8.6) —~ MoHOMOHeEH.

< Ecnu z(t) n y(t) yroBaeTBOPSIOT, COOTBETCTBEHHO,
¢=fle,t) wn  yg=fyt), t=s
10 z(t) = #(t) — y(t) ynoBaeTBOpSET CHCTEME
i=fly+z1t) - f(y.1) (8.8)

C BHEAMArOHAJIbHO [IOJIOXKUTENBHON npaBoit vactelo. Teopema 8.5.1 rapamTtupyer
2(t) = z(t) — y(t) = 0 npu ycnosun (s) > y(s). »

Teopemsnr 8.5.1 1 8.5.2 npu n3yyeHUH BHEAUATOHATBLHO ITOJIOXM-
TEJbHBIX M BHEAMAroHaJbHO MOHOTOHHBIX cucteM (8.6) 1M03BONSIOT
NepeXoauTh Ha CTAHIAPTHBIA SI3BIK TEOPUM TOJOXUTEJbHBIX U MO-
HOTOHHBIX ONEPATOPOB, M30aBJIsA 0T HEOGXOINMOCTH CTPOUTE HOBYIO
«BHeIMAroHajsHy0» TeOpuIo. BoT kak 310 paboraer.

Hyctb cucrema nuddepeHIUANBHBIX YPaBHEH Uil

& = f(z) (8.9)
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OITMCHIBACT IMHAMUKY XMMUYECKOTO PeakTopa, &; 0003HAYAET KOH-
LUEHTPAnMIO ¢-ro peareHTa. ECHU cucreMa 3aMKHYTa, TO IBHXXCHUE
NpOUCXoUT B rtockoctd S(1):

dai=1 (100 %).
i

B cuny uHBapuanTHOCTH S(1) oneparop capura U; mo TPACKTOPUSIM
(8.9) He moxer ymosnersopats Ha S(I) Hu ycroBMIO Ui(z) > z,
Hu yenosuro Uy(z) < z. Y Torma B cuny 1. 8.4.3 cuctema oGs3ana
WMEThb PaBHOBECHE 12). Koneuno, tyr mMoxno 6wuto 6ni 060iTHCH
meopemoti bpayspa. Bot MeHee o4eBUAHBIN npuMep.

[ycTs (8.9) onuckiBaeT AMHAMUKY B MOzeTH COCYILECTBOBAHHUS 7
OMONIOTMYECKHX BUNOB, T; — YUCIEHHOCTS NONyISIIMM ¢-TO BUAA.
[IpaBIOnoROoGHO BEIISLIUT Clenyomiee npennonoxexHue. Ecau cym-
MapHas YUCJIIEHHOCTh Z T; NOCTaTOYHO Maja (BelMKa), TO YHCIEH-

1
HOCTb XOTSl GBI OHOrO BUAA Bo3pacTaer (yObiBaer). OTCIONA CledyeT

Ui(z) € = npu Mansix no HopMe z, W Ui(z) » = npu Gonblamx
1o Hopme z. Ho Torna cymecrBoBaHMe paBHOBeCHS, TIEPHOINYECKOTO
pexuma B citydae (8.6), BbiTeKaeT U3 meopemst 8.4.2 0 cucamuu konyca.

[ osnageHus WHCTPYMEHTOM I1OJIE3HO OCMBICAUTD [IPOCThIE BOMNPOCHI.

8.5.3. Ecau mpaexmopus z(t) cucmemmt (8.6) ¢ monomonnvim 13) onepamopom cosuza
Hauunaem Osuzamoca eneped (naszad), mo ona ece epema Oydem Osuzamvcs eneped
(nazad). <

° B cucreMe ¢ MOHOTOHHBIM ONepaTopoM caBura u3 & € (v, w) caenyer
v(t) < z(t) < w(?), (8.10)
rae v(t), (t), w(t) — Tpaexropun (8.6), BEIXOAAMME U3 TOYEK

v($)=v, z(s)=z, ws)=w (s <)

2 fuso TIEPHONIMYECKOE PeHICHHE, ecnn BMecTO (8.9) cucTema mogunHsiercs YPaBHEHUIO
(8.6) ¢ mepronuueckoi Mpapoii yacTbio.

) Ma-za BHE[MarOHaNbHOA MOHOTOHHOCTH NpPABON 4acTH WM 10 IPYTHM MPHYKHAM,
HaTIpUMED, B CIIY4ae MampuvHo2o Kowyca, cM. Nanee.
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Eclin Z1ONOTHUTEbHO
f(v,8) >0, flw,s) <0,

1o ¢(t) > v, w(t) < w, npnyem v(t) monomonno pacmem, a w(t) — yboieaem, T.e.
KOHYCHBII oTpesoK (v, w) nHBapuaureH: v < (t) < w, ecin &(s) € (v, w).

8.5.4. Ecau cucmema ¢ MOHOMOHHBM ONepamopoM cO8uea uMeem HQ UHBAPUAHMHOM
Komycrom ompesike (U, W) eduHcmaennoe pasiosecue T, MO U3 MOHOMORHOCIU PoCma
v(t) u ozpanunennocmu, 6 cuay v(t) < w(t) < w, — credyem v(t) — z*. Ho ananceun-
nott npunune w(t) — . H mozda uz cxodumocmu Kpaiinux dynicuuli ¢ (8.10) x odnomy
npedeny — caedyem

z(t) > z*  npumobon  z(0) € (v, w),

a maxoce acumnmomuHeckas ycmotmueocms . <

Beinesum Takxke Gonee-MeHee OUEBHUOHBIA B paccMaTpUBacMOM
OKPYXeHUU Pe3y/ILTaT.

14)

8.5.5. Teopema /. Eciu

&> f(@.t), §<f@t), 20)>y(0),
u omobpaxcenue f(x,t) eneduaeoHanbHo MOHOMOHHO, MO

z(t) >y(t) npu t>0. <

8.6. Konyc nonoxurenbHo onpeaeneHHbiX MaTpul,

Huxecnenyommii TpUMep MOKa3biBaeT IIUPOKHE BO3MOXHOCTU UC-
HOL30BAHUS MTONYYTOPANOISHHOCTH.

TTonyynopsanouuM NpocTpaHCTBO F CUMMETPMUHBIX MATPUILL KO-
nycom K HeoTpMHATENBHO OMpeleeHHBIX MaTpHl, M PacCMOTPUM
oneparop H : R" — E,

H(z) = za”,

) Teopema 8.5.5 06o6uIaeT XOPOMIO M3BECTHBI W HIMPOKO MPUMEHSEMBIH B CKaXsSpHOM

CJIy4yae pesysabrar, roe YCIOBHE BHEIUArOHaNbHOH MOHOTOHHOCTH TEPACT CMBICT U ITOTOMY
HCKII0YaeTcs.
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rie
L1
$2 T
T = L], X =[(E1(E2...(En],
Tn
1y 1 ... IT1Ty
21 Ty ... Iy,
H =
TpZ1 TpZy ... Tply
Ipoussonnas H(z) Bronb TpaeKTOpuii NUHEIHON CHCTEMBI
T = Az
paBHa
d
—(z27) = 22T AT + AzaT,
dt
T. €.
H=HA" + AH. (8.11)

Ypasuenve (8.11) IMHEHHO M MOXET GBITH 3aTIMCAHO B CTAHZAPTHOH (opme
h = 4h,
roe h 3To BHITSAHYTAS B CTONGMK Marpulia H,
B=[Riseeshalyeees Bigs e s Bl
a Matpuua A 3aNVCHIBAETCS ¢ MOMOMIBIO KpoHexepoga npouseedenus [4, 1.3):
A=104+4"01,

npuueM A HeBHIPOXIEHA B TOMM Ciydae, Korjga A He MMeer TaKUX cOBCTBEHHBIX
3HaYeHWH, 4To A; + A; = 0 npy MOGHIX ¢, §, B TOM YMClle TIpH 4 = j.

Taxum obpaszom, ¢ pemrenuem (8.11) Het mpoGiieM, HalO JiMILb

03a00TUTBECSI NEPEBONOM ¢ KPOHEKEpOBa A3bIKa Ha 0ObIYHbIHA. B utore
15
nojiyyaercs )

H(t) = e H(0)e*". (8.12)

5 g (8.12) anat ynpourenus oGosmavenuit nonaraetcs H(t) = H (z(t)).
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MoxxHo oboiiTuCh U 6e3 3TUX XJIOIOT, yOeXnasdch MOICTaHOBKOM, YTO
(8.12) sBnsiercs pewenueM (8.11), ¥ ccbutasick Ha €OMHCTBEHHOCTb
peuieHus JiuHeliHoro nudypa.

W3 H,(0) > Hy(0) cnenyer
Hi(t) — Hs(t) = e H, (0)e"! — e By (0)e ' =
e [H,(0) — Hy(0)] e*"t >0,

4TO O3HAYAET MOHOMOHHOCMb ONEPAmMOpa c08Uea NO MPAEKMOpUIM Mam-
puunoeo dugppgepenyuansroeo ypaenenus (8.11), a 3aonmHO W noaoxcu-
menvHocme.

Jljis acCMMITOTUYECKOM YCTOMYMBOCTU HYJICBOTO PABHOBECUS CH-
CTEMbI C MOHOTOHHBIM OIEPATOPOM CIBMIa JOCTAaTOYHO (cM. 1. 8.5.4),
utoObl Hauwlack Touka Hy € int K, unyiias rnog AeiicTBUeM onepaTopa
casura Hazan. Ilpu sToM Touka —Hy € —int K aBTOMaTHYeCKH UOET
Briepen, U KOHYCHbI otpesok (Hy, —H,) Gyner UHBapUaHTHBIM JUTS
omneparopa cisura mo tpaekropuaMm (8.11), B cuiy MOHOTOHHOCTH.
Hannuue takoro Hy B gaHHOM ciyyae rapaHTUpPYeT paspeliMOCTb
B int K ypaBHeHHSA

Hy AT + AHy = ~G, (8.13)

npu Jilobom Gy € int K, KakoBoe MNpeAcTaBifgeT coboil MU3BeCTHOE
16

ypasuenue Jlanynosa ); JaI01ee HeOOXOMUMBIE U TOCTATOYHBIE YCIIO-

BUSI TYPBULIEBOCTH MaTpHLLL A.

OO6patuM BHMMaHME, YTO IOJYYNOPSIJOYEHHOCTh U MOHOTOH-
HOCTb IPUBENU K HEOOXOAUMBIM M JOCTATOUHBIM YCAOBUSIM GCUMIITO-
TUYECKOHN YCTOMUNBOCTY IMHENHHEBIX CUCTEM 06ujeeo 6uda, 6e3 Kakux Obl
TO HU OBIJIO OrpaHUYEHU Ha CTPYKTYpY Marpui. Tak YTo KOHYCHas
UAEON0rusl He Tak y3Ka U OMHOCTOPOHHS, Kak MHorna Kaxetca. Bo-
NpocC Jiklib B TOM, Kak IpeoOpa3oBaTh 3afavyy M noao0paTb KOHYC,
4T00bl BCKPHITh CIIPATAHHYIO MOHOTOHHOCTb.

%) g KoTopoM 06pI4HO nosaralot (o = I Pewrenuem (8.13) B cayuae rypsutieBoil MaTpuusl A
o0

T
ssnsiercst Hy = /eAtGoeA tat.
0
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8.7. lerepoToHHbie 0TOOPaXeHus

PacluvpATh AMana3oH NMPUIOXEHWN MOXHO, He TONbKO MaHUMYJid-
pys BEIOOPOM MOAXOASIIEr0 KOHYCa, HO M MPENapuUpyd HalexaliM
00pa3omM u3ydaeMblil omepatop. B pesynbrate NpakTMYecKM Bcerna
MOXHO 100UTbC TpaHCHOPMALUU 3a0a4d B «MOHOTOHHYIO». BOT
ONMH U3 ECTECTBEHHBIX CIIOCOOOB.

8.7.1. Omobpasxcenue f : EE — E nasvieaemcs eemepomonnbim, ecau
OHO npedcmasuMo 6 OUQROHANBHOM 6ude

f(@) = f(z, ),
npuvem COnymcmeylowui onepamop f(v, W) MOHOMOHHO pacmem no v
u ybvieaem no w.

Conytcrsyronuii oneparop f neiictsyetr us E x E B E. Tlpu xe-
JIaHUU CUTYALUIO MOXHO OXaTh 10 YMCTO MOHOTOHHOMN CJienyiomuM
obpasoM. Beonurtcst muasda-onepamop

f:ExE— ExE,

COMOCTaB/IAIOMUIt Nape 3JeMeHToB (v, w) napy (f(v, w), F(w, v)).
Jlerko BUAeTb, YTO eciiv Temeps mpoctpaHctBo E X E nap (v, w)
nonyynopanouuts KoHycoM {K, —K}, rie KoHyc K JieXUT B IIepBOM
sk3emmiape F, a —K — BO BTOpOM, TO f(v,w) OyaeT MOHOTOH-
uom 7 o xonycy {K, —K}. B pesynsrare usyuenue f(zr) cbogurcs
K VICC/Ie0BaHMIO MOHOTOHHOTO onepatopa f(v, w) B E X E.

WUnest duazonanvrozo pacwensenus onepamopa 3aCnyXusaeT GbiTh OCMBICACHHOMN
Ha NpuMepax.

¢ Ha npakTike WMpoKo pacripocTpaHeHHs onepatopsl B R”

filzy, ..., z)
f(.’l)) - .f2(-77|,'-~- » Zy) ,
falz, ... » Ty)

7 TonyynopsinouenHocts B E X E ¢ nomotusio konyca {K, —K} osHauaer:

W, o)~ ww) o vev, v <w
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Y KOTOpBIX KaXJias KOMIIOHEHTAa f; MO KaX/OW KOOpAMHATE I; JHGO BO3PACTacT,
1160 y6beaeT'8) . Takuve orneparopbl Ha3bIBAIOTCS 2emepozerHbimy. COIYTCTBYIOILMIMA
oneparop B 3TOM CJIydae MOXET ObITb IOJyYeH 3aMCHOH B KOMIIOHCHTax f; Iepe-
MEHHBIX &; Ha U; J160 w;, B 3aBMCHMOCTH OT TOrO, BO3PACTAaeT MM YOBIBAeT f;
no j-my aprymenry. Bor kak aro suirasaut. Ilycrs

z
h@y=1-e= 4, /7,
()

(8.14)
In (1 + $2) 3 )
z) = — 4 22
faz) z +4/ z
ConyTcTByioLMM GyJICT OTiepaTop f ¢ KOMITOHEHTaMH
— v
filv,wy=1-¢"+ ”E]_’
? (8.15)

~ _ln(1+v2) N
Falow) = T o2

B ofiem cnyyae yao6Ho Beecty gse matpuubl P o= [p;] u @ = [g;], mae
¢ = 1~-pij, apy; =1, ecn f; pacter 1o j-My aprymenry, 1 p;; = 0 B npOTHBHOM
caydae. COIyTCTBYIOIIMIA ONepaTop 3arChIBAETCS TOTAA KakK

o~

I(v,w) = f(Pv+ Qu).

e Takoii xe HOKyc MOXKHO NMPOJCTATb ¢ MHTETPATbHBIM OIIEPATOPOM

Ga:(t):/G(t,s):c(s) ds, (8.16)
a

ecnn G(¢, $) MpeAcTaBUTb B BUAC PASHOCTH ABYX MOJOXATENBHBIX QYHKIMIA,
G(t, s) = P(t, s) — Q(t, 5),
YTO BCETAA MOXHO cearh. ConyTCTBYIOIIMM omeparopoM OyaeT

G(u(t), w(t)) :/ [P(t, s)u(s) — Q(t, s)w(s)] ds. (8.17)

Q
AHAIOrMYHO MOXHO TIPEACTaBUTb onepamop cynepnosuyuu f(t, x):
flt.2®)] =plt,2®)] - q[t. =()], (8.18)

[I€ p U ¢ TNOJOXHTENbHBIE 1 MOHOTOHHO BO3DACTAIOLIME IO BTODOMY apryMEHTY
dynkurn. ComnyreTBylOLWUM Aist f[t, a:(t)] oyner

Flt.v(t). w(t)] = plt,o(0)] - alt, w(e)]. (8.19)

%) Takos BCSIKMI JIMHEWHBIN onepatop AZ ¢ MaTpuuei MPOU3BONBHON 3HAKOBOM CTPYKTYPBL.
TakoBbl HYHKUMK H3OBITOYHOIO CPOCA B PHIHOYHBIX MOACSIX, HEAUHEHHBIC CBSI3H B MOJESIX
COCYLUECTBOBAHUS GHONOTHYECKUX BULOB U Ap.
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O6pennusis temeps unen (8.17) n (8.19), Jerko onpesenuts comyTeTByiomMmil
Uit UHTerPaibHOTO onepamopa lammepumeiina

Glre)] = [ 66,9115 2(6) ds

" |
KaK COITYTCTBYIOUINH — KOMITO3MUMH TETEPOTOHHBIX ONepaTopos

G(H)(v, w) = E(Fw, w), Fw, v)). (8.20)

¢ B ciyuae oneparopa f ¢ KoMHmoHeHTamu

fi(z) = arctg 7, + \/z-z
_ it
pe) =52 2

YXe HeNb3sl CKasaTh, YTO fi, f, MOHOTOHHO BO3PACTAIOT WM YGBIBAIOT 10 &, WIM
Z;. ORHaKo Wies TOCTPOEHHMs! CONYTCTBYIOLIETO OIIEpPaTOPa MOXKET GbITh OCTABICHA
npexHeil. Kaxioe KOHKpeTHOE 2; 3aMeHsteTcs Ha v; WK W;, B 3aBUCUMOCTH OT TOTO,
BO3paCTaeT MM YObIBaeT 1o HeMy dyHkuus f;. B urore:

v
(v, w) = arctg v, —H/ 2
v+ Uz 111
fv,w =
s
¢ Jl1n MoHOTOHHOrO f(X) B KAYeCTBE COMYTCTBYIOWIETO MOXHO B3SITh
o, w) = f(v), nnst anmumonomonnozo (y6risaiowero no z): f(v, w) = F(w).

(8.21)

)

(8.22)

JlerkocTs 06pa3oBaHust COMYTCTBYIOUIMX ONEPATOPOB, KOHEUHO,
HacTopaxuBaeT. [louTn Bce OTOGPakeHMsI OKA3BLIBAIOTCS IETePOTOH-
HBIMH, & 3Ha4YUT, ¥ MOHOTOHHBIMHU B K X K. U ecjiu 661 MOHOTOHHOCTD
B T0JIOM BHJIe o0ecreynBaa BhIUIPBIL, XU3Hb YIPOCTUAACh Obl MO-
BceMecTHO. OHaKO MOHOTOHHOCTB CaMa 1o ce0e MaJio 4TO [aeT.

Ecnu Ha npuuene, Hanpumep, HEMOABHXKHBIE TOYKH, TO XEjia-
TEJILHO HaIM{e UHBAapUAHTHOrO KOHYCHOrO OTPE3Ka, posib KOTOPOro
TENCPE UTPACT CUALHO UHEAPUAHMHbIIL KOHYCHBLI OTPE30K (v, w), ompe-
JieJisieMblii HEpaBEHCTBaMU

f(v, w) >, }(w, v) < w. (8.23)

19) Dopmyna (8.20) 06pa3oBaHUs COMYTCTBYIOLIErD OMMEpPaToOpa rogUTCs JUISE KOMITO3WLUH
JI0OBIX TETEPOTOHHBIX OTOBPAKEHUI,
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HepaseHcrsa (8.23) obecreunBaioT 0GBIMHYIO MHBapMaHTHOCTb KO-

nycHoro otpeska ((v, w), (w, v)) ans muasda-onepamopa f(v, w).

Pojib mpeanonoXeHusl 0 eIUHCTBEHHOCTH HEMOIBMXXHONH TOYKH
Tenepb Urpaet efUMHCTBEHHAs! pa3spelliUMOCTh CUCTEMBI YPaBHEHU I

fo,w)=v,  fw,v)=w, (8.24)

O3HaYawlliasd eIWHCTBCHHOCTh HETOIBUXKHONM TOYKM Yy oIepaTropa
(v, w), obecneunparouryio (cM. M. 8.2.2) cCXOMMMOCTb MTEpPaLMOH-
HOW IpOoUEIypBI

(Uk+l, ,wk-l-l) - f( k’ ,wk),

k = k
R = f(vk,w ) (825)
Wi = ?(wk, vk)’ .

o *
K HCNIOOBMJKHOM TOUKE T oIcparopa f,

o = o, w® =z, Tt = f(z*).

W3 cKa3aHHOTO SICHO, YTO K 6b/60py CONYmMCMEYyIoues0 onepamopa
(Bcerna HeOIHO3HAYHOrO) HEOGXOAMMO MOIXOIUTh IIPELYCMOTPUTEN b~
HO. CKaXXeM AMaroHalIbHOe paclierieHie cKausipHoit dynkuuu f(z),
puc. (8.26) (a), Buna

f(z) = min {p(z), ¥(z)},
rae @(z) MOHOTOHHO BO3pacTaeT, a (Z) — yObIBaeT, MOXET ObiTb

006pa30BaHo ¢ MOMOUIBIO pasmuyHbix (yHKumit o(z) u 9(z). Jsa
BapHaHTa U300paxeHsl Ha puc. (8.26) (6, 6).
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KauecTso comnytcTByiolero oneparopa

F(v, w) = min {o(v), p(w)}

OyaeT pa3sHbIM.,

8.8. leteporoHHas aunamuka
M3yuenue cucremsl ypaBHeHU i

t=f(z)-z (8.27)
MOXET ONUPATLCH HA CONYMCHMEYIOWYIO CUCTEMY

{1’)=?(v,w)—v,

W = :f(w,v) —w,

OMnepaTop cABUIa MO TPaeKTOpUsAM KOTopol Uiy GYneT «OiOBMHKOMN»
MOHOTOHHOIO OIEepaTopa

ﬁts(v, w) = {ﬁts(v, w), fjts(w, v)},

U TIpU BbINONHECHUM ycsioBuit (8.23) M eaMHCTBEHHOCTH pelleHUs
(8.24) GymeT cywiecTBOBaTH €NMHCTBEHHOE Ha (U, W) ACHMIITOTUYECKHU
yCToituMBOE paBHOBecHe (M. 8.5.4) MCXOIHOI cucTeMbl & = f(z) — .

O60611eHue TeopeMsl 8.5.5:

8.8.1. Ilycmo onepamop f(x,t) eemepomonnwii, u f(v,w,t) — co-
nymcmeyrowuii 04 neeo. Tozoa uz

g=f(z,t), 9>Fw,w,t), ©<Fwo,1), v0)<z0)<w)
cnedyem

Vi>0:v(t) <z(t) < w(t). <

B rex cny4asix, KOria JHHAMHKA HE YKIAIHBAETCSA B paMKH (8.27) u sanmcoiBa-
ercst B (hopme

& = f(z),
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COITYTCTBYIOLLYIO CUCTCMY HAaO 3aiaBaTh MHAUe:

(8.28)
w = f(w,v),

e eHeduazonanbio conymemeyioujuii onepamop [ oTinuaercs or f tem, UTO B JMa-
TOHANBHOM IPEACTABAEHUN KOMIIOHEHT

fi(@) = F4(, 2)

kaxpas f;(z, ) pacrer mo BceM x; (kpome j = 1) MepBOTO BEKTOPHOTO apryMeHTa,
a 1o BTOPOMY BEKTOPHOMY apryMEHTy yOriBaer (Kak 0B6blUHO).

Omneparop ciBura 110 TpaekropusiM (8.28) OKa3bIBAETCS 2emepomoHHbIM.

8.9. CynepoaHopoaHbie onepaTtopbl

Teopusi reTepOTOHHBIX OMEpaTopoB [16] NOBOJIBHO BeTBUCTA U3-3a
MHOrooGpasus O0OCTOSTENbCTB — HEOAMHAKOBBIC BTOPHYHbBIC NPU-
3HaKW OMNeparopoB (THMA IMOMHOM WM OOGLIYHON HENMPEPHIBHOCTH,
CUJIBHOH MOJIOXUTENHLHOCTH U np.), Bapuauyu MpeanoaoxeHut, pas-
HEBI€ NPOCTPAHCTBa U KOHYChl. Ilpy 3TOM CTepxkKHEBbLIE MIEH BO BCeX
cJIy4asix OQUHAKOBBI, U ¢ HUMM 1ieJiecoOOpasHO 3HAKOMUTBCS Ha ¢o-
HE TIPOCTEMLIMX NEKOPaUuil, YeMy YOOBJIETBOPSET IIPOCTPAHCTBO R",
MOJIYYIIOPSIAOYEHHOE HEOTPUIATENBHBIM OpTaHTOM R’j_.

8.9.1. Moromonnuiii cunvho nosoxcumensheiii onepamop™ f (%) nazo-
6em cynepodnopodnvim, ecau dna awoboix £ >0 u T € (0, 1)

frz) > 7f(x), (8.29)
20e 3nax > ycuaueaem >, osHauas: a>b = a—-beint K

B paccmarpmBaemomM Toka ciydae R", momyynopsyiodenHom oprantom R,
HEpPaBEeHCTBO a > b o3navaet, uto Bce a; > b;.

B [9] onmeparops! 13 1. 8.9.1 Ha3biBalOTCS BOrHyThIMHU. 1o nHep-
LMHM 3Ta «[ICEBAOBOrHYTas» TEPMUHOJOIUS COXPAHSETCS IO CUX Mop,

20 .
) Cunvno nooscumenshsin HA3BIBAIOT oneparop f(Z), MepeBOAsIMH HEHYIEBBIE TOUKH

2 € K Bo BHyrpenuue: f(z) € int K.
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XOTS U3HaYalbHO ObLIO SICHO, YTO Ha3BaHMe HEygauHo. Boruyrele
cKaJisipHble GyHKUMU HepaBeHCTBOM (8.29), KOHEUHO, OXBaThIBAIOTCS,
HO (8.29) MOKpbIBaeT ropa3no 6oiee ILIMPOKUE KIIACChl OTOOPaXEHU .
B onHOMEpHOM ciiyyae 370 Te (YHKIMU, KOTOPBIE C JAKOOBIM JiyuoM,
BHIXOAAIIMM U3 HYS, Nepecekaiotrcd He Gosiee ogHOro pasa. TepMuH

«CYNEepOIHOPOIHOCTE» NPCACTaBIACTCA bonee aneKBaTHBIM.

Y10 KacaeTcs OCHOBHEIX CBOMCTB CYTNIEpOTHOPOIHBIX ONIEPaTOPOB,
« « *
TO 3TO eOUHCMEEHHOCb HEHYAeE0L Heno0BUNCHOI MOYKU T, ecAl OHA
* «
cywecmeyem, u cxodumocme K T umepayuil

2 = f(z") (8.30)
u3 2106020 HauanbHo20 nonoxcenus &’ >0, z° # 0.

<« Cuie 1pocTO A0Ka3bIBAETCA C IIOMOIIbIO Mempuku bupkeogpa
p(z,y) =min{a:e %z <y < ez} (z,y >0).
OueBMAHO,
f(a) > 1) > eV 1),
{ F@) > F(e7e) > eV f(w),
orKyna

p(f(@), f(¥) < p(z,y), (8.31)

4YTO U BJCYET 3a cOOOI BHILIIECKA3AHHOE. B

TpeGosarue (8.29) HenoOTArMBaCT 10 KOHIMLMIA,
00ecneYMBaKOLIUX CYIIECTBOBAHME HEMOIBMKHOMN
Touku. PUCYHOK cieBa gaer NpuUMep CKalsApHON
dbyHKuMM, KOTOpas yAOBIETBOPSIET BCEM YCJIOBU-
am onpeneienus 8.9.1, no ypasuenue ¢ = f(z)
pelICHUY HE UMeeT.
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Yeunene (8.29) no
frz) > f@), 0€(O1), (8.32)

yKe rapaHTUpyeT HATMYUe HeHyJIeBOit HEMOABUXHON TOYKH, TOCKO/Ib-
21
Ky BbIKJIanKu, Benyluue K (8.31), B ycnosusx (8.32) naiot )

p(f(z), F(v)) < 8p(z,y),

T.¢. f YIOBIETBOPSET NPUHUMITY CXUMAIOLIMX OTOOPaXEHNN Ha BHYT-
DEHHOCTU KOHYyCa, KoTopasi 110 Mempuke bupizogha SBIACTCS MONTHBIM
npocrpaHcTBoM. OfHaKo Haqo MMETh B BUIY, YTO B MPAKTHYECKMX
3ajayax yacto BbinoaHsetcs b (8.29), Ho He (8.32). Cxaxewm,
B ciyvae f(z) = Az + b, rie A mojoxuTe/bHasg MaTpUua U b>0,
Ha (8.32) Henb3s paccumThiBaTh, HO (8.29) CnpaBe)TMBO — U 3TOTO
XBaTaeT JUIsl OJOXUTEAbHON paspeluMocTu & = AT + b.

Hazexasl OXBaTUTh FeTePOTOHHBIA cily4ail CynepoaHOPOIHOCThIO
22
tuna 8.9.1 npuHUUNHAIBLHO 00peyeHbl Ha IpoBajl ).

8.9.2. [emepomonnniii onepamop f(x) npu ycaosuu

v,w>0 = flv,w)>0

—~ i —~
I (7'1), ;w) > 7 (v, w) (r € (0,1);v,w > 0) (8.33)

Ha3vieaemcs CynepodHOPOOHbIM 2,

1
TMogcrassst B (8.33) v/ = Ty, w' = —w, noTyYaem 0OpaTHOE HEPABCHCTBO
T

1 1~
i (;v','rw') < ;_f(v',w') (r € (0,1); 9,0 >0).

) C nonpaskamu suna f(z) > f(e_"(z’y)y) > e_o"(z’y)f(y).

) FoToMy YTO KOHIIE! ¢ KOHLIAMH HE CXOASTCS. BO-NEPBLIX, AISl ITOJIOKHTENBHOCTH munvoa-
onepamopa Tpebyercsi, 4TOOH OQMH apryMeHT B Mape (v, w) GbUT nONOXMTENEH, APYroi —
orpuuatenen. Ho torna pacchinaercss [naBHas ujes «ocMorpewncs B E X E, BepHyTbCsI
HA JMATOHATp U = W = &». BO-BTOPHIX, €C/IM MOMbITAThCH OGOHUTUCH G€3 MONOXKUTETbHOCTH,
yeosue (8.29) mist muasda-onepamopa MPUBOAUT K HECOBMECTHMBIM HEPABEHCTBAM.

) fereporonnie oneparopsl (8.14)—(8.15), (8.21)—(8.22) cyneponHopomHbL.
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ITosTomy
{ F@) = f@ 2) >F (e 0y, !0y} > e f(y),
) = F(y.9) >F (e, Vg) > eV f(3),

OTKYJA, KaK 4 B YHCTO MOHOTOHHOM clydae, BbTexaer (8.31) ¢ temu Xe nocren-
creuAMA 1a f u3 1. 8.9.2, a MMEHHO: eMHCTBEHHOCTh HEHYJIEBOH HENOIBUXHOM
TOYKH T, CM TAKOBAA CYIIECTRBYET, X CXOXUMOCTb K T° HTepaluii (8.30) n3 moGoro
HAuATLHOTO Nooxenus z° >0, z° # 0.

Yeunenue (8.33) o

1
_f(rv, iw) > F (v, w) (v,w>0,0€(0,1) (8.34)
T
ofecreynBaeT CylleCTBOBaHME HEMOABMKHON Touku T*° > 0.

K cxazaHHOMY MOXHO MHoroe noGasurs. [Ipasna, ato nononte-
HUsl BTOPOTO Mopsnka Manoctu. CxaxeM, B ciyyae (8.34) cxumaer
1o mempure Bupkezogha He TONbKO caM omeparop f, HO U ero muasda-
onepamop f . Kax cnencrsue, cxomstcsi Takke WTEPALMOHHBIE [PO-
eccnl (8.25), KakoBble 3aXMMAIOT CHU3Y M CBEPXY BBIYACTUTENBHYIO
IpoLEYDY 24) (8.30), ecnvt HAUMHAIOTCA B BEPLIMHAX CUABHO UHEAPU-
AHMHO20 KOHYCHOI'O OTPE3Ka (vo, wo), KOTOPBIH 338BEIOMO CYIECTBYET.
Bce ato coxpanser cuny, eciu (8.34) ocnaburs no (8.33), Ho oroso-
PUTH CYLIECTBOBAHME HEMOIBMXKHOM ToUKU * > 0.

C BEIXONOM B DYHKUHMOHATHHBIE TPOCTPAHCTBA TEOPUS MHOTO-
Kparso paccnauBaercs, OOCTOSITENBCTBA BAPBUPYIOTCS B LUIMPOKMX
JIUAITa30Hax, ¥ B OIMH CakBOsDK He noMmernalores. Hosoctu nossns-
I0TC B caMoM Havase. Henecoofpa3HbIM, a MHOIIA HEOOXOAUMBIM
OK&3BIBAETCSA 00PAa30BaAHUEC HPOCIMPAHCMEa Eu0 U3 U, -UIMEPUMbIX /€~
mermoe T € F, 3aXaThIX B TUCKU:

YU, < T < YUY, (8.35)

rne 4, € K — n3HavyanbHO (DUKCHUPOBAHHBIA HEHYIEBOM 3/IEMEHT.
Hanmenbiiee B (8.35) v > 0 HaspiBaeTCs ©,-HOpMOl &, l|21]u, -

IMpu u,(t) = 1 u nonyynopsagodenHoctn ¢ romounio Ko, B ciyaae C'
[IPOCTPAHCTBO E“o copmanaer ¢ C', a %, -HOpMa — ¢ Hopmoit C. B cnyyae L,

) Hasast TeM caMbIM OLEHKY NOCHEIOBATENLHBIX NpUbHKeHuit (8.30).
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npocTpaHcTBo By, cosnanaer ¢ Ly, HakoHel, B ciysae C' «<HUUErO HE MeHsieTcsD»,
B,, = C. Ecin xe u,(t) = t(1 ~¢), To B,, mpenctapiseT coGoli COBOKYITHOCTH
takux byHxuuit z(t), uro |z(t)| < y¢(1 —t), v > 0.

Hanee BBomutcst MHOXecTBO K (uo) HeHyieBbIX & € K, yaoBje-
TBOPAIOUIMX HEPABEeHCTBY au, < Z < fJu,, Mpu HEKOTOPLIX @, § > 0,
u tpebopanue f : K — int K B nm. 8.9.1, 8.9.2 samensiercsa na f :
K — K (uo), MOCKOJIbKY YUCTOH TIONIOXKHUTENBHOCTU omeparopa OniBa-
€T HENOCTATOYHO, KaK HEJOCTATOYHO HEOTPHIATEIbHOCTH MATPHUIIHL,
cxaxeM, st meopemut Ileppona [4, 1. 3].

B nansHeiiineM BeTBIEHUM HCCIIEN0BAHMUS ONPEEIEHHYIO POJIb HAYH -
HAIOT UIPaTh CBOMCTBA KOHYCA (HOPMATBHOCTD, ITPABUIILHOCTS), B3AUMO-
CBA3b U, -HOPMEL C ICXOOHOM HOPMOH NpocTpaHeTBa F | MoHas Hellpe-
PbIBHOCTb oniepaTopa (HO He Beerna). CBsA3HOE M3T0XKEHUE ecTb B [16].

OnpeneneHHbI UHTEPEC TIPEACTABIAIOT PA3IMYHbIE 10CTATOUHEIE
YCAOBUA CYNEPONHOPOTHOCTH, KOTOPYIO, B YACTHOCTH, MOXET 06ec-
NEYMBATL TEM WM MHBIM 00Pa30M YCHIEHHOE HEPABEHCTBO

Fw, w)— F, (0, w)v + Foy (v, wyw >0, (8.36)

e f;(v, w), ﬂ,(v, w) — npoussojaHbie Ppelne.

B ciyuae R™, monyynopsuioueHHOro TeJIECHBIM KOHYycoM, B (8.36)
NOCTATOYHO > TIOMEHATHh Ha >. A JUIsl TeTEPOreHHOIO OlEpaTopa
B R" cooTBeTCTBYIOLIEE HEPABEHCTBO, OGECIIEYMBAIOIIEE CYIEPOIHO-
POAHOCTD, NPUOOPETACT BUL

Vi ﬁ-(w)—ZIaf"_
J

zj > 0.

oz,

8.10. K -cucrembl

B pasnene K 0003HayaeT HEKOTOpHIN TeslecHbIi KoHye B R™. OT06-
paxKeHUs MPEATNoNaralTcsl HelTpephIBHBIMH.,

8.10.1. Onpepenenue. Onepamop f:K — R" nasvieaemcs K -omo6-
paycenuem, ecau epanuqnvie mouku K own He nepesodum 6o enympennue,
m.e. ¢ int K.
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8.10.2. Omobpaxcenusn fo u fi Hasvearomes K ~eoMomonnbimu Ha MHO-
aecmee I' C K, ecau cyusecmeyem marxasn Heevipoxcoennas depopmayua
(eomomonus) H(z, A),

H:Tx][0,1] - R"\ {0},

umo
H(z,0) = fo(z), H(z, 1) = fi(z)
u H(z, \) npu mobom X € [0, 1] nensemes K -omobpancenuem.

OtHoiueHue K -romoronuu pazéuBaer K -0ToOpaXeHUs Ha Kiac-
Cbl SKBUBATEHTHOCTH, MO3BOJISISI TEM CAMBIM CTPOUTD TOTOAOTHYECKYIO
TEOPHIO C OpPUEHTALNER HA U3YUEHME HYJIe BEKTOPHOTO 1o, KM30e-
rast UACOJIOTUYECKUX NIOBTOPEHMIA, OrpaHUYUMCS HauboJsiee pe3yibra-
THUBHBIM CPE30OM.

8.10.3. Ilycmo K -omobpaxcenue f npu docmamouro manvix (docma-
mouno Gonbuwux) r > 0 K -eomomonno wa nepecevenusx S(r) cgep
S, ={x : ||z|| = r} ¢ kouycom K — onepamopy™

Hy(z)=z—rho, ho€K, |hol>1

B smom cayuae eosopam, umo K -undexc onepamopa f ¢ nyne (Ha bec-
KOHEYHOCIL) PAGEH HYAI0, U NUULYM

indg (f,0)=0  (indg (f, 00) = 0).

8.10.4. Teopema. Ilycms f — K -omobpancenue u indg (f, 00) # 0.
Toz0a ypasnenue f(x) = 0 umeem nonoxcumensroe pewenue T* > 0.

8.10.5. Teopema. [lycmv K -undexcei ¢ myre u Ha OecKoHeuHocmu
He pagHbl,

indK (f, 0) 7+— il’ldK (f, OO)
Toeda f(x) = 0 umeem nemynesoe nosoxcumensroe peuenue " > 0.

Teopemst 8.10.4, 8.10.5 (cM. [14]), BooGue roBopsi, rONOCTOBHbI, MOCKONBKY
HEHYJICBBIC WHIEKCHl He Gbild ornpeaesicHbl, OIHAKO B pycile TEODHM BpallCHUs

%) 3ameruM, o Bee oneparopsl Hp(z) rnpu 7 2 r K -TOMOTOIHbBL APYT APYTY.
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HenpepbIBHBIX, U TeM 6oJiee HOMTOXUTEIbHbIX, BEKTOPHBIX MOJIeH — JIETKO TIOHATS,
o ueM umer peys®. Hampumep, indg (f,") =1, ecn f Ha S(r) K-roMoronHo
TOXAECTBEHHOMY OTOGpaKEHHUIO.

K coxaneHuio, ynoGHble KpUTEpUU OlleHKN K -WHIEKCOB THIIA
cocamus u pacmsaxcenus kouyca (Teopema 8.4.2) B ZaHHOM CJyyae
He pabotaioT. Ho ymoOcTBa COXpaHSIOTCSl B cllydyae IOJYyNoOpso-
YeHHOCTH C TIOMOLIBIO ]R:‘L, Y 6HEeOUQ2OHAAbHOU OMPUUAMENbHOCIY
onepatopa f, onpeaeaseMoil Kak

i@y, o 21,0, T 150, Tn) <O

npy mobsix £ >0, u j=1,...,n. B atom ciayyae f 3aBenomo
sasigercs K -otobpaxeHUeM.

8.10.6. Breduazonansno ompuyamensusiii onepamop f nasoeem K -caucamuem kowyca,
ecau npu docmamouno manvix (Gocmamouto Goavuiux) no nopue T € K, T # 0

f@y<o  (f(z) 20),

u naobopom, — K -pacmsascenuem ionyca, ecau npu docmamouno mansix (docmamonno
Bonvuiux) no wopme T € K, ¢ # 0

f@)20  (f(z) <0).

8.10.7. ITycms eneduazonansho ompuyamenshsiii onepamop f senaemcs
corcamuem ury pacmsincenuem xonyca. Toeda f umeem no xpaiineii Mmepe
00HY HeHyneaylo Henodauxcuyio mouky T° > 0. <

Crona MOXHO TNIPHILTIOCOBATH Takke ynpoiueHue teopemsl 8.10.4.

8.10.8. Teopema. [Iycmb eneduazonanvho ompuyamensisiti onepamop f
npu docmamouno Gonvwux no nopme T € K, aubo npu x € S(r) das
Hexomopoeo T > 0, yooenemgopsem ycaosuro

f(z) £0.
Toeda f(x) = 0 umeem nonoxcumenvioe pewenue * >0. <

Koneuno, eciu 6 3aresa ¢ K -01o0pakeHUSIMHA KOHCTPYKTUBHO
CBOAMJIACH JIMIIB K BHEAWATOHANBHO OTPULATEILHBIM ONepaTopaM, C

%) Cu. xots 681 noKasarenbcrsa reopeM 8.3.5, 8.3.6.
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27
MOCNEIHUX U Hamo ObLIO Ha4YMHaTh, MHUHYS IEKOpPaLHU ) OpnHaxo

K -uHpgexcol CUUTAIOTCS U B 0B1ueM caydae. Feau, ckaxcem, npu docma-
mouno mansix (Oocmamouro 6oasuux) no nopme T >0 K -omobpaycenue
umeem RonoxcumensHoe axuanecoeo nanpaenenue hy (f(x) # pho npu
a06six 1y > 0), mo

indg (f,0) = indg (f, 00) = 0.
Cutyanus
indg (f,0) = indg (f, 00) =1 (8.37)

HECKOJIBKO CJIOXKHEE, HO U OHAa pa3pyvMBaeTCst TaKk WM WHade,

Ho camoe rnaBHoe — 3T0 ammaparHas pojb. K -0ToSpaKeHus
OKAa3pIBAIOTCS TOW «Cpelnoli», B KOTOPOt MOXHO aedOopMUpOBATH,
CKaX€eM, BHEJIMarOHaJIbHO OTPULATENIbHBIE ONepaTophbl, HE MEHSS TO-
MOJIOTMYECKUX CBOHCTB.

8.10.9. Teopema. Ecau eomomonus H(xz, ) eneduazonansho mono-
monna npu mobom A € [0, 1], mo ceoiicmeo acumnmomuueckoii yemoii-
KUBOCIU PAGHOBECUS COXPAHACMCS RpU dechopmayui.

< B xoHrekcTe pasena 8.5 ficHO, 4TO BHEAMATOHATbHAS MOHOTOHHOCTL H (T, A)
BedeT 3a co0oil OOBIYHYIO MOHOTOHHOCTb OIEparopa CIBUTa O TPaeKTOPUSIM
& = H(z, A). Hanee, HEOGXONMMBIM W [NOCTATOYHBIM YCIOBHEM ACHMITOTHYECKOH
YCTOWYHBOCTH HyJ/IeBOTO paBHOBecHs siBisietcs cpoifctBo A”: B int RY cymecTsyer
TOYKa, WIYLLAs o[ JeCTBMEM OflepaTopa ciBUra Hasad, W Todka B int R” | nayiuas
nox gedcteueM orieparopa ciusura Briepen. IToatoMy s JOKa3aTebCTBA TEOPEMBI
JI0CTATOYHO YCTAHOBUTb HHBAPHAHTHOCTb YCJIOBHA A° 10 OTHOILEHHIO K BHELMAro-
HAJIbHO MOHOTOHHBIM J€(hOPMaLUsiM,

IMocnenHue coxpansior K -MHIEKC, IPUYEM JUI aCHMITTOTHYECKH YCTOMIHBOTO
paBHOBecHs JloGolt cuctemsl & = F(x)

indg(~F,0) = 1. (8.38)

W3 (8.38) cuenyer, uto oroGpaxenne —F(Z) He MOXET UMETh aXu11ecosda Hanpas-
aenust, T.e. Wis moboro h € R MOXHO ykasath Takylo Touky z € RY, uro
—F(z) = ph (g > 0). Ecu B3ats b € int R’} , T0o B cUJTy BHEAWArOHASbHOM MOHO-
TOHHOCTH TOYKa Z, B KOTOpoit —F(z) = ph, Taxxe NPUHAIVICKUT BHYTPEHHOCTH
HEeOoTpHUaTeibHOro opraHTa, Ho

F(z) = —ph, h€imRY

2 XoTs KaK CKa3arb, CM. HUXE.
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03HAuaeT, YTO TodkKa T € int R:‘L Mox JeiCTBUEeM oneparopa COBUTa WIET HAasal.
Hannyue touxu ¢ € intR?, wmymweit nopx nedcTBUEM oFleparopa COBUTa BIEPeE,
yCTaHABAUBACTCA AHATIOTUYHO. P

8.11. Teopembl 0 HakKpLITUSEX U HEpPaBEHCTBa

Myctb f'(0) u f'(00) o6osHavatoT npousBonHble K -oto6paxeHns f
B Hyne U Ha Geckoneunoctu, u K = R,

B ompenenennn (5.3) marpuup f'(00) x |jz|| = oo uenecooSpasto xoGasuTh
TpeboBarue ¢ € K, yro ocnabur yciosus auddepeHnupyemoctyt f Ha GeckoHeYHO-
cTH. B atoM ciydae ortoOpakenue f ecrecTBEHHO TPaKTOBATb KaK ACUMAMOMUMECKU
AUHEUHOe O KOHYCY.

FEcin f HenpepwiBHO nuddepeHmpyeMo u sipnsercs: K -01o6-
paxenuem, To f'(0) u f'(00) — Taxxke K -0TOGpaxeHus, ¥ Hao60-
poT. [ToaToMy B eCTECTBEHHBIX MTpeATONoXeHUsIX uHaekeH indg (f, 0)
n indg (f'(0), 0) comanator >
JeKcax Ha 6ECKOHEYHOCTH.

. To xe camoe MOXHO cKa3aTh ¥ 00 UH~

JlunedHble K -oToOpaxeHusi, B CBOXO O4YEPEnb, OKa3hIBAIOTCS TEC-
HO CBSI3aHbI C TIOJIOKUTENILHOH 0OpaTHUMOCTLIO.

2
%) 8 momm

8.11.1. Teopema. Mampuya A nononcumensvho o6pamuma
cayuae, koeda Ax aensemcs K -omobpaxcenuem, u ypasuenue AT =y

umMeem noAoHCUMenvHoe peuerue xoms 6br npu odHom y > 0.

<4 Jlokasarenbetso coBeeM rpocto. MuoxecrBo AR ectb xoHye, u ecin Az
30
spasiercs K ~oToGpakeHHeM, BO3MOXHBI JIMILIb ABa BapHanTa ", JIuGo

R} C AR], /

® g -MHJIEKCHl, KK TOMOJOTHYECKHE XAapaKTEPUCTHKH, HE MEHSIOTCSA IIPH AOCTATOYHO
MaJbIX BO3MYLIEHHUSIX ONepaTopa.

" To ects ypasHeHue AT = Y HMMEET NOJOXMTENbHOE peuleHue > 0 INpu mobom
NOJIOXUTENIBROM ¥ > 0.

39 Yraue HaiizeTcs rpanudHas Touka ¢ € R” | nepexossmas BHYTPS ]R'_L.
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n1ubo
L) AR = 2.

B neppoM ciysae Az = y paspemrimo ripu moGoMm y > 0, T.e. A NONOXUTENBHO
obparuma. Bo BropoM ciyyae y Az = y 11oA0XUTENbHBIX PEIEHH T NPy y > 0 BooOLe

HeT. B cutyauuu Matpuna 4 He Moxer Obith K -0T0GpaxeHueM. »

HenuneitHoe naxpoimue xonyca R:ﬁ, T. €. NIOJICXKUTEJbHAS pa3pe-
HIUMOCTbH YpaBHEHUsI

fl@)=y (8.39)
npu JxoboMm y >0, obecrnieuuBaeTcs GIU3KUMHU 10 LYyXY YCAOBUAMH.

8.11.2. Teopema. Ecau K -omobpancenue f yooenemeopsem ycaoguro

lim || f(z)|| = oo, z € RY, (8.40)
llz||—o0
u indg (f, 00) # 0, mo ypasnenue (8.39) nosoncumenvio paspewumo
npu mobom y € RY.
<« BoabmeM moGoe y > 0. B cuaty (8.40) fipy ocTatodHo GOMBLINX [0 HOPME

z > 0 Bexropsl f(z) w f(z) — ¥ He MOryT 6BITb MPOTHBOINOJIOXHO HATIPABICHBI.
TMoaromy Ha S(R) ux cBA3BIBACT HEBBIPOXKACHHAS TOMOTOITHS

H(z, A) = f(z) - My,

KakoBas 1pu do6om A € [0, 1] asaserca K -oroGpaxenuem, eciu yX f TaKoso.
CrenoBatesbHO,

indK (f -, OO) = indK (f, OO) 7é 0.

Hainee ocraercs cocnarbest Ha Teopemy 8.10.4, »

Pesynerar 8.4.3 B OTHOLIEHNM NOJIOKUTEIBHOIO ONEPATOPA O He-
coBMmecTUMocTH ycnosuit f(z) # z, f(x) <€ ¢ Ha oxHo# ¥ Toli Xe
noBepXHOCTH S(1) MOr GBITH CHOPMYJIMPOBAH B SKBUBAIEHTHOI (op-
M€ O pa3pellMMOCTH HepaBeHCTB. Bot ananor s K -oTobpaxeHui.
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8.11.8. Ecau indg (f, 00) # 0, mo nepagencmeo f(x) >0 paspewnuno
6 RY.. Bosee moeo, 0ns n06oeo Henynesozo y >0 ypasnenue f (z) = py
RONOHCUMENBHO pA3peuUMo npu Hekomopom [t > 0. <

B Cily4yae BHCIMArOHaIbHO OTPHUATEIILHOTO Of€¢paTopa, B YaCTHOCTH, T10J1I0XKU -

TEbHAA Pa3pelUMOCTb HepaseHeTBa f(x) >0 BbrtexaeT (Teopema 8.10.8) u3 ycnonus
f(z) <€ 0 npu pocratouro Gonburux 1o Hopme £ € RY.

8.12. YHuBepcancHuie P-cucrems
BepHemcst Kk P-omobpancenusm, oTipeneJIeHHBIM B paszaene 3.8 kak

f((L') = {fl(w)r L) ,fn(w)},

KOTOpBIE HE 0GPALLAIOT 3HAK HY OLHOIO HEHYJEBOoro BekTopa ¢ € RY,
T.e. U151 JII0GOro HEHYJIEBOro T >0 HaifeTCsl TaKO# UHIAEKC j, 4TO

zj - fi(z) > 0.

3aTpane3Hoe OFIpefie/IEH’e OXMBAET B CHCTEMAX «ICHCTBUA — pe3yJIbTaThi».
JlericTBus ¢; oBeCrednBaloOT C80Y MTOJOXKUTETBHBIE PE3YTLTAThI

¥ = £i(0,...,0,%,0,...,0), ~
HO MOryT marybHo BiUATL Ha 4yXue y;. [Tosromy M3-3a 1MOGOYHBIX BIUAHHI
COBOKYIHbIH pe3ynsTar y = f(Z) MOXET OKa3aThCsl YACTHYHO OTPULATENBHBIM.

Muorna P-oroOpaxeHue YCTPOEHO TAK, YTO CTPOrO ITOJIOKHUTENb-
HBIX PEe3yJIbTaToB MOXHO HOOUTLCH, HEe HCTOJb3ysl BCeX ACHCTBUIA.
Npyramu ciosamu, f(z) > 0 npu >0, Ho He > 0. Comepxareib-
HO 3TO OTBEYaeT M3BLITOYHOCTY Habopa neiicTsuil. Ecnu xe Habop
neiicTBuit Hem3bwToueH, T0 f(x) — K -ortobpaxenue. Ipuyem He-
3aBUCHMO OT Toro, siBjisiercst s f(z) — P-otobpaxenuem. Ilpocro
HEU3OLITOYHOCTh paBHOCWIbHA K -CBOUCTBY, ¥ MOrJa OBl HCIIONB30-
BaThCs BMecTo onpenenennus 8.10.1 (s cnydae K = RY).

Ho camoit mo cebe HeU3OBITOYHOCTU €I111€ HEAOCTATOYHO Ul NOo-
JoXuTENLHON paspeummoctu f(z) > 0. JorogHuTebHO TpebyeTcs
yT0-HMBYNB Bpoe indg (f, ) # 0. OnHako ecnu K -oToGpaxeHue AB-
Jiszercs ewie U P-oTobpaxkeHueM, TO yke HUJYero 6oblie He TpeOyeTcs.
[TosoxuTebHAS pa3pelIuMocTh HepaseHcTsa f(z) > 0 rapaHTupyer-
cs Teopemoii 3.8.1 Kapamapouana:

Hepasencmeo f(z) > 0 ¢ P-omobpaxcenuen | : R — R" ecezda nonoxcumensro
Paspetiumo.
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<« B npepnonoxenun nporusHoro f apiserca K -onmepatopoM. Ho torma f
K -romorornno Ha S(r) (npu moGom r > 0) eneduaeonanbno ompuyamensomy oroo-
paKeHHIO

z® f(z) = {2, fi(z), ..., Tafol2) }.

K -romoronueit Moxer ciyxutb H(x,£) ¢ KoMIIOHeHTaMn
h,‘((E,‘, t) = f,((l?)(l -+ til?,‘).

W3 onpenenenus P -otobpaxenus ciaenyer £ f(z) < 0 ua S(r), uto Breder 3a coboit
indg (f, 00) # 0, u Teopema 8.11.3 NMPUBONUT K IIPOTHBOPEYHIO C NPEHIIONOKEHHEM
o Hepaspewmoctu f(z) > 0. »

[MepeMeHHblE &; TO-TIPEXHEMY OyOeM Ha3bIBaTbL OEHCTBUAMM,
y; = f(x) — pesynsraramu, HO Telepb GYIEM CUMTATh, YTO T; MOTYT
MPUHUMATS HE TOJIBKO TOJIOKUTEILHBIE 3HAYEHHUS, HO U OTPULATELHBIE,
npuyeM f(0) =0 u
sign fi(0,...,0,%;,0,...,0) =signz;,

T. €. «IIPX OTCYTCTBUHU [MOMEX» KaXA0C JefcTBUe Zj JAaCT PE3YJLTAT Y;
TOTO XK€ 3HaKa.

HomnycTuM, HeKOTOpble ¥; HANO YBEJUYUTH, IPYrMe — YMEHb-
UTh. ECTeCTBEHHEIN BOMPOC: MOXHO JIX TAKOIO M3MEHEHUA 10OUTh-
Csl cmepeomunHbimMy NEHCTBUSMU, T. €. YBEJIMUUBAsl T;, €CIU ¥; HALO
YBEJINYUTD, U YMEHBIIAsA T;, €CIU Y; HAA0 YMEHbIIUTS.

[ToJIOXUTENIbHBIN OTBET HA 3TOT BOIPOC MOXHO Aath, eciiu f(z)
SIBJISIETCSL YHUBEpCaAnbHbIM P -omobpaxcenuem, KAaKOBbIM MBI Ha3bIBaeM
oTOOpaXKeHHue

f:R* 5 R", f(0) =0,

B TOM cCJlydae, Korma Juis JIIo0oro Bektopa & # 0 MOXHO yKa3aTb
Takoil Homep j, 4yto &; - fj(x) > 0, T.e. XoTa Gbl OMMH DPE3YJILTAT
SIBJISIETCS] «OXKHMIAEMbIM».

8.12.1. Teopema. Ilycmsv f(x) sersemcs yuueepcansuwin P-omobpa-
JHcenuem u R’}r_ obosnauaem Hexomopulil opmanm. Toeda cywecmeyem

gexmop & € RY _, makoil umo®) f(z) € R"_,

30 To ectb BCE PEe3YyALTaThl ABIAIOTCSA «OXKUAACMBIMH», BCE AeHCTBHS «CTCPCOTUIHBIMMH»,
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« Jlas AoKasaTeNbeTBa JOCTATOYHO IMEpelTH K JPYroil CUCTEME KOODIMHAT,
B Kotopoil R _ craHeT HeOTPHLATENLHBIM OPTAHTOM, U BOCHONB30BATHCS Meopemoil
Kapamapouana. »

Yuusepcanvuoim P -omobpadxcenuem no npupaujeruio Ha30BeM 0T00-
paxenue f(x), eciu mnst moboro T € R" u mo6Goro HeHyNeBOTO
Az € R" cyuiecTByer Takoit HOMEp j, 4To

[fi(@ + Az) — fi(z)] Azj > 0. (8.41)

Ecum (8.41) BoinonHsieTcst Juist AT, TOCTATOUHO MaJIbIX 110 HOPME, Ofle-
patop f GymeM CuUMTaTh A0KAAbHO YHueepcanvhuim P-omobpascenuen.
Jlo HEKOTOpPOM CTENEHM YIUBUTEIBHO, YUTO

8.12.2. Jlokanvno ynusepcanvroe P-omobpancenue aensemcs yHueep-
canbibim P -omobpadxceriiem no npupauenuio.

« B npeanonoxeHuy NPOTUBHOIO HAMJETCA 1apa TOYEK a 7 b, TAKHX YTO

Vi [fi(a) - 7;(b)](a; — b;) < 0.

Be3 orpaHnqeHus OBLUIHOCTH MOXHO CYNTATh, 4To @ >b ¥ naxe Vj : a; > b; (uHaue
MOXHO TIEPEiTH K «yCCYCHHOMY» OFlepaTopy, 06HYIss «winuHue» f;). Tlycts © —
MHOXecCTBO Tex T € (a,b), mia xoropuix f(z) < f(a). ITockoneky oneparop f
HenpepbiBeH, @ KOMIIakTHO. A Tak kaxk f JOKaIbHO YHHBepcaibHoe P -orobpaxe-
HHE — TOYKa @ SIBIETCS M30IMpOBaHHONM Touxkoi MHoXectBa ©. Ho torma KoM-
wakTHO 1 MHOXecTso © \ {a}, Ha KoTopom HenpepbiBHas GyHKUMA @(T) = Z | ;]

BEHY)KIEHA JOCTHIAT: MIHUMAIBHOIO 3HaYeHUs B HeKoTopol Todke z° € © \ {a}.
C Ipyro# CTOpOHbI, IONXEH CYLIECTBOBaTh (meopema 8.12.1 B TOKaJIbHOM BapHaHTE)
MaJblii 1o Hopme Bexrop Az < 0, Takoit yro

V] . f]‘(E* + AE) < fj($*).
Crienosatensto, £* + Az € 0\ {a}, Ho Totna p(z* + Az) < p(z*). »

O0paTiM BHHUMaHME, 4TO JI000e yHugepcanvroe P -omobpacenue
no npupawenuio f B3aMMHO OZHO3HAYHO, a B ciydae ||f(z)|| — oo
npu ||z]| = 00, f — eme u romeomopdusm R” na R".

Teopema 8.12.2 ocBOBOXIAET OT HEOGXOIMMOCTH CIeuTh 3a f(T)
B 1esioM. M ecnu otobpaxeHue f(z) miagkoe, 3agaya CBOIUTCS K Bbl-
afi
3.’Bj

uel, T. e. JJIUHEHHBIM YHusepcanvisim P -omobpascenuen.

!
SICHEHMIO TOTO, SBJISIETCA U TpousBonHas [ (T) = [ } P-marpu-
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8.12.3. Teopema. Mampuya senrsemcs P-mampuyeii 6 momm cayuae,
32
K020a 6ce ee 21A6HbIe MUHOPbL CINPO2O NONONCUMENbHDL

8.13. CucremMbl C orpaHmMueHHbIM
MeX3JIeMEeHTHbIM B3auMofelicTBueM

MaxkcuMansHO HpOCTsI U1t H3Y4EHUST CUCTEMBI, B KOTOPBIX BHYTPEHHUX
B3aMMOCBsI3eH (TOGOYHBIX BAUSIHUIA) BOOGIIE HeET, T.e. Bce ¥ = f (),

COOTBETCTBEHHO, BCE YACTHbLIE MPOU3BOMHLIC a— IIpHU ¢ 7é J TOX-
T

J
OCCTBCHHO HYJCBHIC. HOHHTHO, YTO IOSIBICHUE MaibiXx MOGOYHBIX

BJIMSTHUM 10 OTIPEAENIEHHOIO Npeea He AOKHO MELIaTh YCIELIHOMY
(QYHKUMOHUPOBAHUIO CUCTEMBL.

of; ,. , .
Ecnu abconoTHYIO BETNYMHY YaCTHEIX TPOU3BOIHbIX Iz (#7)
T

TPUHUMATh 38 KOJWYECTBEHHYIO MEPY BHYTPEHHUX B3aUMONEHCTBHUI

B CHUCTEME, TO SICHO, YTO 3TY MEPY HanO CONOCTABJIATL C BEIWUMHOMN
i

YacTHBIX TIPON3BOJHbIX 2. > 0. ApyrumMy cjioBaMM, MalOCTb B3au-
Z

2
MoAeHCTBUH No/DKHA GLITL He aGCOMIOTHOM, 4 OTHOCUTEILHOM.

Yuusepcaronoimu P -omobpaxcenusmu no npupawenuio OymayT, Ha-

ApUMEp, TIalK1e OTOOPAXEHUS, YIOBIECTBOPSIOIINE OTHOMY U3 Clle-

OYIOWUX YCIOBUH 33)

(?fz x) Z 9fix) >0, i=1,...,n, (8.42)
iz | 9%
3fz 39) -3 32;”") >0, i=1,...,n. (8.43)

G

CTporo noNoXUTENbHbI BCE [MIABHBIE MUHOPH U Y HONOXUTENb-
HO OIPEASNCHHBIX MaTpyl, U IIOTOMY B KATETOPUIO YHUBEPCAAbHBIX

2
3 )[IOKa3aTenLCTBO W KOMMEHTapuu cM. B [4, 1. 3].
33 .
)Hocxonbxy Y MaTpuUbl ¢ AOJOXUTENbHON JOMHHHDYIOWIEH NMArOHANBIO BCE FJIaBHbIE
MMHOPbI CTPOIG NOJIOKUTENbHBI, ¥ TOTa 1. 8.12.2 Bcnen 3a 8.12.3 naer Tpebyemoe 3aKnoueHue.
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P -omo6paxcenuii no npupawienuio NOTARAIOT [ HpU YCJIOBUK

Vi, z: (f(z)z,z) > 0. (8.44)
AHanoru yciosuii (8.42)—(8.44) B KOHEYHBIX MPUPALIEHUAX BbI-
rnsast tak>Y:
Afu(@)Azy >0 (|Az] = max |Azg), (8.42)%
7

n
> Afi()SignAz; > 0, (8.43)%

i=1

rme Sign o ommyaercst OT sign o ToNbKo Ipu a = 0, npuHIMas
B ciyuae o = 0 Bce 3Hauenus u3 [—1, 1]. Hakownen,

> Afi(z)Azi >0, (8.44)".

i=1

CyiuecTBoBaHMe TaKoro unuekca i, yro Afy(z)Az; > 0, B cuty-
aLsix (8.42)A—(8.44)A OYEBHIHO.

Hpumep. Ilycts n norpeGuTteneit Toka napainelsHO NOACOEAUHEHBI K UCTOY-
nuky D/C. BosT-amnepHast XapakTepUCTHKA £-To NoTpebutenst UMeeT BUA

I = 901(U’ mi>’

rae I; — tox, U — Hanpsxewue, ; — NPOBOAUMOCTb. Henuneitnpie dydkuun
iU, €;) npearnonaraloTcss MOHOTOHHO BO3PACTAIOLIMMMU. Hcrounuk BJC takxe
Henuueen, U = U(I), rae I = ZL, npuyeM U(I) MOHOTOHHO YGbIBAaeT, U3-32
BHYTPEHHEr0 CONPOTHBIECHHUS] UCTOYHUKA.

A v (U,z,)

3axoubl Kupxeogha IPUBOAAT K CleayIoLiei cucTeMe ypaBHeHUit:

I = p(U(I), =), I= Z I,

) Afi(e) = file + Az) - fi(2).
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KOTOPasl B YKa3aHHbIX MPEATIONOXEHHUSX BCEIa HMEET PellleHNe
I = fi(zi, ..., za). (8.45)

IToxaxem, uto HaGop GyHKuuit (8.45) ynoBaeTBOPSET YCIOBUIO (8.43)A. Bo3b-

MeM Az # 0 U pa3o6beM MHOXECTBO WHAEKCOB HAa TPH MOIMHOXECTBA:

e K., cOCTOMT U3 Tak#X UHAEKCOB, uT0 Az; > 0;

e K_ cocrouT M3 TakKUX UHAEKCOB, yTo Az; = 0;

o K. COCTOMT U3 TaKUX UHAEKCOB, 4to Az; < 0.
Bosmoxxnb!l Tpu cnydast: Al > 0, AI =0, AT < 0, Paccmorpum curyauuio Al > 0.
B cuny y6eianus I; = o;(U(I), z;) o I u Bospacranus no z;, umeem AL; < 0 mnst
Beex 1 € Ko U K_. TakuM o6pasom,

Z.AI,» = Z AL - Z AlL] >0,
i

€Ky €K UK

YTO O3HAyaer (8.43)A. Caygau Al =0, AT < 0 pa3bupaiotcs aHaXOTMUIHO.

8.14. KommeHTapuu 1 [ononHexns

e Muoxectso Q2 C F oepanuveno no xouycy cBepxy, eciid & < y 1as Bcex
z € Q u HekoToporo sjeMeHTa ¥ € B, KOTOPbIH HasbIBAIOT eepxneli epanuyeil ).
AHaTIOTUYHO OTIPENETISIETCS. — HUNCHAS 2PaAHUYQ.

Ecnu B MHOXecTBe P BepXHUX rpaHUil MHOXeCTBA §) ecTh HAUMEHDILUH DIeMeHT
2o (zo < z, z € P), T0 OH Ha3blBaeTCs mouioli eepxueil epanuyeli MHoxectsa () 1 060-
3Hayaercs yepe3 sup . AHANOTUYHO ONPENEITSETCs] MOUHAA HUMCHAS epanuya inf ).

Konyc K HasbIBaeTCsl MUHUIOPAAbHBIM, eCITU JTIO6OE MHOXECTBO U3 IBYX Je-
MeHTOB {Z, ¥} MMeeT TOUHYIO BepXHIOIO rpaHuwy sup{z, ¥} . Eciu xe TouHast BepxHsisi
rpaHMLIA UMEETCS Y KAXIOI0 OrPAaHUUEHHOIO MHOXECTBA, TO KOHYC HA3bIBAETCS Cllb-
HO MUHUIOPANDHBIM.

Konyc K, B C wmunusgpanen, 8 L, — cuibHo muHusapaieH. CuilbHO
MUHUSAPAILHBL OpTaHTsl B R". «Kpyribles xonycsl K (Q) u rpauensie, B 06uieM
ciayvyae, — He MUHUOAPATbHbI,

e Konyc K, B C[0,1] — Hopmanen, TemeceH, MUHH3ApATeH, HE MPaBH-
seH. B C'[O, 1] — He BOCHIPOU3BOASAIIMIL, He HOPMATbHBIN, He MHUHUDLPATLHBIH.
B L,,[O, 1] — HOpPManbHBI, BOCTIPOU3BOASIIUMIA, HO He TeleCHbIH, CHITLHO MUHU3I-
panbHbIit, BHOJHE IPaBUTLHbBIA.

o JIiHeitHbIE TOJIOXUTENbHBIE OTIePATOPHl MHTEPUPOBAHb! B HEJTMHEHHbIH ana-
73, MOSTOMY UX Teopuio |4, TT. 3, 5] xenaTeNbHO UMeTh o1 pyKoi. OcTaHOBHMCS
Ha (GopMyITUPOBKe NPUHLUINATHHBIX pesynbraros. Hanee A — JUHEeHHbIN MOJOXU-
TeJIbHBI oriepaTop.
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8.14.1. Ecau Az > 7o, To € K, mo cnexmpanshbuii paduye p(A) = .

AHATOrMYHASI OLIeHKA CTIEKTPATLHOTO pafidyca o 06paTHOMY HepaBeHCTBY
Ay < yzo, 2o €K, 20#0, (8.46)

B 06lIeM Cayyae HE UMeeT MEeCTa, HO B HOCTATOYHO CBOGOAHBIX MPEATIONOXEHHUSIX
(8.46) mreyer 3a coboit p(4) < . Hampumep, ecnmu K — HOPMalbHbIi TeleCHbIH
KOHYC, a &y — BHYTpeHHUIl anemeHT K.

ECTecTBEHHbII OTIPABHON MYHKT U3YUeHUs TO3UTUBHOIO CIIEKTPA JIMHERHOro
NOJIOXUTEBHOFO oflepatopa — Kilaccuyueckasl meopema Ileppona:

8.14.2. [Iycms mampuya A = |a;;] cmpoeo nonoxcumensna. Tozoa:

o Cnexmpansibii paduyc p(A) > 0 seasemes cobemeennsim 3nauenuen arzedpaute-
CKOll KpamHeCY eOURULA, U EMY OMBEHAem CMpoeo ROACHCUMERbHbI COBCMBEHNbIl
8eKmop.

o Jlpyeux nOA0HCUMENbHbIX CODCMBEHNbIX 3HAHeRUll u exmopog mampuya A e umeem.

o Ecau Az = Az, A # p(4), z #0, mo |A| < p(4).

Cioa MOXHO NPUINTIOCOBATS: ecau mampuya A >0 nepaznoxncuma, mo p(4) >0
AEAREMCA COBCMEEeHHbIM 3HAEHUEM aazeBpauyeckoli kpamuocmu 1, Komopomy cmeevaem
cmpozo noaoxcumenvibil cobemeenslii eexmop. Jpyaux ROACHCUMENBHbIX COBCMBEHHBIX
snauenuil u eexmopoe y A nem. Janee mpoGreMaTvika YNvpaeTcsi B U3ydeHUE um-
APUMUMUBHbIX MAMPpuy, AMEIOLUHX nepugeputeciutl cnexmp (cobcrBeHHbIE 3HAYEHUS,
coBnagamliye 1o Moayiio ¢ p{4)).

MHoroe coxpaHsieTcsi B (PYHKIIMOHANBHBIX IIPOCTPAHCTBAX, pasyMeeTcsi, B MO-
audunupoBaHHoi popme.

8.14.3. Ecau xonyc K nopmanshbiil u 8ocnpou3eodsuiuit, mo y AUHeliHo20 noaoxcu-
menvhoeo onepamopa A uucao p(A) seasemen moukoit ezo cnexmpa.

8.14.4. [Tycmo auneiinoii U -ozpanutennsill onepamop A enoane nenpepbiger u Us-no-
aovcumenen. Toeda A umeem eQuncmeennbiil ROAOHCUMENbHBLI cOOCMEeHHbiil 6eKMOP Lo,
Komopomy omeevaem eedywiee cobcmeennoe 3naenue Ay > 0.

8.14.5. [Mycmo auneiinoil w-noaoxcumenthsiii onepameop A umeem ROAOKHCUMENBHBILI
cobemeennsiil 8eKmOp To, OMEEHAIOWUIl ROIUMUBHOMY COBCMEEHHOMY SHA1EHUIO Ao = 1.
Toeda das ecex ¥ € K, omauunvix om vy (v > 0), anemenmsl & u AT necpaghumeL.
z—-Ar ¢ K, Az —z ¢ K, m.e.

z ¥ Az, z <€ Az.



Tnasa 9

Bosmywenus n 6ugypxauymu

The ark was built by amateurs,
the Titanic — by professionals.

Teopusi 6udypkauuii 3HaeT OTBETHI Ha BO-~
HPOCHI, KOTOPHIE €l He MPHUULIU B IOJIOBY.
Jo nopsl 10 BpeMeH} HUKTO Be/lb He JOTaf(bl-
BaJICsI, K YeMY BelleT JIMILIHUKA TpaMM ypaHa.
A MasiTHUK, «CTOSILIMI Ha yIiax» U3-3a He-
Oonbiuoi BUGpaunuu? A uephble abipbi? Tak
YTO 3aeXM HEBEJOMOIo 3ac/OHseT JIHILb
OpoHst KoHcepBaTuaMa. Jla ocnabur Tocnions
WHEPLHIO CO3epLAHUsl, KOTOPAst IIPOTUBUTCS
PE3KUM U3MEHEHMSIM KapTUHbI SIBIIEHUSL.

9.1. O coapepxaTenbHbiX 3agavax
¥ abBCTpaKTHbIX NOCTAHOBKaX

[TapaMeTpuueckue ypapHEeHUs
G(z,A\) =0 (9.1)

CO CKaJISIPHBIM IMapaMeTpoM A, U aKIEHTOM Ha «HETIPUATHOCTX», —
HacCTOJIbKO IIMPOKO PACHIPOCTPAHEHbI, UTO AK€ HEYMECTHO JIOMUTLCS
B OTKPBITYIO IBEPh C KAKMMM-TO YACTHBIMU HPUMEPaMHU.

[Torepst yCTOWYIMBOCTA YIPYIVIX KOHCTPYKUMIA HPH
YBEIMYEHUN Harpy3Kd, BOZHMKHOBEHME B3PbIBHOM
BOJTHBI, TIOPXAIOLIETO 9Xa, PE3OHAHCA, TYPOYIEHTHOC-
TH, TPABUTALMIOHHOIO KOJUTAICA — BCE 9TO TE CaMmble
«4aCTHBIE HPUMEPLI», BMEIAIOLINE GObIINE TEOPUU.
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OG6uuii 3HaMeHaTeNb [PU 3TOM — Me-
TaMOpdOo3bl, MPOUCXOOAILINE ¢ pPElIeHHEM
z(A) ypasHenus (9.1). Pokyc BHUMAaHK —
Ha TOYKax 6ughypxayuu, B KOTOPHIX ()
TaKk WM WHaye BETBUTCI, — TO JIM OlI-
HO3HayHast (PYHKIUS CTAHOBHUTCS MHOIO-
3HAYHOW, TO JI4 MEHSETCS YMCIO BETBEH,
TO JIA BO3ZHUKAET Xaoc.

JJIsl OnpeneIeHHOCTH MOXHO HMMETh B BMIAY BO3-
HUKHOBEHUE CMEXHBIX GOPM PaBHOBECHUS Y LHAPHUPHO-
3aKpEMJIEHHOTO CTEPXHS B CIy4ae YBEJMYEHUS IIPO-
JOMBLHOH Harpysku A (1. 1.4), roe MCXOmHOE Hysegoe
pasHosecue He 3aBUCHUT OT A, a MIpU A > A, HOSABJISIOT-
CSt CUMMETPUYHLIE HEHYJIEBLIE (I)Opl\:;lbl PaBHOBECHS, YTO

YCJIOBHO MOXHO H300pasuth Kak ) . lTakum obpa-

P ——
e P
e
4&

30M, HYJIEBOE peLIeHME CTOUT Ha MECTE, U OT Tpe3ybua
OCTaIOTCS TOMBLKO YCHI.

9.1.1. Cumyauuio G(0, X) = 0 npumem 3a Kanonu41eckyio, u A, Ha306em
moukoli oudyprayuu, ecau abomy € > 0 omeewaem

AE(A, —& A +e),

npu komopom ypasienue (9.1) umeem xoms 6bt 0010 Helynesoe peusenue
6 wape ||z|| < e.

Bamaun ¢ apeiidyoluM OTHO3HAYHBIM peuleHueM T (A) noMe-
LIAKOTCS «B PAMKM» TIEPEXOAOM K YPaBHEHUIO

G(m*(/\) +z,A) =0.
[Ton (9.1) nanee monpasymesaercs mubo ypasHenue B R”, nu6o
G(z,A) =z - A(z, A), (9-2)

rie A: E xR — F — BrojHe HeNpephiBHLIA oreparop, 4To HO3-
BOJISIET MPUMEHATL Meopui0 epaujeHusi, HeCMOTPS Ha OeCKOHEYHYIO
pa3MepHOCTh NpocTpaHcTea B,
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B ToM cnydae, Korna JuHelHOe npuGKerue ) G, [z(A,), A )z
HEBBIPOXKIEHO, oToGpaxeHne G(z,A)) B Touke z(),) sBaseTca 10-
Kanbibim comeomopgpusmom. CoOTBETCTBEHHO (meopema 2.4.1) — B He-
KOTOpO#i OKpecTHOCTH (Z(A)), A,) CYIECTBYET M €AMHCTBEHHO pelie-
Hue z(A) ypasHenus (9.1). TTostomy, ¢ yuetom G(0, A) = 0,

moukoll Gugypkauuu moxcem Goime AUl MaKoe A, ApU Ko-

mopom onepamop G (0, A,) sbipoxcien 2,

O6paTHoe, pasymeercst, HEBEpHO. BrIposxaeHue G; (0, /\0) Heobs13aTeb-
HO BJIeYeT 3a coboi 6udypkanuo. OnHako Jirepom Gblia HpemIoKe-
Ha HeKast peuenTypa OTBICKAHMS KPUTHYECKUX HArPy30K HAa OCHOBE
nepexona ot (9.2) K JIMHEapu30BaHHOMY YPaBHEHUIO, KOTOPAst OCHO-
BBIBAJACh KakK pPa3 Ha BBLIPOXIACHUM JHHEHHOW MOIESMU U BHE TO-
TOJIOTMYECKUX PaMOK BBINISAEAa TYMaHHO, IPUYEM [OJITOE BPEMS,
HECMOTPA Ha MHOTOYMC/AEHHBIC MOIMLITKA, HE MOIIaBanach 0GOCHO-
BaHUIO. B pamKax meopuu épaujenus npaBoMepHOCTb Memoda Diinepa
YCTAHABMBACTCS TPMBHAIBHO ), CM. Hasiee.

Haxonen, BepHemcst K caMomy nousttuio 6ugyprayuu. Tepmuu
HEONHO3HA4YeH, W BCTPEYAeTCsd B pa3HbIX Mogudukauuax. JJaHHoe
BBILIE ONPENE/ICHUE OPUEHTHPYETCS HA M3MEHEHUE YMCIIA PELICHUI,
OnHaxko urpaTh pofb MOXET W KauyecTBO peiieHus. [Ipu 3Tom Boa-
MOXHBI Ciopapu3bl. CKaxeM, B CUCTEME

T = G(x, )
ycToRuuBEIf (hoKyc mMoxeT medopmuposaThcs B — HEYCTOMYMBBLIA,
0€3 BO3HMKHOBEHUS! B OKPECTHOCTH JOMOTHUTETbHBIX OCOOEeHHOCTE!,

. A poncTeeHHbIE, Bpoje 6bl, YCTOUMBBIE paB-

HOBECHST MOTYT HE MEPEBOAMTHCS APYr B Ipyra (€3 aHOMaibHBIX |
BUIOM3MEHEHM, cM. pasaeisl 6.7, 9.3. Ho 1i0ka ocTaHoBUMCS Ha G-
(bypKauysx, OCHOBaHHBIX UCKJIIOYMTENBHO Ha BETBICHUN DELIeHUH.

b B nipennonoxeHUy 10CTATOYHOM raaakoctu G.
2 B cyae (9.2) BrpoxneHHBIM 06s3aH GbITh onepatop I — A5 (0, A, ).
3 Kpacnocensckuit M. A. // YMH. 1957, 12, Boim. 1.
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9.2. MpuHUMN CMeHbl MHAEeKCa

Jonyctum, z(A) — OmHO3HAYHas BETBb M30JMPOBAHHBIX wyseit ¥
BexTOpHoro nons G(z, A), n Q) — obnactb, He conepXamast IPyrux
uyneit kpome x(A). Torna no meopeme 3.4.5

G, 1), Q) =1(G(, v), ),

1. e. nehopManust o A € [, ] He MeHsieT BpameHus %) Ha Q) 4, KaK
CeICTBUE, UHAEKCA

ind [G(z, A), z(N)]. (9.3)

ToaTomy, ecia MHAeKC (9.3) MEHsIeTCs1 B HEKOTOPOH TOUKE A, TO 3TO
2apanmuposano Touka 6udypxauuu.

CkazaHHoe TpebyeT YTOYHEeHUs!, IOTOMY YTO HE SICHO, 3a KaKuM
PYKaBOM BETBJACHMS HalO CJAEIUTH, . Y 3nmechb
z())

yIOGHO KaK pa3 BBeeHHOE Bhinie rpeanoioxenue G(0, A) =0, npu
KOTOpOM OJIHA M3 BETBE — MpOCTO TOuKa (HY/IEBOE PaBHOBECHE).

4 To ects £(A) npH KaxIoM GHKCHPOBAHHOM ) SBJSETCH MIOMUPOBAHHBIM HYTEM BEKTOD-
soro nonst G(z, A).
5
) HenpepsiBHOCT ne(opMaiytit {1y JErko JOCTHTACTCS MEPEXOXOM K AehopMaiuy apuka
B, CQ,.



9.2. lpuHumn cMeHbl uHaekca 179

B sTom ciiyuae A, HazoBeM moukoii cmens: undexca, eCIMA CYLIECTBYIOT
CXONALIMECH K A, ITOCIENOBATENbHOCTH

e = A, Vg A, npu k — oo,
TAKHME YTO
ind [G(z, pi), 0] # ind [G(z, v), 0] npu Beex k.

9.2.1. Teopema. Bcaxaa mouxa cmenvt unfexca A6ASemcs MOUKOL
ouyprayuuy.

6
<« Pasymeercs, HMEeT CMEICA TOBOPUTD JIHIIb 06 U30JUPOBAHHOM HyJe'
z(A,) = 0. Ho Torna MoxXHO cuurars, 4T0

ind [G(x, pi), 0] # ind[G(z, A,), 0] npu Beex k. (9.4)

B sToM cyyae B nocratouHo Mansix imapax ||z|| < e ypasuenue G(z, A)) =0
He MMEET HeHyNeBbix pemieHuit. Ho B ciwty HempepuisHocti” G(2, A) nipu pocra-
TOuHO Gonpmx k nona G(z, ) GynyT HeBoipoxzeds Ha rpanune ||z|| = €, u,
¢ yuetoM (9.4), ypasrenust G(z, ) = 0 0BSI3aHBI UMETh HEHYJEBbIE PELICHNUS. B

TloHsaTHO, OOpaTHOE Heo6s3aTeNbHO, HO K 1. 9.2.1 MOXHO 106a-
BUTD. 8 CUMYAUUAX <0020 noA0MCeHUN» MOUKY Oudyprayul S64310mMcea
mouKamu cMenb undexcd.

Ha npakrtuke yamie Bcero cueHapuit 6u(ypKaoHHON MyTaIiu
3aKJTIOYAETCS B BBIPOXIECHUH G;(O, A) «Ha OJHO MrHOBEHME», T. €.
JIMIIb B TOUKE A = A, cJIeBa U CHpaBa OT KOTOPOii oriepatop G;(O, A)
HEBBIPOXKICH U UMEET PA3HBIE HHOEKCHI 8, Hpyrumu ciioBamu, B 6OJIb-
LIMHCTBE CJIyYaeB MHAEKCHI 110 pa3Hble CTOPOHBI OT TOUKM GudypKa-
MU paBHBL 31 K BBIYMCIHSIOTCH 11O JIMHEHHOMY HPUGIHKEHUIO,

o !
B Touke cmensl ungexca nuHeliHoro oneparopa G (0, A) momk-
HO IPOMCXONMUTDL BHIPOXAEHNE G; HEYETHOW anrebpanyeckoil Kpar-

&) Hnaue cpasy scHo, uto A, — TouKa GHpypKaLum,

) uSo nonroit HETIpepbIBHOCTH BEKTOPHOTO Tonst (9.2), eciu 3amaya paccMaTpvBaeTCs
B (DYHKUMOHATBHOM TIPOCTPAHCTBE.

%) Pasuvie 3naku NETEPMUHAHTA, ECH CIOXET pa3suBaeTcs B R” (m.3.5.7), nubo, B cyyae
(9,2), 1. 7.4.10, 4icHo BemecTBE HHBIX COBCTBE HHBIX 3HAYCH Wit (c yuerom KparHocreii) orreparopa
Alz (0, A), 6OABLIMX eNMHULLI, — CTIEBA U CIIPABA OT A, JOJKHO GbITh PA3HBIM,
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HocTu ). IIpocro HOTOMY, YTO JIMKBUNALMS BEILECTBEHHBIX OTPHULA-

TeJbHbIX COBCTBEHHBIX 3HAYEHUN MApamMu — HE HPUBOAUT K U3MeE-
HEHUIO MHICKCa 10), «[TapHOE MCUE3HOBEHHE» MOXET IPOUCXOHUTHL B
rpouecce faedopMalMy 110 A pacIIETUIEHUEM KPaTHBIX OTPHALIATE/b-
HbIX COBCTBEHHbBIX 3HAUEHMIT Ha KOMILIEKCHO-CONPSDKEHHbIE (C BO3-
MOXHBIM, HO Heo6A3aTe/IbHBIM YXOIOM B IPABYIO ITOJNYIUIOCKOCTH B

pesyJbTaTe fiepeceyeHmss MHUMOI ocu B ToUKax tiw) o

Ho XOTS1 6Bl OHA TPACKTOPUA ABIXKEHUS OTPULATEIbHOIO COOCTBEH-
HOro 3HAUYEHWS BIIPaBO JOJIKHA, pa3 YK MHAEKC MEHSETCS, NMPOWTH
4yepes3 HyJIb KOMILIEKCHOM TIOCKOCTHU.

IMostomy 1o kpatHocTH BeIpoxaenus G (0, A) B curyaumsx o6-
HIErO MOJIOXEHUST MOXHO CYIMTL O Hanuumu Gudypkauun. B srom
pycJie TpeCTapisieT MHTEPEC COBCEM IPOCTO — HO IOKpPLIBAIOIIMi
Maccy TIPUIOXKEHUH — pe3yJibTar:

9.2.2. Teopema KpacHocenbckoro. [lycms 6 cayyae (9.2) npousgoo-
nan Ay (0, ) umeem 6uod

A0, )) = AB, (9.5)
u A V' coBemeentioe 3nauenue Hewemmoii KpamHocmuy AUREHO20 one-
pamopa B. Toeda A, — mouka 6ugypxauuu ypasnenus

z=A(z,A). <

Pazymeercst, oGoiTuch TeopeMoit 9.2.2 He Bcerna yaaercs. Pam-
ku (9.5) MOryT oKa3aThCst TECHbI, ¥ TOTAA MPUXOMMTCS BBISCHATD,

9)
10)

T10 MoBOJlY PA3HUIIE! MEXIY ATTeBPANYECKOi ¥ TEOMETPHYECKOI KPATHOCTbIO eM. [4, T. 3],
e 4
FlockoIbKY MHIEKC MHHElHoro oneparopa Gy (mm. 3.5.7, 7.4.10)

ind(GY, 0) = sign det G, = (——l)ﬂ,

rae ﬁ — YUCJIO BELIECTBEHHbBIX OTPHLATCILHBIX COBCTBEHHBIX 3HAYEHUI G;



9.3. flepecrporiku ¢pa3zosoro ropTpera 181

He BO3BpaullaeTcsl U COOCTBEHHOE 3HayeHHE Y A'x (0, A) obGpatHo,
KOCHYBLIMCb HYJISI M He Nepecekas MHUMYIo ock. He rosopd o cutya-
msix, rae Ay(0, ) BHIpOXIAETCS, Hauunas ¢ Ay, ¥ ajiee HEOOXOIMMO
HUMETh 110 TUOO ¢ UCXOMHBIM HeJIMHEHHBIM BAPUAHTOM 3a/aul, 1nbo
c e¢ MpUOTKEHNUEM, HO YXe HETMHEWHbIM.

Pa360p MONETOB B 3a/a4e O CMEX-
HbIX (hopMax paBHOBECHS IIAPHUPHO-
3aKPEIUIEHHOTO CTEPXKHS (CM. pasmesn
1.4) — ectb B [10].

9.3. MepecTpoiiku PpasoBoroc nopTperta

Meramopdo3bl, MTPOUCXOAAIIUE C CHUCTEMON, MOIYT ObIThb CBA3aHbI
HE TOJIbKO C BeTBJEHUEM <«ITOJIOKEHUH paBHOBECHs», HO ¥ C Kaye-
CTBCHHBIMH M3MEHEHWAMM MHOro coprta. PoxmeHue aBToKOJEOaHNA,
«1EpPEPOXIEHIEs 3KCTpeMabHbIX ToYeK (pasmen 6.5), HaKoHel, pas-
JUYHBIE TepecTpOiiKY (ha3oBEIX MOPTPETOE IMHAMHUYECKUX CHCTEM.
Bo Bcex TakKUX Ciydasx CKauykKooOpa3sHOro M3MEHEHHS CBOWMCTB O0b-
€KTa TaKXKe MPUHATO rOBOPUTH O OUpypKaLHsX.

PaccMoTpuM TpaHC(GOpMaLMK HYJIEBOTO PaBHOBECHS CHCTEMDbI

% = f(z, ), (9.6)

[IpY YCJIOBUHM YTO M3MEHEHHE CKAJIPHOTO MapaMeTpa A He BEIET K I10-
ABJIEHUIO B OKPECTHOCTH HYJA APYIUX TOJOXEHUN paBHOBECUS.

Hndexcy pasnosecus cucteMsl &= f(z) MOXHO GbUIO Obl NPUITH-

cats 3Hauenue ind (f,0), Ho mpaBwibHO: | ind (—f,0) |, u6o oHBI
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€CTeCTBEHHO IPUBSI3bIBaTh K MHIeKcy noia ¢ — Uy(z), roe Uy — one-
patop caBura 1o TpaektopusaM (9.6), u t mocratouno mand. A npu
Maibix ¢ > 0 nona ¢ — Uy(z) u —f(z) - ¢ HEMpOTHBOMONOXKHO Ha-

11
paBJjicHb! B CHJIY )

z—Ui(z) = —f(z) - t + o(t),
1 riotoMy unaekchl ¢ — Uy(z) u — f(z) onnHaKoBbL.

9.3.1. Teopema. Hudexc acumnmomuMecKu yCmoWHUB020 pagHOBecUs
(9.6) pasen
ind (I — U, 0) =ind (—f,0) =1, (9.7)

20e Uy — onepamop coeuza no mpaexmopusim (9.6).

4 Acumnmomuvecku yemoiinueoe pagnosecue ©° & R" sensnemca [15] pasnomepro
ACUMPMOMUYECKY YemOlMugbiM, T. €. CYHIECTBYET OKPECTHOCTb () TOYKM Z', Taxas
yto Uf(Q) = {2} npu k — co. Ho Torma ¢ yuerom meopemst bpaydepa (m.5.6.1)
ind (I — Uy, 0) = 1. Ipu arom ¢ > 0 — moGoe 2y

[IIupoko pacrpocTpadHeHo 3abmyxiuenue, uto (9.7) uMeer MecTo
W 51 YCTOHUNBOTO MONOKEHHsT PABHOBECHS ). B R u Ha I10cKOCTH
R? 310 neifctBuTeNbHO Tak. Ho B GOIBIIMX Pa3sMEPHOCTX MHTYMLIMS
CTaIKMBAETCA C HEOXMIaHHOCTBIO.

9.3.2. Teopema. B R? undexc yemoiiMugozo pasHosecus T moxcem
Goimp A06bim uucaom u3 ..., —1,0,1, a6 R, n > 4, — a06oim yeavim
uz 7.

2

< TMycrs 2" =0, u E-),l, D ©, D ... — NOCNENOBATENLHOCTD BIOKEHHBIX APYT
B IDYTa Wapos ¢ P pyuKamu, TAAMETPbl KOTOPBIX CTPEMSITCS K HYJIIO, U BCE E-);”; cofepxar
touky z*. Iyers f*(z) — mone BHenmux Hopmaeit M: . TockonbKy BpaineHus

v(f*, 65) = (£, My)

He 3aBUCAT OT k ¥ paBHbl | — p (TeopeMa 5.7.2), — BpaweHHE COOTBETCTBYIOLIETO
NoJIst Ha KaXIOM <«IIapOBOM C/IOE C P pyYyKaMH» E-)’; \ E-):‘L' PAaBHO HYJIO, U TIOTOMY

" Yro nonyuaercs neperocom craraembix B Uy(z) = 2 + f(z)t + o(f).

12) Camé z — Ui(z) cayxur roMoTonueil Mexny ornepatopamMM C PasHbIMM 3HAYCHUAMH L.
Hesuipoxaensocts cieayer u3 Uy(z) = z* npu £ > 0.

%) Bes TpeGOBaHUs OBsI3aTENBHON CXOMMMOCTH TPAaGKTOPUil K PaBHOBECHIO U3 HOCTATOYHO
MaIoil OKPECTHOCTH.
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MOXeT GBITh IIPOJIO/DKEHO Ha «CNOH» HEBBIPOXIEHHO (TeopeMa 4.5.1). B pesynsrate
[

Tnojly4aeTcsi HeBBIpOXIEHHOE ponomxenne f(z) Ha ©, \ {0}. Ilpu stom scHo, uto

HYJIEBOE PABHOBECHE CHCTEMbL

& = —f(z) (9.8)

YCTOHYMBO, IIOTOMY YTO TPAEKTOPHU HE MOTYT TIOKM/IATh E-)f;, MOCKOJIbKY Ha IpaHHULe
ckopoctd — f () HampaeieHs BHyTpb. HakoHew (cM. Hauamo pasfena), MHAEKC HY/s
cucteMsl (9.8) ects unneke ind (f(z), 0) = 1 — p.

B 661bUINX pa3MEPHOCTSIX CUCTEMA C YCTOHUMBLIM PABHOBECHEM, MMEKOLIMM
MoBGoH MHAEKC U3 Z, CTPOUTCS aHaNOTMYHO Ha 6aze TeopeMsl 5.7.2. »

9.4. [edopmaunm ¢ orpaHUdEHUSIMA

W3 teopembl 9.3.1 ciemyeT, UTO pasnosecue 2apanmupoearo e A64s-
emca acumnmomumecku ycmotuuenim, ecau ind (I — Uy, 0) # 1. D10
noJie3Hpl xputepuit. Ho ciyvait ind (I — Uy, 0) = 1 B HekoTOpOM
POAC MOKPBIT MPAKOM, MOCKONBKY TOITYCKAET «UTO YIrOAHO», KaK 110~
Ka3blBaeT MpUMep U3 pasiena 6.7, rie aCMMITOTUUECKHM YCTOIUMBasi
14)

B nepOPMUPYETCS B CHCTE-

0 (1)] I HEBBIPOXIEHO

cucreMa & = [

. 10 . _
My & = 01| & Bce pelierms Kotopoit (sa ucxnouennem z(t) = 0)

YXOIAT B OECKOHEYHOCTH, @ MHAEKC B 000X cIyyasx paBeH .

OnHako cyxXeHue Kiacca AOMYCTUMbIX HedopMaiuii crocobHo
B TOYHOCTH OYEPTUTb IPAHUIY TYPBHUIIEBOCTH, KaK YK& OTMEYAIOCh
B pasgene 6.7. Ho xmacc CT (cm. m. 6.7.1), medopmauun B KoTo-
POM COXPaHAIOT TYPBULIEBOCTb, HE COBCEM YIOGEH C TOUKM 3pEHUS
KOHTpONA Tipouecca. Bot npyroit perenT, 0CHOBaHHbINM Ha Tepexoie

ot matpuir A pasMepa n X n X Matpuuam A* pasmepa n’ x n’:

A =TeA+AT®I, (9.9)

rae ® ob603HaYaeT KpoHeKeposo npoussedenue. PDOKYC COCTOUT B TOM,
uto [4, 7. 3}: coGemeennsie snanenus A* ucuepnvisaromes xombunayusmu
Ai + Aj cobcmeennvix snauenuii Ny, camdii mampuysr A. Y 910 nenaer
OYEBHMIHBIM CIEAYIOIMI (aKT.

") To ecrs Ge3 nosmnenns HEHYJIEBBIX NONOXEHUI paBHOBECHS.
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9.4.1. Teopema. Mampuya A zypsuyeea ¢ momm cayuae, Kxo2da 2yp-
BULeBA MAMPUYA A%,

Bosice Toro, ecau MHOXeCTBY F Bcex MarpHuil 7t X 7 IIOCTaBUTb B
COOTBETCTBME MHOXeCTBO ™ MaTpui Buia (9.9), To BNOJIHE ACHO, UTO
HeebipoycOeHHbie B E* nedopManuu COXpaHsIOT HEM3MEHHBIM YMCIIO
COBCTBEHHBIX 3HaueHuil MaTpuubl Kak B JeBoil momymiockoctn C,
TaxK U B [paBoil 13), Hoatomy:

9.4.2. Teopema. Mampuybvt A u B 00e 00HogpemeHHO 2ypsuyeebl Uil
Hezypeuyesbl 6 momm cayuae, K020a cywecmeyem 0eopMayus om A
k B, Hegwposrcdennas 1) ¢ E*.

IMonyuaercs coBceM mpoctoit kputepuit. Jedopmanun H (-, %)
s E comoctasnsercs medopmarms H*(-,t) B E*, u Hamo «Bcero
JIMLLIb» CIEXUTH 3@ YCIOBUEM

det H*(-, t) # 0.

HesblpoxneHHBIE nedopMald B E”* okazbiBalorcs, TaKUM 00pa-
30M, JOCTATOYHO TOHKHUM MHCTPYMEHTOM 17), MO3BOJITIOLINM HE TONb-
Ko KiaaccuULUUpOBaTh YCTONYMUBBIE U PA3HO0OPA3HO HEYCTONYMBBIE
JIMHEIHBIE CUCTEMbI, HO ¥ Pa300paThbesl, CKaXeM, ¢ HEBBIPOXIEHHbI-
MU KpUmu4ecKumu mouKaMu, He pasiessas vux BCero Ha JBa Kiacca,
KaK 3TO NMPOMCXOAMT MPU UCHOJb30BaHUM 1e(OPMaLUil B UICXOTHOM
npoctpaHcTLe. KOHEUHO, BBIXOI B E* cBsi3aH ¢ yBeJIMUYEHMEM Pa3Mep-
HOCTH, HO TYT PacCUMTBHIBATh Ha GECIUIATHBIA ChIP HET OCHOBAHUH.

VYMeCTHO BEpPHYTbCA K pasieiy 8.6 M HallOMHWUTb, YTO MaHEBp

* o

nepexoma of A K Marpuie A” CBA3aH C MEPEXOAOM OT HCXOXHOH
cucTeMbl £ = Az X MaTpMUHON cHCTEME

H=HAT + AH, (9.10)

%) 110 rpruKHe, KoTopas yKaswBalach B 1. 6.7. HeBmpoXieHHas aedopmaLus B E* uckmo-
yaeT BO3MOXHOCTh HAHYHS B CIIEKTPE YHCTO MHUMbIX COGCTBEHHBIX 3HAUCHHI Liw, ¥ MOTOMY
HE MOXET NepeBeCTy COGCTBEHHbIE 3HAUEHHUS U3 IEBOI MOMYIIOCKOCTY B IPaByiO, H HAaOGOPOT.

%) Een H nedopMalus, To Matpuua H *(-,t) HeBbpOXIEHA TIPK OGOM £,

1) C Gonee BHICOKHMX 3Taxeil 3a1a4y BHINISUIAT npoine, cM. rasy 9 B [4, T.6].
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KaKoBasl ONHOBPEMEHHO ¢ I = AX acHMOTOTHUYECKW YCTOHYMBA
WIN HeycToHYMBa, NIpUUeM onepamop cdeuza no mpaexmopusm (9.10)
noaoxcumenern u monomoner. Y1 Torma teopemsr 9.4.1, 9.4.2 noayuaior
HOBOE ODOCHOBaHMUE ¢ YYE€TOM COOBpaXKeHUIN MONYYIIOPSLO4EHHOCTH.
Mocnensue cocroar B «06o6ieHU» TeopeMbl 8.10.9, B KoTopoit
yCAOBUE BHEIWArOHaAbHOW MOHOTOHHOCTH HYXHO JMIUb i TOrO,
4TOOKI OTIEpaTop caBMra 6611 MOHOTOHEH, T103TOMY COOTBETCTBYIOLIMIA
PESYJIBTAT MOXKET 3BY4aTh TaK:

9.4.3. Teopema. Ecau onepamop cdeuza no mpaexmopusm
i=28(z,)), zeRY,

npu 11060M QUKCUPOBAHHOM A MOHOMOHEH, MO CBOICMBO ACUMAMOMU-
YeCKOU YCmoluuugocmu pasHOBecUs COXPAHAEMCA NPU HeEbIPOHCOCHHOI]
depopmayuu S(z, N).

[ToxbeM u3 R" K MaTpUYHBIM ypaBHEHHAM — C 3(hdheKToM
WCTIONIL30BaHUA UAEH MOMYYIOPAA0YEHHOCTH — BO3MOXEH U B HEJN-
HeHBIX BapuaHTax. Hanpumep, or & = f(z,t) no cxeme '

H(z) = 227, H==zf"(z,t) + f(z,t)z” < F(H, 1),
IIPY YCIIOBUM YTO ONEpaTop COBMra MO TpaeKTopusm H = F(H,t)
MOHOTOHEH M0 KOHYCY NOJIOXUTEIbHO ONpPeneaeHHBIX MATPUII,
Doxyc (9.9) paGotaer U B ApYroM KoHTekcre. [TonnHOM
PA) = A"+ G A" e At a

npencrasim B ufe det (A — AI), toe 4 conposoocdarowan mampuya (4, 1. 3],

0 . 0 —Q

1 0 . .0 —Q

A= 0O 1o . 0 -a
0 . . 1 0 —Qp-2
_0 . .01 —Qp_1J

Ho Toraa MHoro4sieH g(z), MMeIOmuit KOpHAMH BCe CyMMBI AP KOPHEH MHOrowIeHa
p(z), MoxHo 3anucars B hopMe g(z) = det (A" — AI). B pesynrrare (m. 8.1.2): dus
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eypeuyesocmu muozounena p(z) Heobxo0umo u 0ocmamouHo, wmobbl KoIgduyuerms:
MHO2041eHO8
det(A—AI) u det(4" - Al

bbiau CMPO2co NONOHCUMENbHYL,

9.5. MHoronapameTpuieckue 3apgaun

bugypxalmoHHbIe MOTUBBI YCJIOXHSIOTCSH, KOIIa B CHCTEME MEHS-
I0TCSl Cpa3y HECKOJIbKO MapaMeTpoB. HarisgHyo MITIOCTPALUIO aeT

T1IpecIOBYTas kamacmpodha coopxu, NPeICTaBIAIoNnas MHOXECTBO KPH-
THYECKUX TOYEK ITOTEHIUAIA

1 1
go(:l;, Al /\2) = Z IE4 + 5 /\2:1:2 + Az, (9.11)

T. €. COBOKYITHOCTb TOUEK (Z, A}, A7), YIOBIETBOPSIOIINX YPaBHEHHIO
oh =2+ Az + A =0. (9.12)

Kamacmpogpa cbopxu BCIUIbIBaeT KaXIblA pa3 Mpu YIOMUHAHUU
TEOpPHU KatacTpod no mpoctoif mpuumHe. [Ipu ABYX, Kak roBOpSrT,
yIpaBJISIOMMX NapaMerpax A, A, — HET «HUYEro IPYTroro» CTpyKTyp-
HO YCTOWUMBOTO, 32 VCKIIIOUEHUEM ellle Kamacmpodv ckaadku
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KOTOpas TakXke OTHOCUTCH K CHCTEMaM C IBYMs TapaMeTpamu, XOTH
BTOPOI mapameTp HEMOi 18). Kak ToJIbKO yNpaBasiolmx MapaMeTpoB
CTAHOBUTCS TPH U GOJIbIIE — CHUTYALMS BHIXOAUT U3-TI0J BU3YaJIbHOTO
KOHTPOJIsl, IOTOMY UTO XOTS ObI €1le OMHUM MapaMeTpoM MPHXOIUTCS
OITHCHIBATH COCTOSIHUE CHCTEMBI ).

Ocoboro BHMMaHMA B TaHHOM KOHTEKCTE 3aCHYXHUBAET CIMPYK-
mypras ycmoiimusocms [18], o xoropoit yxe rosopuiocs B [4, T.7],
U 31eCh He Xotesioch Obl MOBTOPATLCA. Ho BpocuTs eille OMMH KaMeHb
B TOT X& Oropof CTOMT IOTOMY, YTO CTPYKTypHas HeyCTOWUYMBOCTD
noTeHManos () = z* u

1 1
go(:l;, /\2) = Z IE4 + 5 /\2.’1)2 (9.13)

Ha (oHe CTPYKTYpHOH ycroiumsoctH (9.11) — 4dacTo BbI3bIBaeT He-
JIOyMEHHE, TIPOUCXOISAIIEe U3 HeXelaHUSd BHUKATh B OIpeIeicHHE.

8.5.1. Onpedeaenue. Cemeiicmea dynxyuii p(z, A), ¥(z, A), m.e.
o, R" xR =R,

axeusarenmibl & Hye, ecau p(x, A) = ¥ [z2(z, A), p(N)] + €(N), 20e £(A) — 2nadkoe
omodpascenue, () — dughgheomopdusm, z(z, ) — cemeiicmeo dugeomopghuznos.

Heycroitunsocts (9.13) npossnsieTcs

cneayomyM obpasoM. Kpurnyeckue tou- T T
K1 @(T, A;) ONpEeNsIOTCs ypaBHEHMEM \I \[\
z + Az = 0, T e. npeacraBafioT coboit A

o0beAHEHHe TpAMON £ = O 1 napabosbl
24 =0 (pucyHoK cresa). Ipaduk Bo3-
MYIIEHHOrO YPaBHEHUs & + Az + € = 0

A, D, A,

18 .
B 2?4+ KT -+ A OT uieHa 4 MOXKHO M36ABHTHCS 33MEHOM CHCTEMBI KOOPIHHAT, KRKOBast
BXOLUT B PEECTP AONYCTHMBIX SKBUBANEHTHOCTEH C TOYKH 3PEHMUsI CTPYKTYPHOM YCTOHYMBOCTH.

%) Koneuno, moxo prcosats Pa3JHHHBIE TPEXMEPHbIE CPE3bi MHOTOMEDHBIX KATAcTpod,
o7+ Mzh + Az Az =0 (racmourcun xeocm),
9:? + Mgzt 4 Azt 4 M+ Az =0 (6abouxa),
z] + Asz + Mzt + Aszd + Mzt 4+ Az =0 (suzsam),

nmoc HeGoNbluas cepyis omburuueckux kamacmpog [18]. Ho oTH «Cpesbi», Hamo NpH3HaTh,
BH3YaIbHOMH SICHOCTH He KOOABIISIOT, & TO M 3aNyThIBAIOT.
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(pUCyHOK CIIpaBa) UMEET APYroil TOIMONOTHIECKH I THII 2} OTsL B 4MCTO aTHIPOKCH-
MALMOHHOM OTHOMIEHUH OH KAKYyIO-TO YacTb HaCENCHUS MOXeT ycrpanpaTh. ORHaKo
dbopmManbHOe onpeneieHue 9.5.1 TaAKUX IKCLUECCOB HE JIONYCKACT.

Cemeitcteo xe mosepxHocredl (9.12) yxmamblBaeTCs B IIPOKPYCTOBO JIOXKE
onpeneneHusa 9.5.1, TTOCKONBLKY JMHEHHBIE WICHB M KOHCTAHTHL «IETalM30BaHbI»,
a OT KBAIPaTMYECKHX — MOXHO M30aBUTLCS 3aMeHOl MepeMeHHBIX. [ToaTomy BO3-
MYILIEHMSI CTEMEHH < 3 ¢ TOYHOCTBIO JIO «IKBUBAIEHTHOCTH» MEHSIOT JIMLIb Tapa-
merpsl (9.12). Yto KacaeTcsi BO3MYIIGHMH CcTemeHu > 3, TO OHM He MIPAIOT POM,
FIOTOMY YTO B JAHHOM CJ1y4ae He MOI'YT U3MEHHTb TOTIOJOTHIO TIOBEPXHOCTH, HO 9TO
YCTAHABIUBAETCS YK€ HEeTPHUBHAIbHBIM 00pasoM.

BepHemcs K SudypranuaM. Me-
HSS 3HaYeHUS MapaMeTpoB {Aj, Az}
cuctemsl (9.12) Brob KpuBoit A(T) =
= {/\1(7‘), /\2(7‘)}, MOJIyYyaeM OIHO-
MapaMeTpPHUECKYIO nedopMalnio

Oo(@, 7) = ¢ (T, A (1), Xa(7)),

B pE3yJIBIaTe KOTOPOil MOTYT IpoOMUcC-
XOIUATb CKAYKY FUCTEPE3VCHOrO THIIA.

Takoro copra «iIpaMaTHYeCKHe MpeoOpaKeHUd», XapaKTepU3YIOLIUE
CUCTEMY B 1I€JiOM, Ha (hoHe 0ObEMHOro NpOoCMOTpa CUTYaLMM CTaHO-
BgTCA OOJIEe 3pUMhbl ¥ MOAATHBI. Korma BUAHBI OKPECTHOCTH OJHOIIA-
paMeTpHYecKoii aehopMalii BIOIb KpUBOI

A(r) = {Ai(r), Xa()},

KapTWHa NpOsSICHAECTCS 3a CUYCT JOMONHUTEIbHOro 0630pa.

PaccMoTpeHHBIE B IPEABIAYIIINX pa3ieNiax 3aJa4yi O KpUTUIECKUX
3HaAUEHUAX NapaMeTpa COOTBECTCTBYIOT MPOXOXKICHUIO KpI/IBOﬁ

{z(r), M (1), Xa(7)} (9.14)

yepes TOUKY S. A B JaHHOM cliyyae, TIpu GoJiee IMMPOKOM MaHopaMe,
BHMIHO, KaK Oudypkauys 3aBucut ot BbiGopa mytu (9.14). Ho meno

20) HapyuieHa CBA3HOCTb, HCYE3JIO CAMOIEPECEUEHHUE.
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HE TOJNBKO B 3TOM. BusyaibHble IEKOpalMH BOKDPYr KaTtacTpodbl
cOOPKM BaXXHBI TakKxke Kak oOpasel, TOKa3bIBAIOLIMA, UTO MOXET
CTOATH 33 KaIpOM U3MEHEHUS OIHOIO IapaMerpa.

O npuknagnoii poau teopun karactpod. Tocmon n Cmioapm [18]
[MUIHYT, 4YTO TPOHHUKHOBEHHE TEOPUM KatacTpod B TepMOIMHAMU-
Ky TpousBeyqo Oojbllle TeIlla, YeM CBeTa, — HE DHUCKysl cKa3aTh
«HH TeIUIa, HU CBeTa», YTO MHOIMe noanepxanu 6bl. [longepxaiu 6bi,
MMOCKOJIbKY TeXHHUYecKoil moMomu oT TK He BunHo. Ha, ypasuenue
Ban-dep-Baansca B 1Ba cd4eTa CBOOUTCA K OMUCAHUIO Kamacmpogvl
cbopku, HO PHU3UKe OT ITOr0 HM XOJIOMHO HU XapKo. KoHeuHo, cToj-
MUBILINECH BOKPYT (prTocodbl rOBOPSAT MHOTO MHTEPECHOTO O (ha30BbIX
nepexoaax, Ho Bce 3TO He BIMCHIBAcTCS B yTWwidtTapHoe pyciao. M To-
rna GU3NKHM 3adBIsIOT, YTO He ObLIO ciyvasi, Korda 66! TK rnpuHecia
MPaKkTUYECKYIo Mojab3y. OHO, KOHEYHO, TaK M €CTh, HO BCE XK€ HE Tak.
He Tax B ToM cMbicie, YTO aKUEHT AEJaeTCs HEIpaBHIbHO.

Xopourasg Teopusi, KaK XOpPOINUNA TMOApOK, HE HOJXKHA VMETh
VTUTUTAPHON 13eHHOCTH. BBBICH M BrIybb, — BOT YTO MNOINEPXUBA-
eT W yIepXuBaer nparMaTHky, T. ¢. [logHeGecHYlO BMecTe co Bceld
PYTUHOM M HayYHBIMU ITUCUMUILVIMHAMHU. YTWJIHATApHBIM IOTOKaMm He-
00XOIMMEI PaMKH, OTIOpa, — M 3TO ITaBHOE, XOTA He cpa3y Opocaercs
B IIasa. A Korjga o030p MOJHOCTbIO 3aMbIKAE€TCs B OBEIUECTBIECHHON
yactu BcelleHHOM, HayKa, KaKk U BOODINE XM3Hb, CBOIUTCS] K Tpedo-
BaHWIO «Xjieba M 3peNHll» U TepseT CMbICI.

Teopusd xaracTpod NPUBUBAET ONPEICICHHBIN CTHLb MBILICHUS,
U B 2TOM ee ponb. CTWIb Xe maeT pe3yasTaThl He IpSIMO, a OMo-
cpenosanHo. IToaToMy McKaTh TLUIOABI paHblUE BPEMEHU HEPasyMHO.
He ctout maxe nymarh o0 Hux. Curiosity has its own reason for exist-
ing, — nucan Jinmwmerin.

9.6. UtepaumoHHbie NPOLECCHI

Korga aynutopusi BHMMaTeJibHa U OsiaroxenaTesibHa, TaM pasyMHO
He mepernbaTh Nanky. Hemoropapupas, HelIOOHEHUBasl, HE HacTau-
Basi, — YTO CTparernyecku onrtuManbHo. Korga xe y ciywarenei Her
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MHTEpECa, BILIOTh A0 TOLIHOTHI, TaM JOMYCTUMO MEPEOLEHUTD, 3aiTH
¢ HEOXMIAHHOI CTOpPOHBI, JaXe NMpUBpaTb. Ho OTIOXEHHas peax-
LM NPH 3TOM, KaK NpaBuio, HeratupHas. [lie xe, Mos, obeniaHHbIe
yyneca. C 4eM-TO MOMOOHBIM CTONKHY/JIaCh Ha OIpPEICICHHOM 3Talle
teopus KaracTpod. B MeHblel cTeNeHN Te e MPOoOJeMbl BO3HUKA-
IOT ¥ B TEOpHU xaoca. [lepBoHaAYajbHOE BOOMYIIERICHUE CMEHSIETCS
pasoyapoBaHMEM, a MPMYMHA 3aKIIOYaeTcd He B OTCYTCTBUM SIKOOB!
06€eIaHHbIX PE3YBTATOB, a B HEONPABIAHHBIX OXUIAHHUIX.

CxaxeM, IO CUX [0p TIpU OOBSICHEHMH Tepexona K ITUHaMuye-
CKOMY Xaocy 00LIUHO MepecKasbiBaeTcs Kiaccnueckas padbora Deiizen-
5ayzvza21), OCHOBaHHas NIaBHbBIM 00pa3oM Ha aHaIM3e OJHOMEPHOTO
MTEPaLMOHHOTrO MpoLecca

Tm4l = f(mm’ ’\)

B [IpOCTEIIEM BapHaHTe:

Y

Tma1 = AZp(l — Tp). (9.15)

Yurareiab, BOCIPUHAMAS MOAEIb KaK UIpyllIedHy1o, 0ObIYHO O1a-
roxapeH 3a MOSICHeHWA Ha Majdblax, HO XXIET Nepexola K U3JIOXKEHHUIO
teopun. M cranoBuTcs Ha ObIObl, Korna obuive pesynasrarsl (myply-
ACHMHOCMb, AMMPAKMOPbl) HAYMHAIOT U3JIarathCs JIUILIb 110 aHAJIOTHH
co cpoiictBamu (9.15), ueM rpeut caM Peiieenbaym. Hano npusHars,
YMTaTeNb OTYACTH IpaB. HO TONBKO OTUACTH.

JeJio B TOM, UTO HAYKY 6neped 08U2aI0M UCKAIOYUMENbHO UZPYUIEHHbLe
3adauu. B 1oyib3y 3TOrO Te3uca paboTaloT MHOTOYMCIEHHBIE TPUMEpPHI
[3]. Hanomuum onun mipumep — grammep-3¢gghexm, TTPUBOIMBIIMIA

0 Feigenbaum M. J. Universal Behavior in Nonlinear Systems // Los Alamos Science. 1980.
No 1. 1. P.4-27. Mepesox: YOH. 1983. 141 (sbin. 2). C. 343374,
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B TPUALATBIC TOAbI MPOLUIOTO CTOJNETUS K HEOOBSICHUMBIM KATACTPO-
tam B asuaumu. [Ipuponma geneHus 6buia COBEPLUEHHO HE $CHa.
Onnako B momeiTKax pazoGparbes HUKOMY B TOJIOBY HE IPUIIO UC-
CIeN0BaTh OOTEKaHHE Ta30BBIM ITOTOKOM (DIO3ENAKA MIH XOTH Obl
Kpbuta camonera. Baamm npocreituiyro ympyro 3aKpETIEHHYIO TUla-
CTUHKY B Ta30BOM IIOTOKE, 3aMUCalM YPAaBHEHHS U AOJITO 11poGoBany
1 oUMOANIACD, NIOKA HE «ITofMau» adpdexT.

IMoroMm, KoHeuHo, GbuTH 9KCIEPUMEHTBI B a3POIMHAMUYECKUX Tpy6ax,
HO MUHHW~3al1a4a ¢ IIPSIMOYTOJIbHON MaCTUHKOM ChIrpajia peliaroLLyio
POJIb, BCKPHIB CYTb SIBJICHUSA U €r0 3aKOHOMEPHOCTH.

AHAJIOTUYHYIO POJIb [0 OTHOWIEHHUIO K COXHBIM JMHAMAYECKIIM
cucreMam urpaet Moxeans (9.15). Kak nu Benvka mponacrs MEXTY
HUMHU Ha TIEPBBIA B3MIAL.

B aByx CJIOBaX CyTp Aesa TakoBa. Mrepaunu (9.15) ects z,, =
= f(Zm_1), me? f f(z) = Az(1 — ), yTo paBHOCHIbHO

N’
m pas

Ipu atom f™(x) — momuHoMbI BospacTaromeil creneHn 2™ oro6-
paxarowue B ce6st otpesox [0, 1], u naxe [e, 1 — €], npu ycnosuu 2

A€(0,4—¢).

2) 3aBUCHMOCTE OF A He (UrypHpyer B 0603HAYE HUK f(z), 9robur He psGuno B masax.
Hpn HEOGXONUMOCTH «HANIOMHHTD M TIONYEPKHYTD> UCNOJNB3YETCs] HHIEKC, f).
) Cyxenue ronst 3penus 1o [, 1 — €] yro6HO ¢ Touku 3peHUst M30aBJieHusl OT MEIUAIOILEH,
B HEKOTOPBIX OTHOLICHUSIX, HYJIE€BOH TOYKH.
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TMostomy Bee f™(z) o6g3anbl UMeTh Ha oTpeske [€, 1 — €] xorst Gbl
OIIHY HEelMOABHXHYIO TOUKY Tpu yenoBun 2 < A < 4 — ¢, lpu srom
y f(z) nenonpuxnas Touka z° = f(z*) Ha [e, 1 — ¢ TonbKO OnHa.
A mpn A, OIU3KUX K 2, M ¥ BCex fm(w) HET JPYIMX HEMOABUXHBIX
touek, kpoMe z'. Ho mo mepe yBemmueHUss A HACTYNAeT MOMEHT
A = A, Npy NPOXOXIECHMH KOTOPOro IPOUCXOIMT GupypKaius,
uy f2(z) = f(f(z)) nosenawoTCA ene 1Be HEMOBIXHbIE TOYKY T},
T35, He COBMNANAIOLIME C HOTONCeHUeM pagHoeecus T . TIpy 3TOM ACHO:

f@)) = a3, f(@3) =z, Ty # 13,

YTO 03HAYaeT BO3HMKHOBeHMe LUKia I', mepuona 2, npuyeMm z, T,

SABJSIOTCS. HEMONBYKHBIMM TOYKAMU BceX DYHKIMA [ npu m = 2 ,
j € N. 3areM HacTymaeT MOMEHT, B KOTOPOM IPOMCXOIMT Oudyp-
KAUMS POXIACHUS HEEbPONCOCHHO20 UUKAA 24) T4, u T. 1. XapaxrepHas
0COOEHHOCTSL Mpoliecca — MOCIENOBATEILHOE POXACHNE LHAKIOB 1'yj
B OKPECTHOCTU Touek Oudypkauuu A = )\j. [Ipu stom poxneHue
KaXIOro HOBOTO LKKA, CONPOBOXIAEMOE VIBOSHUEM NEepUona, pas-
pyiaeT npensigyuive (B CMbICIE MOTEpU YCTOMYMBOCTH), HOBBIH Xe
LHUKJT ITIOSBJISETCS HAa CBET YCTOUYUBBIM.

IMocnenosaTeIbHOCTL TOYEK OudypKaiu

AsAp A

7

4
2 )Heebzpomcaeuubw yuicaom T'p INMHE P HA3BIBAIOT TPAEKTOPUIO L1, ..., Ty U3 NONAPHO
HECOBMANAOIUMX TOUYEK, YIOBNETBOPSIOLLYIO (9.15) v YCIOBHIO Ty == Tp.
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CXOIHUTCS K HEKOTOpOMY Gr(pypKaliHOHHOMY 3HAYEHUIO A_, MPH KO-
2

TOPOM HACTYINAEeT Xaoc %), Hzobpaxatonias Touka (9.15) Mmeuercs

10 UTPOBOMY TIOMI0, «HE HAXONA MOKOS».

Deijeenbaym 3aMeTHI CTAOUIN3ALNIO
/\n - /\n—l
/\n+l —An

U B HEKOTOPOM POJE HACTOS, YTO KOHCTAHTA § HE MEHSAETCS B «lH-
POKOM» JiHana3oHe BapbUpoBaHus GyHKuuK f(z) B npoiecce

0, = — 0 =4,669...,

Tmt1 = f(Tm).

«3pUTENBHBIN 3aJ1» BOCIIPUHAT ABJEHHE KaK CHOTCWIUOATebHOE 26),
1 3TO NOPANKOM OXUBUJIO UHTEPEC K UTEPAUMOHHBIM MPOLIECCAM, YTO
JMUIHUA pa3 TOKa3bIBAeT JOMUHHUPYIOLIEE BIUAHUE BTOPOCTENEHHBIX
akTOpoB Ha penyraumio. [naBHbIi ¢eHOMEH B 3TOI MCTOpYM BCe-
TakKH — MNEPEXO], K XaoCy Yyepe3 yaBOeHHe NepuonoB KoaeOaHuii.

9.7. Uepapxusi uMknos

Wmes HaMepeHMe pacTipoCTpaHUTh, 0 HEKOTOPOI cTenmenu, Gpuio-
CohHIO yIBOEHUA LUKIOB HA MHOTOMEpHbIN ciyyait (pasmen 9.8),
3aJePKUMCH HA OMHOMEPHOM Momenu, u60 B Hel — HaMek.

Deijeenbaym BMeCTE CO CBOUMY TIPeLIECTBEHHUKAMHU 7} kon-
LEHTPUPOBAICA B OCHOBHOM Ha YABOEHWH nepuonos. HaubHeiliiue
VICC/IEIOBAaH A CMECTUITU aKLEHTBI, BEIIBUHYB Ha aBaHCLIEHY Uepapxuro
yuxnoe Illaprxoscrkoeo, BOKpYr KOTOPO# 3aKpyTU/IaCh LEaasd Kapyceab
pabor. LleHTpasibHEIH pe3ynbraT 3[eCh COCTOUT B cleayiomeM. Eciau
B UTEPALHMOHHOM MPOUECCE Tt = f(ZTmy) U3 CYLIECTBOBAHMS LUK~
na I'p cmenyer cymecrsoBanue I'y, muwyr p > g, nu6o P P

%) Moustue dunamuneckozo xaoca HOCHT, BOOOLLE rOBOPSt, PACIINBIBYATHIN XapaKTep, CM. pa3-
aen 9.10.

) Henpas CKa3aThb, YTO (PaKT HEMpaBHIbHBIN, HO apryMEHTAUMs B HONB3Y — HECKOJIHKO
pasmasaHa, XOTsl 3TO He TaK BaXHO, u6o (hapBarep B CTOPOHE.

7 Cm. 063opuyto crathio: Misiurewicz M. Remarks on Sharkovsky’s Theorem // Amer. Math.
Monthly. 1997. 104. Ne 9.
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Hlapkoeckuii ycTaHOBHI OBOILYIO 3aKOHOMEPHOCTH!
3-5=7>9>11%>...
2:3>2-5>2-7>2:9%2-11> ...
2.3-22.5-22.7-22.9%2" 11> ... (9.16)

.

R, L R

3nech B MEPBOM CTPOKE B MOPSNKE BO3PACTAHUS MIYT BCE HEYETHbIE
yucaa, KpoMe 1, jajee cliedyeT rneppas CTpOKa, YMHOXEHHas Ha 2,
3aTeM Ha 22, Pur . Haxoneil, nocnenHsist CTpoka COCTOUT U3 CTe-
reHel ABOVKHM B MopsakKe YObIBaHUA BIUIOTH O 20 =1,

Tak uTo npu ynopsiodenuut (9.16) HaTypanbHOrO psina U3 p > ¢
¥ CyleCTBOBaHMSA HKIa I'y crenyer cymectpoBanye nukia I'y. Kpo-
Me Toro, no meopeme Illaprosckoeo (1964) mns moGoro p MOXHO
yKasaTtb yHUMonanbHylo dyukuwio f: [0, 1] — [0, 1], y KoTopoii ects
MK I'p, HO OTCYTCTBYIOT LMIKJIBI MEPHONOB ¢ > P, UTO JIETKO yCTa-
HaBJIUBACTCA BHIOOPOM MONXOASINEH KyCOUHO-THHEHHON PyHKIMY.

Taxum oGpasom, B ciydae (9.15) npu yBeIHYEHUH A ECTECTBEHHO
OXMIATh NOCASAOBATEILHOrO HOABICHUS LMKIIOB NIEpUOA 2% u nanee
BIUIOTBL 10 HEKOTOPOIO MAaKCUMAIBHOIO B cMmbicie (9.16) 3HaueHwus.
IMpn A =1+ 2v2 31ech BO3HHKaET JOMUHMPYIOIHAIA Hal BCEMH
uuki I';.

Hcxonnoe nokasarenbcTBo meopemsr Ilaproeckozo ObUIO CIIOXK-
HBIM, HO MOCTENIEHHO CTaJla BBIPHCOBLIBATBCH OTHOCUTENLHO NPOCTas
KapThHa. YCTAaHOBUM VISl WJUTIOCTPAL[MU YaCTHBIA PE3Y/ILTAT.
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9.7.1. Teopema. U3 cyujecmeosanus yuxna '3 6 cucmeme

Tyl = f(mm)s

ede iR — R npouseonvras nenpepvisnas dynxkyus, caredyem cyuecm-

28
606anue yuxnos L'y arwboeo nepioda ),

Munu-noaroresxa. B npoiecce paccyxaeHui neper masamu ro-

2
JE3HO NMETH T€OMETPHUYECKYIO KapTUuHKY 9).

(9.17)

CermenTsl A ¥ B Ha (9.17), ¢ XOHIIEBLIMU TOUKAMH 13 I';, obna-
Jal0T, KaK JIErKo NPOBEPHTD, CIENYIOMMMH CBOACTBaMu: 0Opas f(A)

HakpbiBaeT B — nuiem A4 i) B, a f(B) nakpbiBaetu A, u B, T.¢.
f(B) D A, f(B) D B. Takum oGpasom 30),

AL B BLa4 BLB (9.18)

) dakr 9.7.1 Hepenko npunuceiBaior Jdu uw Hopke (Li and Yorke) (1975), wacruuso
NEPEOTKPHIBIIMM [llapKoscioeo MHOTO JIET CIyCTS.

2) Yrobus PasHOGGpasuTs BApUAHTL HAYHHATH HANO HE C (byHKIMM, a C LHKIA, M [I0TOM YXE
UEPE3 TPY TOYKH NMPOBOIUTH rpacdhux f(z). Hnst 1MKIOB BUna (9.17) BO3MOXHA yHUMORANbHAS

GyHkums. B cnyyae T3 tuna rpaduk f(Z) HeM3BeXHO U3BUBACTCS.

) Berm 3-UMKII YCTPOEH MO-JPyroMy, INepeoBGO3HAYCHHE CErMEHTOB, KOHUAMM KOTOPbIX

cyxar Touku I's, cBogut curyaumio K (9.18).
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9.7.2. Fcau ompesok [a, 8] npu omobpancenuu f nakpoieaem cebs, mo
v f na [a, B) cywecmeyem nenodsuscran mouka>" z* = f(z").

J,
3aMeTuM, 41O B ciaydae A — B cerMeHT A BCeria MOXHO yXaTb
!
Jo cermenta A C A, HakppiBaowero B B TOYHOCTH, HHAYE [OBOPS

!
!
, 9TO 3anuchiBaeM Kak 4 =3 B.

[TosTomy mobyio Henouky

nintoanh 4

MOXHO CHeJIaTh TOYHOMH,

R o f
Sz hal=2.. 3 I 3 Iy,

!
3aMeHss nocienoBaresbHo Ji, ... Jp Ha J; C Jl,...J,'z_l C Jp-1,
HO TOJILKO B 00paTHOM TOPSIIKE:

F(Th) = Tay F(Taa) = Toyseees £ ) =1

AHAJIOTUYHBIA TPIOK MOXHO MPOJAeaTh ¢ 3aMKHYTOW 1LIENbIO

30 Teopema Bpayspa HanpsmMyio He paBoTaeT, ocobeHHO ecu KoHub [, 8] yxonst 3a npene-
st |@, 8] B onny cropony. Ho sri6ypas Ha [a, 5] Toukd @, b Tak, 9to6m f{a) = a, f(b) = 3,
uMeem

fla)—a <0< ) -0,

orkyna f(z) — 2 = 0 s HEKOTOPOro & Mexuy ¢ u b.
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B PE3YNLTATC YEIro NMOJYUYUTCA 3aMKHYTasg «MMOYTU» TOYHAS 1LIEb

Y R | F o f
Ji3h=...3J, > J.

9.7.3. A nockoasky
Ji C Jy = f"(J1),

N !
m.e. Jy = Ji, mo f* umeem & J| nenodsuxcuyio mouxy *, xaxoeas

« 32
asmomamu4ecku OKa3bleaemcs 1 -UYUKAUYeCcKou )

<« Joxasamenscmeo meopemtr 9.7.1. CymectBoBaHue 1-unkna (HemoaBUXHOMN
TouxkH f) cienyer us B LB (m.9.7.2), a 2-umkna — us A ENY: JEN) (n.9.7.3),
TIPHYEM B HEBBIPOXIEHHOCTH 3TOTO 2-1HMKJIA JIETKo y6enuThes. Janee. [st moGoro
2 > 3 B cwy (9.18) cnpaseyinso
.. 5B 4,

/

45858
p_

PSRN

pa3

otkyaa (n.9.7.3) cnenyer cylecTBOBaHHe P-UHKIa

' €A f(z')€B,..., " (z') € B, f"(z") = 2" € 4, (9.19)
HEBBIPOXIEHHOCTh KOTOPOTO BBITEKAET U3 CIEAYIOMIHUX coobpaxeHHii. KouueBbie
Touku B 1mocie Tpex u GoJjiee WTepauuii BAOIbL Lemouku B —i) B —i) —i) B

YXOIAIT 32 NpefeNtsl B, 1 MOTOMY He MOTYT BXOXUTb B ki (9.19). CienoBatenbHo,
" B (9.19) nexcut suytpu 4, a f*(z*) ¢ int A npu 1 <k < p— 1. ¥ Tonbko zh)
cHOBa monayaeT B int A. [ostoMy £* MMeeT mepuon p. »

9.8. MHoromepHbliA cueHapmii

Wrpymeunas mozenb (9.15) BbI3HIBAET €CTECTBEHHBIE AcCOLMALUY
C pealbHbIMM JUHAMUYECKUMY cUcTeMaMy. TeM He MeHee OObIYHbIe
paccyxieHus o TypOyJeHTHOCTY ¢ 3KUBOKaMU B CTOPDOHY OIHOMEp-
HOTO ONYXXIaHUA Tpyy1 = ATy (1l — Zp,) BBHIIAASAT HECEPHE3HO.

32) XOTst He MCKIIOYeH TpllelflaJ'lebli;[ BapuaHT Z‘* = f(l'*) , YTO HEBO3MOXHO, €CJIU B 3aMKHY-

TOH 1IETTH CYLIECTBYET XOTst Gbl OJIHA MApa CErMEHTOB ¢ HEMEPECEKAOIMMHCH BHYTPEHHOCTHMH,
a KOHLEBBIE TOYKM Jj He MOryT GbIThb HENMOABWXHBIMU M f HO TOH MM MHOH NpHYHHE.
Harnpumep, eciun KoHueBble Touku Jy, npuHatexar Iy, a n M p B3aMMHO IPOCTbI.
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XoTst, Halo NPHU3HaTh, «TEOPETHYECKHME BBIBOXLI C NMPHKJIAOHBIM YKIOHOM»
MIOYTH BCErfia OMUPAIOTCA Ha TEOPEeMHO HEOOECTICUECHHYIO apryMCHTaumo33). Ou-
3MUECKUE TIPO3PEHMA TTPOUCTEKAIOT M3 HOraJoK. A JOragky BO3HHKAIOT Ha Gase
HE OTHOCAILIMXCH K €Ny TeOPEM, BHI3BIBAIOIIMX NOOOUHBIH pe3oHaHc.

Tak wiau uHave, HO ofHOMepHas Oesnenywka (9.15) wusnepa-
TEJIBLCKHA MHOTO3HauUTebHA. [Ipy 3TOM CTPaHHO, YTO «MCCIENOBaHUA
BOKpYI™», MODPONUBILIHE LENbE HayYHbIC AUCLUIUIMHBI 34), HE BBIXO-
ST B ODLIEM-TO B MHOTOMEPHBIE IIPOCTPAHCTBA, YTOOBI XOTh KakK-TO
nojIepXaTh uaMbiluieHuss KocMruueckoro Tonka. Beixon B Ganaxoso
npocTpaHcTBO F MO3BOJAET OCYILUCCTBUTD MEOPUs 8PAUEHUS 8eKMOpP-
HbIX nosel.

Hanee paccMarpruBacTCs JMHaMHUYECKasd CUCTEMaA

Tm41 = f/\(xm)’ (9'20)

rJie CKISIPHBII MapaMeTp A MEHAETCs B HEKOTOPOM Auarasore [«, 8],
a BexTop Z mpunHamiexat R® unu maxe z € E, HO Torna mpearno-
JaraeTcsl JOMONHHUTENBHO NOAHAS HenpepbiHocmb oriepatopa [i(z).
Cuuraerca, uto f), mpeoOpasyer B ceGs orpaHMyYeHHyI0 obiactb ()
nipu moboM A € [a, 8], 3ambikanue Q romeomopdHO Iapy, U MoNe
I — f) HeBBIPOXIEHO Ha ). HakoHel, HeMoBIKHAS TOYKa T OIE-
paropa f)(z) enMHCTBeHHA B §) ONATL-TAaKU MPU JTIOGOM A.

Jns obnapyxeHus UUKIOB I'p Hafo paccMaTpUBaTh BEKTOPHbIC
nois I — ff , HYJIM KOTOPBIX (HEMONBUXHBIE TOYKH ff\' )s

& N, 1) ... 177, (9.21)

06pasyloT HUKIH TEpHOAa P, CPEOM KOTOPBIX BCEIAA €CTh LMKI
cTosiei Ha MecTe TOUKM Ty = fr(Z}), M BOIMOXHBI MONLMKIbI
nepuona ¢ B clyyae COCTABHOTO p = $¢. YTo KacaeTcst UMKIOB I'p, TO
OHM TIO OTIPEIEEHHUIO HEBBIPOXKIEHBI, T. €. BCE TOUKH (9.21) pasiuHsl.

33
) CTOMT YNOMSHYTH 3HAMEHHTYI0 HCTOPHIO OTKPBITHS OMEra-MHHYC GAPHOHA, TPECKA3aH-
HOTO [fean-Marnnom Ha OCHOBE TyMaHHOW aHanoryu. Victopusi KpaTrko ONMMCaHa M POKOMMEH-
THPOBaHa B [3].
34)
Cumsonuueckas OUHAMUKA, KOMOUHAMOPHAR OUHAMUKA.
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9.8.1. [lo meopeme 7.7.3 undexcoi écex Henodeusmcnox mouek (9.21),
35
023 Ka#0020 KOHKpemnozo &, — 0dunaKoeb ), m. e.

ind(I — £7,€) = ind(I - f7, fr(€)) = ... = ind(I — 2 127N).
(9.22)

®akT 9.8.1, npeGuiBaBIUUIL B 06IUKE HUKIEMHOTO WHCTPYMEH -
Ta, B JaHHOM KOHTEKCTE HUI'paeT MEepBOCTENEeHHOe 3HauyeHue. I1o-
3TOMY 3[E€Ch CTOUT Ha MHT 3aiepXarhcsd. BaxHo o6paruts BHUMA-
Hue, yTo (9.22) ypaBHMBAET MHIEKCH TOYEK (9.21) npu onHoMm u
ToM ke p. Ho unnexcst ind(I — f2, ¢) u ind(I — ffp, &) Moryr GbITh
PasJIuYHEL.

9.8.2. Onpepenenune. Cucmenmy (9.20) nasosem nopmarsnoi, ecu ona
npu A1000M X He umeem pasHvIX yuKA08 I’y oonozo nepuoda p u ne ume-
€m YUKA06 C Hynegbim mononozueckum undexcom (9.22), a 06 undexcax
HENnooBUMNCHbIX MoYeK zp(A) onepamopos ff\' sHe mouex Oughypkayuu
MONCHO CYOUmb 1o AUHEIIHbIM NPUGKUNCEHUAM MOOCAU & MANbIX oKpecm-
Hocmax T,(X), m.e. no snaxam demepmunarnmos 36)

1 (R)) | (9:23)

B onpenenenuu 9.8.2 cobparnn QUABTPBI TUIHYHOCTH CUCTEMBI.
XoTd, KOHEYHO, KaK MocMoTpeTs. Ho war B OMYT MHOTOMEPHO-
CTH Jajiee HaCTONBKO PUCKOBAH, YTO YKA3AHHBIC MPENOCTOPOXHOCTH
HC BHIIVIANAT YpE3MEPHBIMHU. [la U HE MUHUMM3AaLIUA TpeGOBaH it Ceit-
1ac CTOUT Ha ouepenut. [IpobaeMa — B LIEHTPATBLHOM MexaHU3Me.

9.8.3. Teopema. B ykazauneix eviue NPeOnoRONCEHUAX HOPMARLHAS
cucmema (9.20) Modxcem umems yukael I'y moavko nepuodos p = 2’“,
k=0,1,2,..., npuuem npu srobom durcuposannom \

=T =Ty =Ty = 1), (9.24)

) Hynu (9.21) ronst 2 — f¥ (%), caMo cOBOIL, TIPENMONATaIOTCS H30IMPOBAHHHIMM,

6
3 )ﬂpyrl/IMVl C/IOBAMH, HHIEKCHL 1O pa3sHbie CTOPOHBI OT TOYKM GudypKauuy pasHsi +1,
W HE TaK JICTKO yKa3ath 3314, rjie Obl HHIEKCH GbUIH APYrUMH.
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U ecau 6 cucmeMe CYUECIiEyem KOHEeHHOe YUCAO YUKAOE, MO Capuiil —
6 cmvicne (9.24) — yura Ty umeem undexc +1, a undexcv. ecex ezo
noduyursoe pagubr —1.

<« Tlockonbky f,, PABHO KaK M BCE ff\’, otobpaxator € B cebst, TO (r.3.6.2
wnoc 1. 4.4.4)

YyI-f.Q=1 p=12,....

COOTBeTCTBEHHO, Ito meopeme 5.1.1 06 anzefpauneckom uucae Hyseil, B CWIY €IHH-
CTBEHHOCTH pasrosecus T (A) (HEMONBHXHOM TOUKHU omepaTopa fy), MHAEKC z ()
BOJIb BETBU OCTa€TCA DAaBHBIM +1,

' () @
ind (I - fiy,zy) =+1. y,

o Jlanee HeoOXORMMO PacCMAaTpPUBAaThH BCKTOprlC noast I — ff MHuoxecTBO
HEMOABHXHEIX TOYEK ONEparopa fi COREPXKHT LK 3 T, ¥ Bce €ro MOALMKIIE,
BKJIIOYAst TPUBHAIbHBIN 'y = {m )\)} Taxum o6pa3om, y f,\ POBHO TpU HEITOIBHX~
Hpie TOukH: ofHa z'(A) W mse u3 T,. [Mpuuem y napbi u3 I'; MHICKCH NOMDKHBI
cosnanath (11.9.8.1), a B cuny y(I — £2,Q) = 1 u HeoBxoanMoOCTH

~ 2 ) — H 2

(I —fr, Q) = ) " ind (I - f2, z;) (meopema 5.1.1)

BbIXOL M3 MOJIOXEHMS eAMHCTBEHHbI: ¥ I’y MHmeKCH Mo +1, a y HEeNoABHXHON
TOUKU f), HO yX€ KaK HEMONBHXHOHA TOuku fy, UHAEKC MeHseTca ¢ +1 Ha —1.

U Toraa, kak u tpebyercs, +1+1—1 = +1. BusyanpHo OHdypKaluoHHOE BETBICHUE
MPOUCXOJIUT TaK:

z — fi(z) =

o Y fi — YeThIPE HETOJBMXHDBIE TOYKH: OjHa m*()\) u Tpu u3 '3, npuuem
y BceX u3 'y WHIeKchbl HOLKHbI GbITh paBHb MO0 41 Jinbo —1. Ho Torna He YRAeTCs
YAOBIETBOPUTD meopeme 06 areebpauneckom wucae Hyaeil ¢ yuetom (I — f,\, Q) =1.
Huxin T'; nepo3moxeH. I10 aHATOTHYHON NMPUYMHE OTCEUBAIOTCS BCE 1IMKIBI 38 HC-
KJIOYeHHEM LMKIOB 'y

7
37) SnemenTsi TPACKTOPHH.
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13
o CrieLdyKa oToGpaXeHus f; 3aKTIOYEHa B TOM, YTO ero MHOXECTBO HEro-
HBBUXHBIX TOYEK BKIII0YAET SMEMEHTH TPAEKTOPHIl BCEX LIMKIIOB

sz,...,F4,F2,F|,

W ecnn neMeHTH ' MMeloT mHaeKe -1, a8 MHAeKCH ero MmoauMKiIos —1, To 3To
€JVHCTBEHHO BO3MOXHBIM 00Pa30M MOMIEPXKMBAET BPallleHUe Ha TPaHMLE )

BT, LS Ll Ly
HanpuMep, BeTBICHHE pellieHNii ypaBHEHNS
4
z— flz)=0

€CTECTBEHHO IPOMCXONUT CHERYIOINM 06pazoM,

W rocne BTopoif GudypKauuy BKITIOYaeT YeTHPE TOYKM HEBBIPOXACHHOro uukia I'y
VHgexca +1 ¥ Tpu ToukM MHAeKca —1 — mopumknos I, u Iy, 4yTo oGecneunBaeT
‘-

Heobxognmyto cyMmmy nuzexcos y(I — fy, ) = +1.

o TeopeMa, pasyMeeTCs, HE YTBEPXJIACT CYWECTBOBAHME LMKIOB Iy, HO foO-
MycKaeT TOJNLKO NEPUOmBl P = 2°, npudueM eclu B cHCTeMe MOSBAACTCS T, npu
M3MEHEHMH A, TO rapaHTUPYeTCs HATMYME BCEX MIAAIINX, B CMBIC/IE YIOPANOYEHHO-
ctn (9.24), nuxios. »

Pesynerar 9.8.3 nmepxurcst Ha meopeme 00 anrceGpauveckom Huc-
ae wyneii (11.5.1.1) 1 OnMHAKOBOCTH MHEEKCOB Jioboro tmkna (9.21)
(1. 9.8.1). OnpenesieHHYIO pOJib UTPAET M NPEATIONOXEHIE O HOPMATb-
HOCTY cUCTeMBI 9.8.2, XOTS TYT KOe-4TO MOXHO yOparh ¢ HEGOIBIINMH
norepsiMu. Teopema 9.8.3 mocrpagaiia Obl, HO He PYXHYJIa, JaXe ecln
CHSITh OTPaHMYEHUE Ha KOJIUYECTBO LUKIIOB I') OMMHAKOBOIO NEpHO-
Ja p M 3arpeT Ha O0HYJIEHUE UHIEKCOB. B cHCcTeMe Torna MoriH Obi

3
8 M3-3a OTPUUATENIBHOCTH MHAEKCOB BCE MOMUMKIB Fyi-1,..., [, Ty He moryr Geirb
ACUMIITOTHYECKH YCTOMYMBBI,
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MOSIBUTLCA JPYrHe LUKJBI, B TOM uyucie I'3, HO OTPE30K HepapXuu
(9.24) ocraiics 6b. C TOi pasHHMLEH 4TO, CKaXeM, YUCIIO LUUKIOB I'
C MHJIEKCOM -+1 BHIXOAMJIO Obl Ha OogUH GoJblle, YeM ¢ MHAEKCOM —1,
OCTA/IbHEIE — C HYJIEBbIM HHAEKCOM. Tak YTO MEXaHU3M Y/BOEHUS
LMKIJIOB COXpaHsSeTcsi U B MHOTOMEPHOM CLICHapUM, U BEAET K Xaocy
eJBa JIN He Toll Xe Aoporoil. BmeniaTeabCTBO 1IMKIIOB JPYTUX [T€PUO-
JIOB JINOO HEBO3MOXHO, JIM60 BTOPUYHO IO cBoeMY 3bhdeKTy.

9.9. 3aragoyHocTb umknos Tuna I';

U,I/IKHbI sz BO3HHUKaIOT B PE3yJjikrare BETBACHUS HCIIOABUXHBIX TO-

11
YeK OolepaTopoB f2 (z), — ¥ 3TO OGONEe-MeHee CTaHIapTHHIH THII
GudypKarmoHHBIX MeraMopdo3. [1puBbiuHEIi ¥ moHsTHEIA. [Iuki I's
BO3HMKAET U3 HUOTKYa 3 9), €CJIN BO3HUKAET.

TPy HENOXBIKXHHX TOUKM HEHYJIEBOro Mmaexca omeparopa®® f*(z) we Mo-
ryT «Beipacti» m3 £ = f({) — cymma MHIeKco Gyner Henomxonsueii. Ocraercst
Bposie OBl HEBEpOSTHAS BO3MOXHOCTb, KOTA TPU HEMOZBUXHHE TOukM y f(x)
OSIBJIAIOTCS. OJHOBPEMEHHO «C MoTonka». CHauana, pasyMeeTcsl, MHIEKC Kaxuoi
HEIOBMXXHOMN TOMKH HY/IEBOI1, @ TOTOM 3TH TOYKHM Pa3NBanBaloTCs HA TOYKH C Mpo-
TUBOTONIOKHHMI WHIEKCAMi, B PE3YJIbTaTe 4€T0 BOSHMKAIOT IBa yXe CTPYKTYPHO
yCTOMUMBBIX nukia I'sy.

B cxajgpHOM cjiyyae 3TO TOXOXe Ha Takyio Moj-

3
z—f () 3
\\/\/\/ roHky rpacduka £ — f~(z), wro6sl mpu sedopMary Koc-
\ - -~ Y/
\ 7 N ’7\‘\_// HYTbCA OCH aBGCLIMCC B TPEX TOUYKaX CMHXPOHHO, 8 IIOTOM

> yxe apeiidoBaTh fanblie BHU3.

Cutyaumst He BuIIIAAUT TUIIMYHOMN. TloaTOoMy Ha Oery aymaercs,
yro ¢heHOMeH I'; — He OoJsiee yeMm marosnorvss. Ho B ogHOMEpHBIX
MOJEJSIX-TO LMKABI 1'3 BO3HUKAIOT 3aypsiHBIM 00pa3oM, peansys
KaK pa3 clieHapuil OJHOBPEMEHHOIO ITOSIBIEHUS HYJEH BEKTOPHOIO
MOJISI, XOTSI CUHXPOHU3aLUeil 3aHUMATLCS BpoJie Obl «HEKOMY».

39

) To e caMoe MOXKHO CKa3aTh O mmkiax Iy npocrbix nepuogos p.
40

) [MapameTp A y fa MbI Omyckaem, 4TOObI HE 3arpoMOXIaTh 0630p.
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Pacemotpum ats mimocrpann cucremy
Tg41 = [(Zk) C KYCOUHO-THHEHHON byHKIH-
eit f(z), rme uMkn nepwoma 3 BOT-BOT mo-
SIBUTCSl — CTOMT HOAKIIIOYUTE HEBOJIbIIYIO fe-
dopmaino. 3aragoYHoCThb MPOSIBIISIETCS TIPH
NOCTPOCHUH I'payKa TPOEKpaTHON KOMITO3H-

AU f3(a:).

2
Ipadux f°(z) B manHoOM ciyyae BHIMISAMT BHOJHE HEBHUHHO,
a BOT rpaduk f3 () — HeoXMEAHHO, ecnu «Ha bery».

Slabikn y = f3(z) KoHunkamu (6eJtble KPYXOUKM) CHHXPOHHO MpH-
OIMXaloTCs K NpsAMoii Y = T, Kak OynTO MMM YNpaBiseT HeBUIUMAS
PyKa. B OKPECTHOCTH MOJOXEHUsS pPaBHOBECHS (yepHBIil Kpyxouek)
«HHYETO He MPOMCXOMUT», MHAEKC OCTAETCS! PABHBIM 1.

Doxyc, Ge3yca0BHO, 3aKITIOUEH B YCTPOMCTBE KOMITO3UIIMU f3(a:),
HO IIPUPOIa ABJICHUS A0 KOHIa BCe Xe He sicHa. OcoBeHHOo CMYTHbIE
BIICYATNCHNS BOSHUKAIOT B CBsI3H C uepapxueit (9.16). OGocHosauue,
KOHEYHO, NPOCTO M MOHSITHO, — HO OHO C TOrO X& 3TaXa, UTO
¥ Borpoc. Torna Kak xotesroch Gbl — ¢ BBICOTHI NTHYBEIO nosera. [je
ewe AuKkuit nopsaox (9.16) noamewsier aHapxuio?
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9.10. YcTORYMBOCTb M XaocC

41
Unkn Ty = {z], 23, ..., Zp} B cucreme )

Tre = fzr)

y 42) ok
Mbl HA3bIBAEM yemoliuussim, ecin ) [(z) —» z] npu k — oo ana z
GMU3KUX K ], M HEYCMOuMuUGbiM — B IPOTMBHOM CIyYae.

Takoe onpenesieHue BbI3bIBAGT ECTECTBEHHBIHI acCOHMATUBHBIA OTKIMK. XOTH
CTPOTO TOBOPH, 38€Ch Hafo ObIIO OBl FOBOPUTH 06 aCMMITTOTHYECKOH YCTOHYMBOCTH,
KaK O CXOAVMMOCTH IUIIOC YCTOHYMBOCTH A3 — cM. pasaen 2.5.

Wrtak, yemoiiuusocms HUKIIA XapaKTepU3yeTCs CIIEKTPAILHBIM pa-
o e 43
JUYcOM p npouseodroii Opewe (mampuypt Srobu) )

(fP(@D), = fa(z}) ... falz?}). (9.25)

Hns yeroiiunBocTH 1MKia gocratodHo p < 1; p > 1 Baeder 3a coboii
HEYCTOMYHUBOCTb.

Teopema 9.8.3, yrBepXaalomas OTPHIATENLHOCTE HHIEKCOB BCEX
LIMKJIOB, KpoMe crapiiero I'sx, TeM caMblM TrapaHTHpYeT HeycToNdu-
BOCTb BCEX MOAUMKIOB I'yk-1, ..., I, I'|. ¥ crapuiero LHK/iIa Tonoio-
rMyYeckuil “HaeKC paBeH +1, HO 3To He oGecrneuynBaeT YyCTOHYMBOCTH,
XOT ¥ He uckKmoyvaet. [losToMy s onpeseseHns OUdyypKalUOHHBIX
3HauUCHUI A B 0DlleM Cilyyae Hallo CEANTD 3a CMeHOll UHOeKca Y cTap-
Hiero uuma44), a He 3a riorepeil yecroluuBoCcT I'px , YTO rogUTCH 1S
OJHOMEPHbBIX MOJIECH.

UTo Kacaercst LIMKIOB 3a NMpeaenamy psipa (9.24), — KakoBHE MOI'YT BO3HUKATh
B CKJIAPHOM CITy4ae, a TAKXE B MHOTOMEPHbIX BapranTax Mozeim (9.20) npu ocna6-
JIeHUH TpeBOBaH NI HOPMATIBHOCTH CHCTEMBI, - TO OHH BCETIa BOSHHUKAIOT C HYIEBHIM

) Kax u panee, nox [, mogpasymesaeTcs LMK Hepuoga P GE3 MOIUMKIIOB.

“2) PasymeeTcs, BMECTO T} MOXKHO B3STD MOGYIO IPYTYIO TOYKY zj.

) Cnexrp marpuubl (9.25) He 3ABHCHT OT HOPSIKA COMHOXUTENEH [4, T. 3]

“) To ectb 3a cMeHOl 3HaKa gerepMuuanta (9.23). [TossneHre LUKIOB Bee GoJee BBICOKOTO
nopsaka B Mojesn (9.20) — HeoGsi3aTebHO. JLTsl 3TOTO HANO JEsaTh Te WM UHbIE NPEIIono-
KeHHUs 0 3aBHcuMocTH fi(z) or A.
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UHACKCOM, T. €. HEYCTOHUMBLIMU. U OT Maeii-
LIEr0 BO3MYLIEHUA TO JIM UCUE3AI0T, «KaK YTPeH- VLGN A N 7
HUI TyMaH», TO JIM Pa3nBauBalOTCA Ha LMK
C NPOTHUBOMONIOXKHBIMI MHIEKCAMU.

N

HosToMy M3 ABYX GJM3KMX LMKIIOB, CKaXeM
T';, onuH 06s13aTeNbHO HEYCTOWYUB, APYroii — bt
Moxer ObiTh. Ho ecinu B ogHOMepHO# Monenu
CYLIECTBYET KakoH-Hubymb unkn e (9.24), To
BCE LIMKJIbI ,

N
IR AU I J

N

...,sz,...,r4,F2,F] i

HGYCTOP‘I‘{PIBLI, HYCro BIHOJHE XBATaeT I HAaCTYIJIEHUS Xaoca.

[Mocnennee, koHeuHo, yepecuyp CWibHO ckasaHo. IloTomy yto
0e3yMpeyHoro onpeaeieHUs JeTEPMUHMPOBAHHOTO Xaoca B 0GLIEM-TO
HeT. BapHaHTBI KPYTATCS OGEIYHO BOKPYT [lepeMelli HBaH 1S [4,7.2, pas-
neit 7.1], pacXoauMOCTH TpaeKTOpHii, IIOTHOCTH opbut n1nbo BooGile
OTCYTCTBUSI YHCTO NEPUOAMHECKUX pelwieHuil. Ho B kaxmom nampas-
JICHUM HaxoAATCA CBOM NOABOAHbIE KaMHU. Hanpumep, NoBelLLIcHHAS
YYBCTBUTEJNBHOCTE K HaYalIbHBIM HaHHBIM HEPEAKO MPErlogHOCHUTCS
KaK yBeJIMYeHHE ¢ TeYeHHEM BPEMEHM DAcCCTOSTHUSI MEXIY TOYKaMH.
Jlerko cka3aTk, HO KaK cfieJiaTh, UMesI B BULY 3aKPbIThie CUCTEMBI?

9.10.1. Ecou f omobpasxcaem ¢ cebss mempuueckuii komnaxm C', u

Ve,ye C: p(f(x), f(v) = plz,y),

mo p(f(z), f(y)) = p(z,y), u huxchuii npeden
lim p(z, f*(z)) =0
k—0o0

oaa modozo ¢ € C. <«

Bribupas B kauectBe f orepatop casura U; npu HekoTopoMm ¢,
UMEeM Ty € ITOMEXY B HeIIpepLIBHOM BpeMeHH. BrIXon U3 MooxeHus,
KOHEYHO, €CTh, HO BOJIOKHTA — Kak «Ta Xe J00bl4a pajns».



lhasa 10

MHoro3sHayHble nons
Anything you lack can be trained.

B miaBe paccMaTpMBalOTCA BOMPOCHE, CBSI3aHHBIC
C Pa3peINMOCTBIO BKIIOYSHUIH

0€T(z) mibo z¢€ T(x).

B nepsoM ciiyyae roBopsT O Hye, BO BTOPOM —
O HEenoOBUIICHOI MOYKe MHO203HAMHO20 GEKMOPHO20
nosas.

10.1. NMpryYMHbI MHOrO3HaYHOCTHN

MHoro3HayHble 0OTOGPaKEHMsI BO3HUKAIOT BCAKUU pa3, Korma QyHK-
uuK 3amarorcst HesiBHo. CKaxeM, eclu

o(z,y)=0

onpesenser 3apucumocts y = T'(z) — B emuicie ®(z, T(z)) =0, —
To B OGLIEM Cllydyae HeT rapaHTyy, yro T'(z) ogHo3HauHast GyHKLMS.
Ta e cuTyauust BOSHMKAET B CBSI3M ¢ onTuMu3anmeit. Oneparop

T(z) = Arg myax oz, y),
KaK MpaBWJIO, MHOTO3HauYeH D) AHanormuHbl CLEHApUN B TEOPUU HIP

[4, T. 7] n apyrux 3amayax, rEe 3aBUCHMOCTH OCOOBIX COCTOSTHMIA
OT [TAPaMEeTPOB MU3BJIEKAIOTCH M3 OMOCPEJOBAHHBIX MOJIENIEN.

|

) Ho axe €clIM ONHO3HAYeH, Ha 3ToM ObiBaeT ymoOGHee He (HOKYCHPOBATHCH, MOMYCKAst
MHOTO3HAYHOCTb M TMOJNYYasl TE€ € Camble pesylbrarhi, — HanpuMep, ¢ NOMOIUbIO meopems
Kaxymanu smecto meopemot Bpayspa.
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N 2
MHoro3snaueH cy6iudgepenyuan ) d¢(z), nmpoko ucnob3ye-
Mblil B BBIIYK/IOM aHaJIM3e, C IOMOLIbIO KOTOPOTO MOJIOKEHNE MUHH-
MyMa " BBIYKJIOH hyHKLIMH @(x) XapakTepu3yeTcs yCJIOBHEM

0 € dyp(zh), (10.1)

T.€. Z° 0Gs13aH GbITb Hy/leM MHOTO3HAYHOrO BEKTOPHOIO MOJIsI o(z).

Eme onus McrouyHUK HHTEepeca K MHOTO3HAYHBIM OGBbEKTaM —
I depeHUATEHEBIE BKIIIOYEHUS

& € F(z,t), (10.2)

e F(z,t) BO3HMKaeT ONMATH-TAKM M3 PACCMOTPEHHS CUTYaUui, U3-
Ha4a/IbHO ONHKCHIBAEMEBIX 0GbIYHBIMM DyHKIMAMHU. CKaxeM, HesIBHOE
I GepeHIHATBHOE YpaBHEHUE

fE,z,t)=0
MOJXET OBITh 3anUcaHo B BUAC (10.2) ¢ oneparopom
F(z,t)={y: f(y,z,t) =0},
a pubdepeHIUalIbHOE HEPaBEHCTBO
f@E,z,t) >0
npuHumaet A (10.2), eciu nonoxXuTs
F(z,t) ={y: f(y,z,¢) > 0}.

Hpoucxoxnenue (10.2) 6uBaer gpyrum. B cucmemax ¢ nepemenHol
CMpYKmypoil, Hanpyumep, TBMXEHHE BO3MOXHO 110 TPASKTOPHSIM OIHOMH
M3 JIBYX CHCTEM

&= f(z;0) 6o &= f(z;1), (10.3)

YTO €CTECTBEHHO OMUCHIBATH KaK
T = f(z;u), (10.4)

Tae ¥ MOXET OpHUHMMATh OTHO U3 ABYX 3HadeHui: 0 wnu 1.

2 A Takoke cybougpepenyuan Krapxa [4, . 7], npurogssril 18 ucCae 0BaHMS HEBBINYKIIbIX

yHKuMiA.
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PazymHoe nepekiioucHue rmapamerpa % criocoGHo oGecrieunsath
HeoXujgaHHble 3dekTol. CKaxeM, €ClIN ABUXKEHUE B 0GOUX CITydasiK
(10.3) MPOMUCXOAMT MO PacCKPYYMBAIOIIMMCS CIIUPATAM, TO HAILIEXKa-
uiee MEepeKIoYeHne U, Kak IokasaHo Ha pucyske (10.5), moxer
MpEBPaTUTh CUCTEMY B YCTOHYHUBYIO.

(10.5)

3anucek (10.4) BeI3bIBaET acCOHMALMK C 3al[adell yIpaBIeHHs
= f(z;u), veU. (10.6)

B ToM u apyrom ciydae Bce ykiammiBaercst B cxemy (10.2), ecim
MOJOXUTh

Flz,t)y={y:y=f(z;v), uweU}L

B ciyyae jByxtoyeuHoro MHoxectBa U cHcTeMa MeueTcst Mex [BYX
orHeii, HO HeoOsi3areibHO B ayxe (10.5). [Ipu GeckoHEUHO GLICTPOM
TIEPEKIIOYEHH N MOTYT BOSHUKATE CKOAL3SAUUE PENCUMDL.

Ty

\ \ /
\ X N x\“ X/ %
2)%))%

L

(10.7)
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Eciu, nanpumep, 5 (10.3) f(z;0) = v, f(z;1) = w, n nepexiio-
YeHHe MEeXIY CHCTEMaMt

TIPOMCXONUT Ha OCH T|, TO BOSHMKAET CKOJIB3ALiee ABHXEHME BAOJD I,
KakK Ha pHc. (10.7). Takoe mBUXKEHNME OGHIYHO MBICIUTCH Kak Npefest

N
3Ur3aroobpasHoro ABUXEHUS / NPYA YMEHBLIEHHH

7.

«IIepeperyIupoBaHusT».

[TpenenvHele nepexombl MomoGHOrO poja SIBSIIOTCS CaMOCTOSI-
TEJILHO T'OJIOBHO# G0JIbIO, ISt H3GABJIEHUST OT KOTOPOii IIPUMEHSIETCS
CriellMallbHOE TEOPEMHOE COMPOBOXAEHUE, MEHSIOLIEE OGIUK MepBo-
HadaneHo# 3anayu. [lpomssogHast B (10.2) 3ameHsieTcss Tak Haswl-
BaeMOM KowmuHeeHyuell, B pe3yjbTaTe 4yero & € F(m,t) MePEXOUT
B contz C F(z,t). MuoxectBo U Npu 5TOM ecTeCTBEHHBIM 06pazom
OBBIITYKJIMBAETCSI, YTO Y3aKOHMBAeT CKOMB3SIIME pexXMMbl. Ho aTo
Apyrast AICTOPHsI, KOTOpas Hac 3/1eCk He UHTEPECYET.

10.2. 3amkHyTbie oTOGpaxeHus

Y
Mhnozosnaunoim otobpaxenuem T : X — 2° Ha3biBaeTcs olteparop,
COITOCTABJITIONIMI KaXIOMy 3/IeMEeHTY Z € X HeKOTOpOe HeITycToe
HOMHOXeCTBO MHOXecTBa Y, T.e. T'(z) C Y mia moboro z € X,

Y N
Hanee orobpaxenust T': X — 2" npednonazaromes 02PAHUMEHHbIMU,
MIEPEBOAAIIIMMH KaX/oe orpaHuyeHHoe MHOXecTBo 4 C X B orpaHu-
YEHHOE MHOXECTBO

T(4) = JiT(z) : = € 4}.

10.2.1. Onpeaenenne. Mrozosnaunoe omobpaxcenue T : X — 2Y
HA3bI6AEMCA JAMKHYMBIM, eCAU €20 2paghuk

Z={(z,y) eXxY :z€X,yeT(z)}

3amknym ¢ X x Y.
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SamrHymbie OTOOpaXKeHUs] Ha3bIBalOT TaKXKe HOAYHENDePblEHbIMU
ceepxy”). B wactHoM ciyuae, Korna T'(z) OKa3HBaeTCs OTHOZHAYHEIM
oToGpaxeHHWeM, ero 3aMKHYTOCTb, WJIX ITOJIyHEIIPEPHIBHOCTL CBEPXY,
paBHOCW/IEHA OOBIYHON HerpepelBHOCTU. [lepBoHadanbHOE 3HAKOM-
cTtBo ¢ oneparopamu Buga 1" : X — 2Y COIIPOBOX2ETCS OOBLIYHO
JIOTIOJTHUTENILHOM aTpUGYTUKOUN: nosyHenpepoi6HOCHb CHU3Y, HEnpepule-
Hocmb no Kaxymanu u 1. 11. Bee 3T0 MasionoJjie3HO, HO HEOOXOAUMO KaK
J106oe «opopMiieHHe TOKYMEHTOB». UTO Xe KacaeTcst MOMyHeNnpephIB-
HOCTH CBepXY, TO OHa ITPOXOJIUT KPacHOU HUTHIO Yyepe3 GOJBLIMHCTBO
MPWIOXKEHUH.

BpeMs oT BpeMeHM Ha aBaHCLIEHY BbIXOUT HenpepobleHocHb no Xa-
ycedopghy, BO3HHKAIOMAS B paMKaXx cliefylomeit cxemel. JJOMycTuMm, Bee
0oGpa3bl orobpaxenuss T': X — 2 xommaxrHu. Ecim yepe3 Y oGo-
3HAYMTh MHOXECTBO BCeX KOMITAKTHEIX OAMHOXECTB MHOXECTBa Y,
1o T MOXHO paccMaTpHBaTh KaK oOBIYHOE OFHO3Ha4YHOe OToOpaxe-
e T : X — Y. Ecnu npu 310M Y METPU30BAHO C INOMOIIBIO
mempuru Xaycoopga 4), TO O HeNpepuLIBHOCTH T MOXHO TOBOPUTH Kak
0 HENpepsrIBHOCTH ofHO3HauHoro orobpaxeHust 1' : X — Y. B atom
cnydae T cunTaeTcst HenpepvieHbim no Xaycoopghy.

10.3. OTo6GpaxeHus ¢ BbiNyKJbiMKM 06pa3amu

[lyctb §) oGo3Hayaer orpaHUyYeHHyIo oGnacte B R”, MHOrosHayHoe
orobpaxenune T 3anavo Ha 2, u obpassl T'(z) C R" BoIMykiIsl TIpH
moboM z € (0.

Boinykyocts 06pason T(:I:) XapaxTepHa Ajist GONbIUMHCTBA NMpUNoXeHUH. Cy6-
Ougppepenyuan n paxe cy6oupgepenuyuan Knapra [4, 1. 7] uMeioT BbIMyKable 06pasH,

3 Hpu HCKIIOYCHHUH U3 CUHCHapUA TpeGOBaHHUS OrPaHNUYEeHHOCTH 06])83013 BO3HHUKACT HEKO-

TOpast TypGYIEHTHOCTb BO B3aMMOTEHCTBIM NOHATHIL [2],
4 Mempura Xaycoopgpa KoHCTpyMpyercs crefyiounm obpasom. st muoxecrs A, B C Y
yKaonenue A OoT B onpelensieTcsi Kaxk

8(A, B) = sup p(z, B) = sup inf p(z,y),
€A z€EA YEB

tae p — merpuka B Y. Xaycdopgosum paccmosnuem mexny A v B Ha3biBacTCsi MAKCHMAJILHOE
u3 ykionewnnit §(A4, B), §(B, 4).
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4 B 3a/a9ax yNpasjieHyNs OBBUIIYKIMBAKUE 06pa30B HEM3OEXKHO, eClH JOIyCKAIOTCA
OBICTPHIE ITePeKIOYeH NS YIIPABIIAIONILX IAPAMETPOB.

MHoroznauHoe oTobpaxkenue T(Z) Ha3BIBAIOT TAKKE MHO203HAY-
HblM GEKMOPHbIM nOAEM, & TOYKY T, B KoTopolt 0 € T(z), — wysem
Mmuoeoznaunozo noas. Ione T(x) cuuTaeTcs HEBBIPOXKAEHHBIM HA MHO-
xecrBe I, ecniu na I' oHo He umeer Hyneit. M3ydaembie najee mnoss
HPEANONIAraoTCsl HeBBIPOXIEHHBIMY Ha TpaHHMLax 2 paccMarpuBae-
Mbix obGnacteil. Teopus BpallleHUs MHOTO3HAYHBIX IO BO MHOIOM
aHaJIOTMYHA TEOpUM BpalileH!sl OObIYHBIX BEKTOPHBIX NOJEH M Orupa-
eTCA Ha CJCAYIOIIYIO alIPOKCUMALIMOHHYIO KOHCTPYKLHUIO.

10.3.1. B cuay xomnaxmuocmu npu 6o € > 0 ¢ O cywecmayem
€-cemb

L.={z,...,zx}.
B xaxcdom muowcecmee T(x;) durcupyem npoussossuyio mouky
y; € T(x;), u onpedeaum N secosoix yuxyuii

i = @ie(x)
A VR
Z Oj¢ ()
j
20e Oje(z) = max{0, ¢ — ||z — z;||}. 3amemum, wmo Z Oje(z) > 0
ons moboeo T € 2, nockoavKy Habop mouex x; obpasyem €-cemp.
Haszosem menepo 0dnoznaurnoe omobpancenue

N
ta) = aj(z)y (10.8)

i=1
€-annpokcumayueii omodpaxcenus T(z).

10.3.2. Onpepenenwe. [Iycms omotpaxncenue T(z) (c evnyiasimu
06pasamu) weevipoxncdeno na X u samiHymo. B smom cayuae epawenuem
Y(T, Q) muoz03Haunoz0 sexmoprozo noas T(x) Ha ) Hasosem epawenue
00HO3HauHo20 6eKmoprozo noas (10.8) na 2 npu docmamouno manvix €.

<t IIpoBepKa KOPPEKTHOCTH ONpPENENeHHS B JAHHOM CIyYae CBOANTCS K nposep-

K& HEe3aBMCHMOCTH BpauleHus € -ariipokcumannii (10.8) ot Bu6opa £-cetn (npH no-
CTATOYHO MIBIX £) H OT BEIGOpA TOYEK ;.
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B cuny HeswipoxneHHoctM T Ha € moBoe 3aMKHYTOE BBIITYKIOE MHOXECTBO
T(z) ue copepxut HyJs1. [ToaToMy cyilecTByeT HeKOTOpast BEINYKIIAS OKpeCTHOCTD U
muoxecrsa T(z), rakke He conepxamast Hyast. Ho tak kak orobpaxenue T no-
JIYHEIIPEPHIBHO CBEPXY, TO B U Jjexar Bce oGpassl T(Y) TOYEK y W3 HEKOTOPOi
OKpecTHOCTH V' HMcxoHOl ToukM &. Takum o6pa3oM, Kaxoil Touke 2 € () MOXHO
NIOCTABUTH B COOTBETCTBHE IAPOBYIO OKPECTHOCTE V,, 00IaJaoLy0 TeM CBOHCTBOM,
uto ee 06pas T(V,) Jiexur B BHINYKIOM MHOXECTBE, HE copepxaieM Hynst. V3 no-
KpbITHS KOMmaKra §) OTKPHITBIMH IapaMu V, BbIGepeM KOHEYHOE MOATOKPHITHE.
[lycts TaKoe NoANOKpEITHE 06pasyioT mapsl Vi, ..., V.

10.3.3. RNemma. Cywecmeyem maxoe § > 0, umo wap paduyca § ¢ yenmpom e 41060t
moure & € § yeaurxom aexcum 8 00Hom u3 muoxcecme Vy, ..., V.

< Tlycrs e(z) 06o3HAYAET MAKCUMAIBHBII PaNyC 11apa C LEHTPOM B I, LIeH-
KOM JIEXAIIETO B ONHOM M3 MHOXecTB V), ..., V,,. OdeBnunHoO,

@) >e@) - llz—yll. ey) >ele) -z -yl
JUISL IOCTATOYHO BIU3KUX Tovek &, Y. Orciona Je(z) — e(y)| < ||z —yl|, . e. bynKUMA

£(z) HenpepblBHa Ha (). sl 3aBepIICHMS NOKA3aTENIBCTBA JOCTATOYHO MONIOXHUTh

§ =min{e(z) :z € Q}. >

BosbMeM Ji0byi0 €;-ceTh M JI0GYI0 £3-ceThb (£, €2 < §/2) Ha Q, n mycrs

N N
ti(z) = Z e, (2)yi, ta(z) = Z e, ()i (10.9)
i=I i=1
COOTBETCTBYIOIIME OJHO3HAYHbIE annpoKcuMauny suna (10.8). [l npoM3BoIBHOIO
z€Qs cymMax (10.9) nenyneBbie KOI(MHUUIMEHTH MOTYT GbiTh TOJIBKO NIPU TEX ¥,
Z;, KOTOpbIE TIpUHAIJIEXAT 00pa3y -OKpecTHOCTH TOYKM Z. Ho ator 06pas nexur
B OtHOM 13 06pa3zoB T'(V}), KOTOPHIH, B CBOIO 0Yepe/ib, IEXHT B HEeKOTOPOM BBITTYKIOM
MHOXECTBE, He copepxaimieM Hyist. [lostomy B 1060 Touke & € €} BCE BEKTODHI
Yi, %, KOIDOUIMEHTH NpH Kotopbix B (10.9) OTIMYHB OT HyJIs, TAKXe JEXAT
B BHINIYKJIOM MHOXECTBE, He conepxalieM Hyisd. OTciona BHITEKAET HEBBIPOKIEHHOCTD
M HENpPOTHBOMOJIOXHAS HAMPABIEHHOCTh ONHO3HAYHbIX noieh t;(z), t,(z) Ha Q,
YTO BJIEYET 32 COOOM MX TroMOTONMHOCTb. KOPpEeKTHOCTH Onpejesienus BpallleHUs
MHOTO3Ha4HOTO NS NoKazaHa. »

10.4. Teopembl 0 HENOABUXKHBIX TOUKAX

[oce Toro kak y(T, Q) CBEIEHO K BpallleHHIO OAHO3HAYHOM annpoK-
cumanmnu (10.8), Teopust BpameHMsi MHOTO3HaYHBIX TIO/Iel pa3BUBaeT-
csl IpOTOpeHHbBIMU NyTsiMu. JlokasarenbcTBa (hakTU4uecKu He Tpely-
101Tcd. JOCTATOYHO CCHUIOK Ha CKaJisIpHbie aHajoru 1. 3.5, 3.6.
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10.4.1. Onpenenenne. Mnozosnaunsie eexmopnsie noas To(z) u Ty (z)
Ha3LIGAIOMCS 20MOMONHbLMY Ha S, eCAU CYWeCByem 3amMKHymoe no co-
BOKYNHOCIU NEPEMEHHBIX MHO203HAUHOE Omobpaycenue (¢ GbINYKAbIMU
obpasamu) H(z,t) (z €Q, t € [0, 1]), maxoe umo npu odom t € [0, 1]
none H(x,t) nesviporcdeno na S u

H(z,0) = Ty(z), H(z, 1) = Ty (z).

10.4.2. Teopema. JoMomonHbie MHOOIHAUHbIE BEKMOPHbIE NOAS UME-
fom odunaKogsie pauenus.

10.4.3. Nemma. Ecau mnozoznaunoe eexmoproe nose T HeabIPoNCOeHo
Ha samovixanuu 2, mo y(T', §2) = 0.

<« Ilpy pocratouno Mansix ¢ anmpokcumarui (10.8)¥ nons T HeBbIpoXIeHbI
Ha . Jlanee ocraercsi cocmatecs Ha JieMMmy 3.5.4. » Takomy o6pasuy cienyior
Y IpyTHE 0Ka3aTe/lbCTha.

10.4.4. Teopema. IIycms (T, ) # 0. Toeda exaiouenue O € T(z)
paspeuumo 6 2, m. e. cywecmeyem mouka x° € Q, 8 Komopoil

0€T(z").

10.4.5. Teopema. Ecau npu awbom ¢ € ) NpOU3B0AbHbIE B8EKMOPbL
y1 € Ti(z), y2 € Tx(x) e nanpasnens: npomusonosoxcro, mo noss
T\(z) u Tr(z) zomomontbL.

Teopemy Bpayapa oGoGuiaeT MoJyuuBIIas IHPOKOE pacnpocTpa-
HEeHUe

10.4.6. Teopema Kakytauu. [Jycmob mroeosnauroe omobpascenue T(z)
nepesodum & cebs samicnymoiii wap B, m.e. T: B — 22 . Tozoa yT e B
ecmo Henodsuxcuas mouka ' € T(z*).

< be3 orpannuenua o6mHOCTH LEHTp apa B MOXHO CIMTATh PACTIOIONEH-
HeiM B Hyne. Ilpennonoxnm nporusHoe: T He MMeeT HEMOXBUXHON TOYKYA B B.
Torna none x — T(z) HeBbipoxaeHO Ha cdepe B n, B cuiy T(B) C B, BekTOpbI
r€Buz- Y Ipu modoM y € T(a:) — HENPOTUBOHOJIOXHO HaNpaBlIeHbl, HHAYE
TOUKE Y NIPHLIETOCH Gbl NIEXaTh Ha NPOLOIIKEHHH pajMyc-BeKTopa & € B, uro nporn-
Bopeunt yotouo T(B) C B. [anee pemaer cchiika Ha teopemy 10.4.5. » O6patum

3 HMerorea B BURY €-aIMMpOKCHMAaUMK HE HA rpaHuile, a Ha 3aMbiKaHUH 5
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BHUMaHHE, YTO CXeMa JOKA3aTEIbCTBA TOYTH CIIOBO B CIIOBO TIOBTOPAET 0OOCHOBAHHE
TeopeMbl 3.6.2. Takas aHaIOrHMsl MMEET MECTO M UISl CIIEAYIOIMX PE3YJIBTATOB.

10.4.7. Teopema. [Tycms 0 € Q u -y = 0 daa arwboil napbt 6eKmopos
z€Q, y€T(z). (10.10)
Tozda exarouerue 0 € T(x) paspewuno 6 Q.

10.4.8. Teopema. [lIycmp 0 € Q u -y < T-T dea wwobdoi napbl
sexmopoe (10.10). Toeda omoopaxcenue T' umeem HEROOBUNCHYIO MOUKY
" € Q. 4

10.4.9. Teopema. [Tycmpb 0 € 2 u das awboii napwr eexmopog (10.10)
cywecmayem undexc i, maxoii umo x;y; > 0. Tozoa exaouenue 0 € T(x)
paspewiimo 6 €.

10.4.10. Teopema. [Iycmb 0 € Q uy # Ax das awboii napvi 6eKmopos
(10.10) u mobozo A > 1. Toeda omobpaxcenue T umeem HEROOBUNCHYIO
mouky x* € €.

AHAJIOTHIO ¢ OIHO3HAaYHBIMU OTODPAKEHUSIMU MOXHO ObUIO OBl
NpONOIXUTL. Tak, HarpuMep, JETKO J0Ka3aTh aHAJIOTH TEOPEM O CY-
ILIECTBOBAHUU Y MHOIO3Ha4yHbIX OTOOpaXXeHMH COOCTBEHHBIX BEKTO-
POB, T. €. O Pa3peluMOCTH BKioueHuit Az € T'(Z) rnpu HEKOTOpOM A.
J1j1st MHOTO3HAaYHBIX OTOOpaXeHMil cripaBeiUTiBa TakxKe Teopema 00 a-
rebpanyeckoM YMC/Ie HENOIBVKHBIX DIEMEHTOB IIOJIsl, aHaJIoTHMyHasd
teopeme 5.1.1. ITog HEeNOABYDKHBIMM JMeMEHTaMM B JaHHOM CIy-
Yae NMOHMMAIOTCS! CBSI3HBIE MHOXECTBa HyJed MHOTO3HayHOTO IO,
U pedb UAET 06 M30IUPOBAHHBIX HETIOIBUXKHBIX JJIEMEHTAX, MMEIOIIHNX
HenepeceKaloluecs: OKpeCTHOCTU.

B npuBeaeHHbBIX Bbillle TEOpeMax QUIYPUPYIOT pasimiyHbie NPe-
TONIOKEHUs] OTHOCHTENbHO mapbl Bektopos (10.10). Dtu mpexnosno-
XKeHus1 ObLI0 ObI TIONE3HO 0CNaluTh, TpeOys CIIpaBeyTMBOCTH TEX UIH
UHBIX YCIOBUH He 18 noboro x € Q u moboro y € T(z), a ws
moBoro & € Q u Hekoroporo y € T(z). B OTHeNbHBIX Cly4asiX TaKoe
nocjaabiaeHue BO3MOXHO, Bor aBa npuMepa cOOTBETCTBYIOLIUX YTBEP-
XIEHWH, TIEpBOE U3 KOTOpBIX 06001aeT meopemy Karxymanu.
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10.4.11. Ilyemv B — 3amrnymeii wiap u dns aobozo ¢ € B HeKomopbiii
sexmop y € T(x) npunadnexcum B, m.e. nepeceuenue 106020 obpaza
(x) (z € B) ¢ B ne nycmo. Tozda y T 6 B ecmb renodeuxcnas movia

z* € T(z").
< CHavana sameTnM, 4ro meopema Kaxymanu octaercs cripaBelUINBoM, eciin T

nepesogut B B He Bech map B, a sauumb ero TpaRULy (TOJBKO 3T0 M 6bUIO
HCIOJIE30BAHO B 10Ka3aTebCTBe Teopembl 10.4.6). B nanHoM ciydyae sToMy yciioBmio

YIOBJIETBOpsieT orobpaxenue B n T(a:) Janee xenaeMbiii BHIBON 0GeCieUMBACTCS
ccbikolt Ha . 10.4.6). »

10.4.12. Teopema. [Tycms 0 € Q u -y > 0 das awbozo ¢ €
u nexomopozo y € T(z). Toeda sxaouenue 0 € T(x) paspewumo & 1.

< Tlonoxmm P(z) = {2z : - z > 0}. Oro6paxenne P( (z) ﬂT (z) ynosnerso-

pseT NPeANoOXeHUsIM Teopembl 10.4.7. »



Cokpawyerns n 0603HavYeHNs

<« 1 p — HauYaI0 M KOHEl PacCyXAeHMsI, TeMbl, NOKa3aTeabCTBa
D> — yTBepXIeHMe HpuBoaUTCs Ge3 10Ka3aTe/ibcTBa
<] — yTBEpXIEHUE JIErKO MOXeT GbITh JOKa3aHO

(?) — TipeliaraeT TpOBEPUTDb WIN JA0Ka3aTh YTBEPXKICHUE B Ka4eCTBe YIPaKHeHMUsl,
IGO0 JIOBECTH pacCyKIeHHUe 10 «WIOTMYECKON TOUKHU»

() — npennaraer o6paTuTs BHUMaHHE

«B TOMM CJlyyae» — «B TOM M TOJIBKO TOM cCllydae»

A= B - u3 A cienyer B

z € X — z npuHamiexur X

XUY, XNnY, X\Y — obbenuHeHne, nepecedeHne M pasHOCTb MHOXECTB
X CY — X nonMHOXeCTBO Y, B TOM YHCJIE MMeeTcsl B BUAY BO3MOXHOCTb
XCY re mexny X CY u X CY paznuuns He Jenaerca

~ — OTHOILEHHE SKBUBAJICHTHOCTH, ONPELETSIEMOE KOHTEKCTOM

& - NyCTOE MHOXECTBO

Q) — sambikanme

Q = 8Q — rpaunua Q

2% — MHOXECTBO BCEX MOIMHOXECTB MHOXeCTBa §)

N — MHOXecTBO HaTypanbHbIx uncen {1,2,...}
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Z — rpynma uenbix uncen {...,~1,0,1,...} no cnoxennto
R = (—00, 00) — BelecTReHHas npsMast

R" — n-MepHOE eBKIMAORO IPOCTPAHCTEO

3 — KBaHTOP CYWIECTBOBAHMS

V — KBaHTOp OBIIHOCTH

S"! — enuumunas chepa s R”

Iy — roxnecrBeHnoe orobpaxenne X — X

> — 3HaK MONYYHOPSHOUEHHOCTH 110 KOHYCY K; & >y osHauaetr ¢ —y € K ;

a BEKTOPHOE HEPAaBEHCTBO & > ¥ O3Ha4aer & — y € int K
K, — xonyc HeorpuuatenbHbIX GyHKIMH
RY — HeoTpUuATENbHEIL OPTAHT

T -y =(z,y) — cKaNApHOe NPON3BeleHNE BEKTOPOB T M Y

dx

= —lﬁ— — MpPOU3BOAHAsK IO BpeMeHN

ou

! .
3 = U; — YacTHas MpoussBorHas GYHKLUUHN % 10 NEPEMEHHON &
z

Vf(z) — rpamvent dbyukumn f(z)
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